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Abstract. Let R be a commutative ring with identity, S a multiplicative subset of R, and I a proper ideal of R disjoint
from S. Let m and n be positive integers with m > n. In this paper, we introduce the concepts of S-(m, n)-absorbing ide-
als, 5-(m, n)-absorbing prime ideals, and S-AB-(m, n)-absorbing ideals. These notions generalize several existing concepts,
including (m, n)-absorbing ideals, (m, n)-absorbing prime ideals, AB-(m, n)-absorbing ideals, and S-n-absorbing ideals. We
investigate the fundamental properties of these new classes of ideals and examine their behavior under various ring con-
structions, such as quotient rings, homomorphic images, and localizations. Furthermore, we explore the transfer of these
properties to trivial ring extensions and amalgamated rings.
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1 Introduction

Throughout this paper, all rings considered are assumed to be commutative with nonzero identity. If
Risaring, we denote by J(R) and U(R) the Jacobson radical of R and the set of units of R, respectively.
A nonempty subset S of R is called a multiplicative subset if 1 € S, 0 ¢ S, and for all 5,5, € S, we
have s;s, € S. For a multiplicative subset S of R, the localization of R at S is denoted by S™!R =
{% ta€R,seS}. The saturation of S is defined as §* = {r € R: {is a unitin S‘lR}; note that §* is a
multiplicative subset containing S.

In recent years, various generalizations of prime ideals have been introduced and extensively stud-
ied. Among these, Abadi and Moghimi [[1I] introduced the concept of (m, n)-absorbing ideals, where
m and n are positive integers with m > n. A proper ideal I of R is called (m, n)-absorbing if, when-
ever aj---a, € I for some nonunit elements ay,...,a,, € R, there exist n of the a;’s whose product
lies in I. This line of generalization was extended by Badawi, El Khalfi, and Mahdou [8]], who de-
fined (m, n)-absorbing prime ideals: a proper ideal I of R is called (m, n)-absorbing prime if, whenever
nonunit elements ay,...,4,, € R satisfy a, ---a,, € I, then either ay---a, € I or a,,1---a,, € I. They also
introduced the notion of AB-(m,n)-absorbing ideals, where a proper ideal I of R is called AB-(m,n)-
absorbing if, whenever a;---a,, € I for some ay,...,a,, € R, there exist n of the a;’s whose product
belongs to I.
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In 2020, Hamed and Malek [18] introduced the concept of S-prime ideals as a generalization of
prime ideals. Given a multiplicative subset S and an ideal I of R disjoint from S, the ideal I is called
S-prime if there exists an s € S such that, for all 4,b € R, ab € I implies sael or sbeI.

Among the many generalizations of prime ideals, the notion of n-absorbing ideals introduced by
Anderson and Badawi [4] plays a prominent role. For a natural number n and an ideal I of R, the ideal
I is said to be n-absorbing if, whenever x; ---x,,.1 €I for xy,...,x,,1 € R, there exist n of the x;’s whose
product belongs to I. The study of n-absorbing ideals has become an active area of research, with
many results published on their properties (see, for example, the survey article [[6] and its references).

More recently, Baek, Choi, and Lim [5]] introduced the concept of S-n-absorbing ideals, which gen-
eralize both S-prime ideals and n-absorbing ideals. An ideal I disjoint from § is called S-n-absorbing
if there exists s € S such that for all rq,...,7,,; € R, the condition ry ---7,,; € I implies that

s H r,el

1<i<n+1
i#]

for some 1 <j<n+1.

Considering these developments, it is natural to ask whether the (m, n)-absorbing type ideals and
their S-generalizations can be studied within a unified framework. In this paper, we address this
question by introducing new classes of ideals. Let R be a commutative ring with identity, S a mul-
tiplicative subset of R, and I a proper ideal of R disjoint from S. Let m and n be positive integers
with m > n. We say that I is an S-(m, n)-absorbing ideal of R if there exists s € S such that, whenever
nonunit elements ay,...,4,, € R satisfy a; ---a,, € I, there exist n distinct indices iy,...,i, € {1,..., m}
such that sa; ---a; €1.

Similarly, I is an S-(m, n)-absorbing prime ideal if there exists s € S such that, whenever ay,...,a,, €
R and a;---a,, € I, then there exist n distinct indices iy,...,i, € {1,...,m} such that sa; ---a; €. An
ideal I is called an S-AB-(m, n)-absorbing ideal if, for any ay,...,4,, € R with ay---a,, € I, there exist
s € § and n distinct indices {iy,...,i,} C{1,...,m} such that sa; ---a; €I. In each of these cases, we say
that I is associated to s.

It is easy to see that any (m,n)-absorbing prime ideal (resp., (m,n)-absorbing ideal, AB-(m,n)-
absorbing ideal) disjoint from S, as well as any S-prime ideal, is an S-(m, n)-absorbing prime ideal
(resp., S-(m,n)-absorbing ideal, S-AB-(m, n)-absorbing ideal) for any positive integers m, n. Further-
more, an S-n-absorbing ideal as defined in [5]] is precisely an S-AB-(n + 1,n)-absorbing ideal. We
demonstrate that many interesting properties of (m, n)-absorbing type ideals and S-n-absorbing ide-
als continue to hold for these new classes. However, we also show that certain properties valid for
the former do not extend seamlessly to the latter.

This paper is organized into three sections, including the introduction. In Section 2, we investi-
gate the fundamental properties of S-(m,n)-absorbing prime ideals, S-(m, n)-absorbing ideals, and
S-AB-(m,n)-absorbing ideals. In addition, we examine their behavior under various ring-theoretic
constructions, such as homomorphic images and localizations (see Theorems[2.28|and [2.30). More-
over, Proposition characterizes S-Noetherian rings in terms of the finiteness properties of S-
(m,n)-absorbing ideals and S-AB-(m, n)-absorbing ideals.

Finally, Section 3, the concluding part of the paper, is devoted to an in-depth study of these ideals
within the framework of trivial ring extensions and amalgamated algebras along an ideal (see Theo-
rems and[3.3). Several illustrative examples are provided throughout to clarify and support the
theoretical results established in the paper.

Any undefined notation and terminology can be found in [22].
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2 Main Results

The following definitions provide the foundation upon which this section is built.

Definition 2.1. Let R be a ring, S a multiplicative subset of R, and I a proper ideal of R such that
INS =0. Let m and n be positive integers with m > n. Then:

1. I is called an S-(m,n)-absorbing ideal of R if there exists s € S such that, whenever nonunit
elements ay,...,a,, € R satisfy a; ---a,, € I, there exist n distinct indices i,...,i, € {1,...,m} such
that sa; ---a; €1.

2. I is said to be an S-(m, n)-absorbing prime ideal of R if there exists s € S such that, whenever
nonunit elements ay,...,a,, € R satisfy a, ---a,, € I, then either say---a, €I or sa,.{---a,, €.

3. I is defined as an S-AB-(m,n)-absorbing ideal of R if there exists s € S such that, whenever
elements ay,...,a,, € R satisfy a; ---a,, € I, there exist n distinct indices iy,...,i, € {1,...,m} such
that sa; ---a; €1.

In all of these cases, the ideal I is said to be associated with s.

Remark 2.2. 1. If S consists entirely of units of R, then the notions of (1, n)-absorbing ideals and
S-(m, n)-absorbing ideals coincide. The same holds for (m,n)-absorbing prime ideals and S-
(m, n)-absorbing prime ideals, as well as for AB-(m, n)-absorbing ideals and S-AB-(m, n)-absorbing
ideals.

2. Every S-prime ideal is both an S-(m, n)-absorbing prime ideal and an S-(m, n)-absorbing ideal
for any multiplicative subset S of R and for all positive integers m and n with m > n.

3. For any multiplicative subset S of R, every (m, n)-absorbing ideal is an S-(m, n)-absorbing ideal.
Similarly, every (m, n)-absorbing prime ideal is an S-(m, n)-absorbing prime ideal, and every
AB-(m, n)-absorbing ideal is an S-AB-(m, n)-absorbing ideal.

In general, the converses of statements (2) and (3) in the previous remark do not hold, as illustrated
by the following example.

Example 2.3. Let R = Z[X] be the ring of polynomials with integer coefficients, and let S = {4" |
n € N} be a multiplicative subset of R. Consider the ideal I := 2X?Z[X]. Let f,g,h € Z[X] such that
fghel. Since X?Z[X]is XZ[X]-primary, it follows that X? divides at least one of the products fg, gh,
or fh. Therefore, at least one of 4f g, 4gh, or 4fh belongs to I, showing that I is an S-(3,2)-absorbing
ideal of R.

However, I is not an S-prime ideal of R. Indeed, we have 2X - X € I, but for every n € IN, neither
4"X nor 4"(2X) belongs to I. Moreover, I is not a (3,2)-absorbing ideal of R, since 2- X -X € I, yet
neither 2X nor X2 belongs to I.

The following remark follows directly from the definition of S-(m, n)-absorbing prime ideals.

Remark 2.4. Let R be a ring with a multiplicative subset S C R, and let I be a proper ideal of R. Let
m and n be positive integers with m > n. Then the following statements hold:

1. I'is an S-(2,1)-absorbing prime ideal of R if and only if I is an S-prime ideal.
2. I'is an S-(3,2)-absorbing prime ideal of R if and only if I is an S-1-absorbing prime ideal.

3. If I is an S-(m, n)-absorbing prime ideal, then I is also an S-(m +1,n + 1)-absorbing prime ideal.
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4. I is an S-(m, n)-absorbing prime ideal if and only if it is an S-(m, m — n)-absorbing prime ideal.
The following example shows that the converse of Remark[2.4(3) does not necessarily hold.

Example 2.5. Let R = Z[X] and let S = {2" | n € N}. Then S is a multiplicative subset of R, and

P = 4X7Z[X] is an S-(2,1)-absorbing prime ideal of R. Indeed, let f,g € R such that fg € P. Since

fgePCXZ[X], it follows that X divides either f or g, so 4f € P or 4g € P. Note that PN S = 0.
However, P is not an S-(2,1)-absorbing prime ideal of R, because 2-2X € P, yet 2¢ P and 2X ¢ P.

The proof of the following proposition is straightforward and is therefore omitted.

Proposition 2.6. Let R be a ring, S a multiplicative subset of R, I a proper ideal of R, and let m and n be
positive integers with m > n. Then the following statements hold:

1. If I is an S-AB-(m, n)-absorbing ideal of R, then I is also an S-(m,n)-absorbing ideal.

2. If1is an S-(m,n)-absorbing prime ideal of R, and k = max{n, m —n}, then I is an S-(m, k)-absorbing
ideal of R.

3. Every S-n-absorbing ideal is an S-AB-(m, n)-absorbing ideal for any multiplicative subset S of R.

The following example illustrates that the converses of statements (1), (2), and (3) in Proposi-
tion 2.6/ do not hold.

Example 2.7. Let A = Z,[[X,Y,Z,W]] and set H = (X?+ Y?,Y? + Z?)A. Define R = A/H, and let
x,9,2z,w denote the images of X,Y,Z, W in R, respectively. Let S = {w" | n € N} be a multiplicative
subset of R. Consider the ideal

I=(H+(XYZX(Y+Z),Y(X+Z2),X*)A)/H.
Note that I NS = 0.

1. We show that I is an S-(4,2)-absorbing ideal of R, but not an S-AB-(4, 2)-absorbing ideal. In-
deed, 1-x-y-z €I, but for any s € S, none of sxy, syz, or sxz belongs to I. Thus, I is not S-AB-
(4,2)-absorbing. To show I is S-(4,2)-absorbing, let T = {x,v,z}, and let D be the set of nonunit
elements of R. An argument similar to [8, Example 2.3(1)] shows that I is a (4,2)-absorbing
ideal of R, and hence an S-(4, 2)-absorbing ideal.

2. Leta; =x,a; =9, a3 =x, and ay = z. Then aja,asza, € I, but for all s € S, neither sa;a; € I nor
sazay € I. Hence, I is not an S-(4, 2)-absorbing prime ideal.

3. AsIisan S-(4,2)-absorbing ideal but not an S-AB-(4,2)-absorbing ideal, it follows that I is not
an S-n-absorbing ideal of R.

An integral domain R is said to be a valuation domain if, for all 0 # x,y € R, either x | p or v | x.
Every valuation domain is a Bézout domain, i.e., a domain in which every finitely generated ideal is
principal. Moreover, every local Bézout domain is a valuation domain by [10, Proposition 1.5]. The
following theorem provides a necessary condition under which an S-(m, n)-absorbing ideal becomes
an S-n-absorbing ideal.

Theorem 2.8. Let R be a Bézout ring, and let S be a multiplicative subset of R. Then an ideal I is an
S-(m,n)-absorbing ideal if and only if I is an S-n-absorbing ideal. In particular, this holds when R is
a valuation domain or a principal ideal domain (PID).
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Proof. Let I be an S-(m, n)-absorbing ideal of R. We show that I is also an S-(m—1,n)-absorbing ideal.
Suppose ay ---a,,_1 € I for some nonunit elements ay,...,4,,_1 € R. Since R is a Bézout ring, the ideal
(a1,...,am-1) = xR for some x € R. Then for each 1 <i < m -1, there exists y; € R such that a; = xy;.
Hence,

1

— A=
ay-p-1 =X Y1 Ym-1 €1

By assumption, there exists s € S such that one of the following holds:
e sx"el,or
* sy, -y €1 for some {iy,...,i,} C{1,...,m—1}, or

* sx'y; ---y; €l for some 0 <t <nand corresponding indices.

o:

In each case, it follows that sa; ---a; € I, and thus I is an S-(m — 1,n)-absorbing ideal. The “in
particular” part follows directly. O

Remark 2.9. Let §; C S, be multiplicative subsets of R, and let I be an ideal of R disjoint from S,.
Clearly, if I is an S;-(m, n)-absorbing ideal of R, then I is also an S,-(m, n)-absorbing ideal. However,
the converse does not hold in general.

To see this, consider the ideal I = (X?,2X) in the ring R = Z[X], and let S; = {1} and S, = {2" |
n € IN}. Note that X?> € I, but 1-X ¢ I, so I is not an S;-(2,1)-absorbing ideal. On the other hand,
(I : 2) = XZ[X] is a prime ideal, and thus I is an S,-prime ideal, making it an S,-(2,1)-absorbing
ideal.

Proposition 2.10. Let R be a ring, and let S; C S, be multiplicative subsets of R such that for every s € S,,
there exists t € S, with st € Sy. If I is an S,-(m, n)-absorbing ideal of R, then I is also an S1-(m, n)-absorbing
ideal of R, for some integers 1 < n < m.

Proof. Assume [ is an S,-(m,n)-absorbing ideal. Then there exists s, € S, such that, for nonunit
elements ay,...,a,, € Rwith ay ---a,, € I, there are distinct indices iy,..., i, such that

Spa; ---a; €1

By assumption, there exists t € S, such that s; :=ts; € S;. Multiplying both sides by ¢, we obtain
sia; ---a; €1,

showing that I is an S;-(m, n)-absorbing ideal of R. O]

Recall that if S is a multiplicative subset of a ring R with 1 € S, then the set
§* = {r €R: ; € U(S‘IR)}

is called the saturation of S. It is easy to see that S* is a multiplicative subset of R containing S. If
S =§%, then S is said to be saturated. Moreover, it is clear that S = S* (see [L6])).

Proposition 2.11. Let R be a ring, S a multiplicative subset of R, and I an ideal of R disjoint from S. Then
I is an S-(m, n)-absorbing ideal of R if and only if I is an S*-(m, n)-absorbing ideal of R.

Proof. We first show that S*NI = (. Suppose, for contradiction, that there exists r € S*NI. Since
1€ U(S7IR), there exist a € R and s € S such that 1% =1. This implies there exists t € S such that
tra=ts, hence traeINS,sincerel,aeR, and t € S. This contradicts the assumption that I NS = 0.
Thus, S*NI1=0.

Now, by taking S; = S and S, = 5%, the result follows immediately from Proposition|2.10 O]
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Theorem 2.12. Let Rbe aring and S a multiplicative subset of R. Then the following assertions hold:

1. Let I be an S-(m, n)-absorbing ideal of R, and let ] be an ideal of R such that J NS # 0. Then I]
is an S-(m, n)-absorbing ideal of R.

2. Let RC T be a ring extension. If J is an S-(m, n)-absorbing ideal of T, then ] N R is an S-(m, n)-
absorbing ideal of R.

Proof. (1) Suppose I is an S-(m, n)-absorbing ideal of R. Let ay,...,a,, € Rbe such thata;---a,, € I] CI.
Then, by assumption, there exists s € § and n distinct indices iy,...,i, € {1,...,m} such that sa; ---a; €
I. Since JNS = 0, there exists t € JNS, and hence sta; ---a; € I]. Therefore, I] is an §-(m, n)-absorbing
ideal of R.

(2) Suppose J is an S-(m,n)-absorbing ideal of T, and let a4,...,a,, € R such that a;---a,, e JNR.
Since ay---a,, € ] and ] is S-(m, n)-absorbing in T, there exists s € S and n distinct indices iy,...,i, €
{1,...,m} such that sa; ---a; €]. Since aj, € R for each j, it follows that sa; ---a; € JAR. Thus, JNRis
an S-(m, n)-absorbing ideal of R. O

Theorem 2.13. Let R be a ring, S a multiplicative subset of R, and let m, n,k,€ be positive integers.
Let I be a proper ideal of R such that I NS = 0. The following statements hold:

1. Iisan S-(m,n)-absorbing ideal of R if and only if there exists sy € S such that whenever a; ---a; €
I for nonunit elements ay,...,a; € R with k > m, there exist n distinct indices iy,...,i, € {1,..., k}
such that spa; ---a; €1.

2. If I is an S-(m, n)-absorbing ideal of R, then I is also an S-(k,{)-absorbing ideal of R for all k > m
and ¢ > n. In particular, I is an S-(m — 1)-absorbing ideal of R.

3. If each I]- is an S—(mj,n]-)—absorbing ideal of R associated with sj € Sforjell,...,p},and I =

ﬂ?zll]- is disjoint from S, then I is an S-(m, n)-absorbing ideal of R, where n = y P and

J=17
m = max{my,...,my,n+ 1}. Moreover, I is associated with t =] |§-7:1 sj €S.

Proof. Parts (1) and (2) are routine and thus omitted.

(3) Assume that each I; is an S-(m;}, nj)-absorbing ideal associated with s; € S, for j € {1,...,p}, and
that [ = ﬂ?zl I; is disjoint from S. Set n = Z?:l nj and m = max{my,...,m,,n+1}. By part (2), each I;
is also an S-(m, nj)-absorbing ideal associated with s;.

Lett= ]_[?:1 sj €S, and suppose ay,...,4a, € R are nonunit elements such that a; ---a,, €I = ﬂ;}:l I;.
Then ay---a,, € I; for each j. Since I; is S-(m, nj)-absorbing, there exists a subset I} C {1,...,m} with

|T;| = n; such that
S]' l—[ay EI]
Vel

Define I := U?:l I} and P :=[],er a). Then for each j, we have

sjP:sj- I—Iay . I_[ ay EI]-.

yel yel\[;

Multiplying both sides by [[..; sk, we obtain tP € I;. Since this holds for all j, it follows that

P
tPe( =1
j=1

Thus, I is an S-(m, n)-absorbing ideal associated with t € S. O
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Theorem 2.14. Let R be a ring, S a multiplicative subset of R, and I a proper ideal of R. Let m
and n be positive integers, and suppose there exists some i € I such that 1 +i ¢ U(R). Then I is an
S-AB-(m,n)-absorbing ideal of R if and only if I is an S-(m, n)-absorbing ideal of R.

Proof. Suppose I is an S-AB-(m, n)-absorbing ideal of R. Then, by definition, I is also an S-(m, n)-
absorbing ideal.

Conversely, assume [ is an S-(m, n)-absorbing ideal of R. Suppose aya;---a,, € I for some elements
ai,a,...,a, € R. Without loss of generality, assume that for some integer k > n + 2, the elements
Ag, Ag41,---, Ay are units in R, and ay, a,,...,a,_; are nonunits.

Then ay---ay_; €I.Since 1 +i ¢ U(R) for some i€, set by =by,y =---=b,, =i+ 1. Then:

al"'akflbk"'bm :al“‘ﬂk,l(l'+1)m7k+1 cl.

Since I is an S-(m, n)-absorbing ideal, there exists s € S and n elements among the a;’s (1 <i <k-1)
and b;’s (k < j < m) whose product lies in I.

Note that i € I, 1 ¢ I, and (i + 1)° ¢ I for every integer e > 1. Thus, among the n elements, at least
one must come from the a;’s. Suppose there exist h such elements ay,...,a; with 1 <h < such that

say-ap(i+1)" el
Note that (i + 1)"" = fi+1 for some f € R (if h = n, take f = 0). Then
sap--ap(fi+1)el,

which implies say---a;, € I (since fi € I and I is an ideal). Hence, I is an S-AB-(m,n)-absorbing
ideal. O

Corollary 2.15. Let m,n > 1 be positive integers with m > n, let R be a commutative ring with a multi-
plicative subset S, and let I be a proper ideal of R such that I Z Jac(R). Then I is an S-AB-(m, n)-absorbing
ideal of R if and only if I is an S-(m, n)-absorbing ideal of R.

Proof. Since I Z Jac(R), there exists i € I such that 1 +i ¢ U(R). The result follows directly from
Theorem [2.14 O

Example 2.16. Let R be a semiprimitive ring (for example, R = Z), and let m,n > 1 be positive
integers with m > n. Let S be a multiplicative subset of R, and let I be a proper ideal of R. Then I is
an S-AB-(m,n)-absorbing ideal of R if and only if I is an S-(m, n)-absorbing ideal of R.

Proposition 2.17. Let Ry and R, be commutative rings, and let S; C Ry and S, C R, be multiplicative
subsets. Let I, and I, be ideals of Ry and Ry, respectively. If I x I, is an (S1 x S,)-(m, n)-absorbing ideal of
Ry X Ry, then I is an Sy-(m, n)-absorbing ideal of Ry, and I, is an S,-(m, n)-absorbing ideal of R,.

Proof. Assume that I; x I, is an (S; x S,)-(m, n)-absorbing ideal of R; x R,. Let ay,...,a,, € Ry be such
thata,---a,, €I,. Then (a,---a,,0) € I; xI,. By assumption, there exists (s,t) € S; x S, such that

(s, t)(aj, ---a; ,0) = (sa; ---a; ,0) € [} X I,

for some n-tuple of indices. This implies sa; ---a; € I;. Hence, I; is an §;-(m, n)-absorbing ideal of
R;. A similar argument applies to I. O]

The converse of Proposition does not hold in general, as shown by the following example.
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Example 2.18. Let R = Z x Z, with multiplicative subsets S; = {7" | n € N} and S, = {1}. Let I, = 4Z
and I, = 9Z. Then I; and I, are (4, 2)-absorbing ideals of Z. Hence, I; is S;-(4, 2)-absorbing and I is
S,-(4,2)-absorbing.

Now consider I = I; x I, C R. We claim that I is not an (S; x S;)-(4,2)-absorbing ideal of R. Let

x1=(2,1), x=(2,1), x3=(1,3), x4=(1,3).

Then x4,...,x4 are nonunit elements of R and x;x,x3x4 € I. However, for every (s,t) € S; x S, the
product of (s, t) and any pairwise product x; x;, is not in I. Hence, I is not an (S; X 5,)-(4, 2)-absorbing
ideal of R.

In view of Example we now present the following result:

Theorem 2.19. Let R = Ry x R,, where R; and R, are rings, and let S = S; x S, be a multiplicative
subset of R, where S; C Ry and S, C R, are multiplicative subsets. Let I; be an ideal of R and I, an
ideal of R;, and set I = I; x I,. Then the following statements are equivalent:

1. I is an S-(m,n)-absorbing ideal of R;
2. I is an S;-AB-(m, n)-absorbing ideal of Ry;
3. I, is an S,-AB-(m, n)-absorbing ideal of R,.

Proof. (1) = (2): Suppose I; is not an Sy-AB-(m, n)-absorbing ideal of R;. Then there exist elements
X1,..., Xy € Ry such that xq---x,, € I}, but for all s € S;, no product of n of the x;’s lies in I; when
multiplied by s.

Define d; = (x;,0) e R foreachi=1,...,m. Then dy---d,, = (x1---x,,,,0) € I. Since I is assumed to be
S-(m,n)-absorbing, there exists (s1,5;) € S = S; x S, such that the product of n of the d;’s multiplied
by (s1,s2) lies in I. This implies that some product s;x; ---x; € Iy, a contradiction. Hence, I; must be
S1-AB-(m, n)-absorbing.

(2) = (3): By symmetry, the argument applies to I,.

(3) = (1): Since every S-AB-(m, n)-absorbing ideal is, in particular, an S-(m, n)-absorbing ideal, the
conclusion follows. 0

Let R be a ring with a multiplicative subset S C R, and let m,n be positive integers with m > n.
In the following result, we show that if R admits an S-(m, n)-absorbing prime ideal that is not an
S-(m—1,n—1)-absorbing prime ideal, then R must be a quasi-local ring. Moreover, if R is not quasi-
local, then a proper ideal I of R is an S-(m, n)-absorbing prime ideal if and only if it is an S-prime
ideal.

Theorem 2.20. Let S be a multiplicative subset of R, I a proper ideal of R, and let m,n be positive
integers with m > n. Then the following statements hold:

1. Assume that R is not a quasi-local ring. Then the following conditions are equivalent:

(a) Iis an S-(m,n)-absorbing prime ideal of R;
(b
(c
(d) Iis an S-prime ideal of R.

I'isan S-(m—1,n—1)-absorbing prime ideal of R;
I'isan S-(m—n+1,1)-absorbing prime ideal of R;

)
)
)
)

2. I is an S-(n + 1,n)-absorbing prime ideal if and only if either I is an S-prime ideal, or R is
quasi-local with maximal ideal M such that SM" C I.
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Proof. (1) (a) & (b): By Remark3), it suffices to prove (a) = (b). Assume I is an S-(m, n)-absorbing
prime ideal but not an S-(m — 1,n — 1)-absorbing prime ideal. Then there exist nonunit elements
ai,...,4,—1 € Rand s € S such that:

ay--+ayq1 €I, saj---a,_1¢I, and sa,---a,_1¢l.

Let d be a nonunit of R. Then da; ---a,,_ € I. Since I is S-(m, n)-absorbing prime and sa,,---a,, 1 €1,
we must have sda;---a,_; € 1.
Now let ¢ be a unit of R, and suppose d+c is a nonunit. Since (d+c)a; ---a,,_1 € [ and sa,,;---a,,_1 €1,
we get:
s(d+c)ay---a,_1 =sday---a,_1 +scay---a,_1 €1.

Because sday---a,_1 € I, it follows that sa;---a,_; € I, contradicting the assumption. Hence, d + ¢
must be a unit. The conclusion follows from [7, Lemma 1].

(b) & (c): This follows by induction on #.

(c) & (d): Assume [ is S-(m —n + 1,1)-absorbing prime. By Remark 4), this implies I is also
S-(m—n+1,m — n)-absorbing prime. Then the implication (a) = (c) implies that I is S-prime. The
converse is obvious since every S-prime ideal is S-(m, n)-absorbing prime for any m > n.

(2) We prove the “only if" direction. Suppose I is an S-(n + 1,n)-absorbing prime ideal. If R is not
quasi-local, then by (1) I is an S-prime ideal. Now assume R is quasi-local with maximal ideal M
and SM" Z I. We show that I is also S-(n,n —1)-absorbing prime.

Assume the contrary: that I is not S-(n,n—1)-absorbing prime. Then there exist nonunit elements
ai,...,a, € R such that:

ar---ap €1, say---a,_1¢l, sa,el

for some s € S. Let xy,...,x, € SM. Then
X1+ Xpay---a, €1
Since I is S-(n+ 1,n)-absorbing prime and sa,, ¢ I, we must have
SX1++Xpa1 0,1 €L

Similarly, since say ---a,_1 € I, it must be that x; ---x,, € I, implying SM" C I, a contradiction. Thus I
is S-(n,n—1)-absorbing prime. Repeating this process inductively, we conclude that I is S-prime. [

As a direct consequence of Theorem we obtain the following result.

Corollary 2.21. Let Ry and R, be commutative rings, and let S; C Ry and S, C R, be multiplicative
subsets. Let m and n be positive integers with m > n. Suppose that I; C Ry and I, C R, are ideals. Then the
following statements are equivalent:

1. I} x Iy is an Sy x S-(m, n)-absorbing prime ideal of Ry x Ry;
2. I} xIp is an Sy x Sy-prime ideal of Ry x Ry;
3. Either Iy is an Sy-prime ideal of Ry and I, = Ry, or I} = Ry and I, is an S,-prime ideal of R,.
Proof. Since R; x R, is not quasi-local, the conclusion follows directly from Theorem ). O

Corollary 2.22. Let R be a ring with a multiplicative subset S, and let m,n be positive integers such that
m > n. Assume that I is an S-(n+ 1, n)-absorbing prime ideal of R that is not S-prime, and that I C ] for
some proper ideal | of R. Then | is an S-(m, n)-absorbing prime ideal of R.
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Proof. Since I is an S-(n + 1,n)-absorbing prime ideal that is not S-prime, it follows from Theo-
rem 2) that R is a quasi-local ring with maximal ideal M such that SM" C I. Since SM" C1 C],
the conclusion is immediate. O

Theorem 2.23. Let R be a ring, S a multiplicative subset of R, I a proper ideal of R, and let m, n be
positive integers with m > n. If I is an S-(m, n)-absorbing prime ideal of R associated with some s € S,
then VI is an S-prime ideal of R. In particular, if I is not an S-prime ideal, then R is quasi-local with
maximal ideal M, and if m = n+ 1, then VI = sM.

Proof. Assume I is an S-(m, n)-absorbing prime ideal of R. Let x,y € R such that xy € VI. Without loss
of generality, assume x and y are nonunits. Then there exists a positive integer p such that xPy? € I.
Consider the product:

m—n—1

x"xPy yw=ay-a,€l,

where we definea; =xfor 1 <i<n-1,a,=xP,anda; =y forn+1<i<m-1, with a,, = yP. Since I
is S-(m, n)-absorbing prime, we conclude that

n+p—1

$aj---a, = sx €l or sayq---a,=sy" P el

Hence, sx € VI or sy € \/T, which shows that VI is an S-prime ideal.
Now assume I is not S-prime. Then by Theorem 1), R is quasi-local with maximal ideal M. If
m =n+ 1, then Theorem 2) implies sM" C I, hence VI = sM. O

Theorem 2.24. Let S be a multiplicative set of a ring R, and let I be an ideal of R disjoint from S.
Let m,n be positive integers such that m > n > 2, and suppose that I is an S-(m, n)-absorbing prime
ideal of R. Let d € R\ I be a nonunit element of R. Then (I :d)={x€R|dxel}isan S-(m—1,n—1)-
absorbing prime ideal of R. In particular, for every proper ideal I of R with | € I, the colon ideal
(I:])is alsoan S-(m—1,n—1)-absorbing prime ideal of R.

Proof. Suppose I is an S-(m,n)-absorbing prime ideal of R. Then there exists s € S such that for any
nonunit elements ay,...,a,, € R with a; ---a,, € I, we have either sa; ---a,, €I or sa,,1---a,, € 1.

Now assume aj ---a,,_1 € (I : d) for some nonunit elements ay,...,4,,_; € R. Then da;---a,,_1 € I.
Suppose sa;---a,_1 € (I :d), ie., dsay---a,_1 € 1. Since I is S-(m,n)-absorbing prime, we must have
Say-+-apy_1 €(I:d). Hence, (I : d)is an S-(m —1,n —1)-absorbing prime ideal of R. O

Recall that a ring R is called a *chained ring* if the set of all ideals of R is linearly ordered by
inclusion. Moreover, R is called an *arithmetical ring* if R, is a chained ring for every maximal
ideal M of R. We next determine the S-(n + 1,1)-absorbing prime ideals in a chained ring.

Theorem 2.25. Let R be a chained ring with maximal ideal M, S a multiplicative set of R, and I an
S-(n+ 1,n)-absorbing prime ideal of R disjoint from S, for some integer n > 2. If I is not an S-prime
ideal of R, then I = SM¥ for some integer k with 2 < k < n. Furthermore, if k < 1, then I is also an
S-(k + 1, k)-absorbing prime ideal of R.

Proof. Assume I is an S-(n + 1, n)-absorbing prime ideal of R that is not S-prime. Since R is a quasi-
local ring with maximal ideal M, Theorem [2.20(2) implies that SM" C I.

Let k = min{i | M’ C I}. We claim that I = SM*. Suppose for contradiction that SM* ¢ I. Then
there exist elements a € SM*! \land bel\ SMF. Since R is chained, b € aR, so b = ar for some r € R,
and hence r € M. Then b = ar € SM¥, contradicting the choice of b. Thus, I = SMFk.

It is evident that SM* is an S-(k + 1, k)-absorbing prime ideal. O]

Corollary 2.26. Let R be an arithmetical ring with Jacobson radical M, and let I be an S-(n+1, n)-absorbing
prime ideal of R for some integer n > 2. If I is not an S-prime ideal, then I = SM* for some k with 2 <k < n.
Furthermore, if k < n, then I is also an S-(k + 1, k)-absorbing prime ideal of R.
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Proof. If R is not quasi-local, then I is S-prime by Theorem 1). Assume instead that R is quasi-
local with maximal ideal M. Since R is an arithmetical quasi-local ring, it follows that R is a chained
ring. Thus, by Theorem I = SMF for some k with 2 <k < n. O]

Theorem 2.27. Let S be a multiplicative subset of R, and let I be a proper ideal of R. Then I is
an S-(m,n)-absorbing prime ideal of R associated to some s € S if and only if, for any proper ideals
L,....I, of Rwith I; ---I,, C I, we have sl; ---I,, CI or sl,..;---1,, C I.

Proof. It suffices to prove the “if" direction. Suppose that I is an S-(m, n)-absorbing prime ideal
associated tosome s € S, and let I3,...,I,, be proper ideals of Rsuch that;---1,, CIand sl ---1, ZI.
Then there exist elements a,,; € I,,,1,...,4,, € I, such thatsa,,---a,, ¢ I. For arbitrary b; € I,...,b, €
I,,, we have b;---b,a,,1---a,, € I. Since I is S-(m,n)-absorbing and sa,,;---a,, € I, it follows that
sby---b, €l. Thus,sly---1,, C 1. O

Let R and T be commutative rings with identity, and let S be a multiplicative subset of R. Let
f : R — T be aring homomorphism such that f(S) does not contain zero. Then f(S) is a multiplicative
subset of f(R).

Theorem 2.28. Let R and T be commutative rings with identity, and let S be a multiplicative subset
of R. Suppose f : R — T is a ring homomorphism such that f(S) contains no zero divisors. Then the
following statements hold:

1. If J is an f(S)-(m, n)-absorbing ideal of T, then f~!(J) is an S-(m, n)-absorbing ideal of R.

2. If f is surjective and I is a proper ideal of R containing Ker(f), then I is an S-(m, n)-absorbing
ideal of R if and only if f(I) is an f(S)-(m, n)-absorbing ideal of T.

Proof. (1) Assume that a; ---a,, € f~1(J) for some nonunit elements a;,...,a,, € R. Then f(a;)--- f(a,,) €
J. Since ] is an f(S)-(m, n)-absorbing ideal, there exists s € S and n distinct indices iy,...,i, € {1,..., m}
such that

f(s)f(ai)---f(a;)€].

Thus, sa; ---a; € f~1(J), and f~'(J) is an S-(m,n)-absorbing ideal of R.

(2) Suppose f(I)is an f(S)-(m,n)-absorbing ideal of T. Since I = f~!(f(I)) and Ker(f) C I, it follows
from part (1) that I is an S-(m, n)-absorbing ideal of R.

Conversely, assume that I is an S-(m, n)-absorbing ideal of R. Let xy---x,, € f(I) for nonunit ele-
ments xq,...,x, € T. Then there exist ay,...,a,, € Rsuch that f(a;) =x; fori=1,...,m,and a;---a,, €1
since Ker(f) C I. Since I is S-(m, n)-absorbing, there exists s € S and n distinct indices iy,...,1, such
that sa; ---a; €1, hence

f(s)xi -x; = f(sa ---a; )€ f(I).
Therefore, f(I) is an f(S)-(m, n)-absorbing ideal of T. O

Corollary 2.29. Let Rbe aring, S a multiplicative subset of R, and I C | proper ideals of R. Let f : R — R/I
be the canonical surjection. Assume that a+ 1 is a nonunit in R/I for every nonunit element a € R. Then |
is an S-(m,n)-absorbing ideal of R if and only if J/I is an f(S)-(m,n)-absorbing ideal of R/I.

Let R be a ring and I an ideal of R. The set
Zi(R):={xeR:xy el for some p ¢ I}

is known as the set of zero-divisors modulo I (see [21]]).
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Theorem 2.30. Let R be a ring, and let S,S” C R be multiplicative subsets. Let I be an ideal of R
disjoint from S. If I is an S’-(m,n)-absorbing ideal of R with I NS = @, then S~'I is an S~1S’-(m,n)-
absorbing ideal of S™'R. The converse holds if Z;(R)N'S = 0.

Proof. If S’ is a multiplicative subset of R, then S~'S” is a multiplicative subset of S~'R. Since INS =0,
S~ is a proper ideal of S"'Rand S~'INS~1S' = 0.

Assume g—:‘;—: € S7'T for nonunit elements ay,...,4,, € R and sy,...,s,, € S. Then ta, ---a,, €I for
some t € S. Since [ is S’-(m, n)-absorbing, there exists s’ € S’ and distinct indices i,...,i, € {1,...,m}
such that s’ta; ---a; € 1. Hence,

s’ a; aj

—~—1"'JES_1I,
1 S; i

S
1 In

proving S~'I is S7'S’-(m, n)-absorbing.
Conversely, suppose S~'I is S71S’-(m,n)-absorbing and Z;(R)N'S = 0. Let a; ---a,, € I for nonunit
elements ay,...,a, € R. Then %---% € S™'I. By assumption, there exists £ € S!S’ and indices

i1,...,1, such that

S_ai@ c 5_1].

s 1 1
Hence, for some v € S, we get vs’a; ---a; € 1. Since v & Z(R), it follows that s’a; ---a; € I. Therefore,
I is §’-(m, n)-absorbing. O

Theorem 2.31. Let S be a multiplicative subset of R, I an ideal of R, and m, n positive integers with
m > n. Then there exists an S-(m, n)-absorbing ideal of R that is minimal among all S-(m, n)-absorbing
ideals of R containing I. In particular, R has a minimal S-(m, nn)-absorbing ideal.

Proof. Let V denote the set of all S-(m, n)-absorbing ideals of R that contain I. Since any maximal
ideal containing I is S-(m, n)-absorbing, V is non-empty. Order V by reverse inclusion: for I;,I, € V,
define I; <I, if and only if I} 2 I,.

Let C = {I,} ca be a non-empty chain in V and let ] = () cp ). Clearly J # Rand J € V. Let
ai,...,a, € R be nonunit elements with a; ---a,, € J, and suppose that for every s € S, no n-subproduct
of the a;’s multiplied by s lies in J. Since C is a chain, there exists some I such that this also fails in
I,, contradicting that I, is S-(m, n)-absorbing. Hence ] is S-(m, n)-absorbing.

By Zorn’s Lemma, V has a maximal element with respect to inclusion, which is a minimal S-(m, n)-
absorbing ideal of R containing I. O

Corollary 2.32. Let S be a multiplicative subset of R, I an ideal of R disjoint from S, and n a positive
integer. Then there exists a minimal S-n-absorbing ideal of R containing I.

As a generalization of Noetherian rings, Anderson and Dumitrescu introduced the concept of S-
Noetherian rings. Recall from [3] that a ring R is called an S-Noetherian ring if every ideal I of R
is S-finite; that is, there exists s € S and a finitely generated ideal ] of R such that sI C ] CI. The
following result characterizes the S-Noetherian property in terms of S-AB-(m, n)-absorbing ideals
and S-(m, n)-absorbing ideals.

Proposition 2.33. Let S be a multiplicative subset of a ring R. Then the following statements are equiva-
lent:

1. Ris an S-Noetherian ring;
2. Every S-AB-(m,n)-absorbing ideal is S-finite;

3. Every S-(m,n)-absorbing ideal is S-finite.
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Proof. (1) = (2): Suppose that R is S-Noetherian. Then every ideal of R is S-finite. In particular,
every S-AB-(m,n)-absorbing ideal is S-finite.

(2) = (3): Assume that every S-AB-(m, n)-absorbing ideal is S-finite. Let I be an S-(m, n)-absorbing
ideal of R. Then I is also an S-AB-(m, n)-absorbing ideal, so by assumption, I is S-finite.

(3) = (1): Assume that every S-(m, n)-absorbing ideal is S-finite. In particular, every S-prime ideal
is S-finite. Thus, by [18], Theorem 3], R is an S-Noetherian ring. O

3 S-(m,n)-absorbing Ideals in Trivial Extension Rings and Amalgamated
Algebras

Let E be a unitary A-module. The idealization of E in A, denoted by A « E = A@®E, is a commutative
ring with componentwise addition and multiplication defined by

(a1,e1)(az, ex) = (ayay,are; +ase;)

for all a;,a, € A and ey, e, € E [2]. For an ideal I of A and a submodule F of E, theset [ c F=1&F
is not necessarily an ideal of A « E; it is an ideal if and only if IE C F [2, Theorem 3.1]. If S is a
multiplicative subset of A, then the set S o« E = {(s,e) | s € S, e € E} is clearly a multiplicative subset
of A « E. For background on trivial ring extensions, see [14}20]. We now present some properties of
S-(m,n)-absorbing ideals in the context of the trivial extension.

Theorem 3.1. Let A be aring, E an A-module, S a multiplicative subset of A, I an ideal of A, and F a
submodule of E such that IE C F. Then the following statements hold:

1. If < F is an S oc E-(m, n)-absorbing ideal of A oc E, then I is an S-(m, n)-absorbing ideal of A.

2. I < Eisan S « E-(m,n)-absorbing ideal of A « E if and only if I is an S-(m, n)-absorbing ideal of
A.

Proof. (1) Suppose I « F is an S o« E-(m,n)-absorbing ideal of A o E, and let ay,...,a,, be nonunit
elements of A such that a;---a,, € I. Then,

(a1,0)---(a,,0)=(ay---a,,0) €l < F.
Hence, there exists (s,t) € S oc E and n distinct indices iy,...,i, € {1,...,m} such that
(s, t)(a;,,0)---(a; ,0) €[ oc F.

Therefore, sa; ---a; €1, proving the assertion.
(2) By part (1), it suffices to prove the “if" direction. Let (ay,e;),...,(a,,, ;) be nonunit elements of
A « E such that
(a1,e1) - (am, ey) €I < E.

Then clearly a; ---a,, € I. Since I is S-(m, n)-absorbing, there exists s € S and n distinct indices iy,..., i,
such that
sa; ---a; €1

Note that
(s,0)(a,,e;,)--(a; e )= (sa; ---a;,c)

for some c € E. Hence, (s,0)(a; ,e; )+ (a; ,e; ) € [ o« E, proving the claim. O

The following example illustrates Theorem |3.1

55



56 Moroccan Journal of Algebra and Geometry with Applications /M. Assalami, A. Kharbouch and H. Kim

Example 3.2. Let A be a ring, E an A-module, S a multiplicative subset of A, and F a submodule
of E such that IE C F. Let m,n be positive integers. If I is an S-prime ideal of A (e.g., A = Z[X],
E =F = 4XZ[X], I = 8XZ[X], and S = {2¥ | k € Z}), then by Remark I is an S-(m, n)-absorbing
ideal of A. Hence, by Theorem[3.1}, I o F is an S o E-(m, n)-absorbing ideal of A o E.

Let A and B be commutative rings, | an ideal of B, and f : A — B a ring homomorphism. Define
the following subring of A x B:

Avd J:={(a, f(a)+])|acA, je])

The ring A »</ ] is called the amalgamation of A with B along ] with respect to f. This construction
generalizes the amalgamated duplication of a ring along an ideal (cf. [11}, [13} 12} [15]).
Let I be an ideal of A, S a multiplicative subset of A, and K an ideal of f(A)+J. Define:

S :={(s,f(s)) s €S},
I/ Ji={(i, f()+])i€l, je]),
s =5 f(5)+])Is€S, je]),
K =@ f@+j)lacA, je], fla)+jeK).

Clearly, S” and S~ are multiplicatively closed subsets of A</ J, and both I >/ J and K’ are ideals
of Av</ J. Our next result characterizes when these ideals are S-(m,n)-absorbing in A baf J.

Theorem 3.3. Let A and B be commutative rings, f : A — B a ring homomorphism, ] an ideal of B, I
an ideal of A such that SNI =0, and K an ideal of f(A)+] disjoint from f(S). Let S be a multiplicative
subset of A, and let m, n be positive integers such that m > n. Then the following statements hold:

1. I is an S-(m, n)-absorbing ideal of A if and only if I »</ J is an S”"f—(m,n)—absorbing ideal of
Avdl T

2. Kisan f(S)-(m,n)-absorbing ideal of f(A)+] if and only if K isan S""f—(m, n)-absorbing ideal
of Assf J.

Proof. (1) Define ¢ : A — (A< ])/({0} >/ J) by @(a) = (a, f(a)) + ({0} =</ J). Then @ is a ring isomor-
phism and ¢(S) = S”"f/({O} >/ J). By Theorem 1), I is an S-(m, n)-absorbing ideal of A if and
only if ¢(I) = (I =/ J)/({0} »</ J) is an ¢(S)-(m,n)-absorbing ideal of (A s/ ])/({0} »<f ). Applying
Corollary this is equivalent to I >/ | being an S""f-(m, n)-absorbing ideal of A</ J.

(2) Define ¢ : A vf | — f(A)+] by (a, f(a)+j) = f(a) +j. Then @ is an epimorphism with
Ker() = (/) x {0}, p(K') = K, and (5) = £(5).

Suppose K is an f(S)-(m, n)-absorbing ideal of f(A)+]. Let xq,...,x,, be nonunit elements of A o/ |
such that x;---x,, € Ef. Then (xq -+ x,,) = P(x1)---P(x,,) € K, and each (x;) is a nonunit in f(A)+].
By assumption, there exists f(s) € f(S) and distinct indices iy,...,1, such that f(s)i(x; )---¥(x; ) € K.
Thus,

(s, fls)xi, x5, ) €K,

=

f . Hence, K

which implies (s, f(s))x;, -+ x; € K is an S""f—(m,n)—absorbing ideal.

Conversely, assume K is an S"“f—(m,n)—absorbing ideal of A >/ J, and let v;,...,7,, be nonunit
elements of f(A)+ ] such that y;---y,, € K. Since ¢ is surjective, there exist x,...,x,, € A >/ ] with
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P(xj) = y; for all j. As x; are preimages of nonunits, they are also nonunits. Then x;---x,, € & By

assumption, there exists (s, f(s)) € s and distinct indices iy,...,i, such that
(5, f(s))x;, -+, € K.
Applying 1 yields f(s)y;, ---v; € K. Hence, K is an f(S)-(m,n)-absorbing ideal of f(A)+]. O

Example 3.4. Let A = Z[X], B = k[X] with k a field, J an ideal of B, and let S = {5 : k € N} be a
multiplicative subset of A. Let m,n be positive integers. Consider the ideal I = 5XZ[X]. It is easy to
verify that I is an S-prime ideal of A, and hence I is an S-(m, n)-absorbing ideal of A. Therefore, by

Theoreml), I/ Jisan S""f—(m, n)-absorbing ideal of A s/ .

Let I be a proper ideal of A. The (amalgamated) duplication of A along I (see [9]) is a special case
of amalgamation and is defined as

Avl:={(a,a+i)|acA, iel}.

The next corollary is an immediate consequence of Theorem regarding the transfer of the S-
(m,n)-absorbing ideal property to duplications.

Corollary 3.5. Let S be a multiplicative subset of a ring A, | an ideal of A, and let m,n be positive integers
with m > n. Define S™ ={(s,s) | s € S}, which is a multiplicative subset of A»]. Then:

1. 1is an S-(m,n)-absorbing ideal of A if and only if I > ] is an S™-(m, n)-absorbing ideal of Av<].

2. K is an f(S)-(m,n)-absorbing ideal of f(A)+] if and only if K is an S™-(m,n)-absorbing ideal of
Arxa].

Corollary 3.6. Let A and B be rings, | an ideal of B, and f : A — B a ring homomorphism. Consider the

amalgamation of A and B along ] with respect to f. Let S be a multiplicative subset of A, and let I be an

ideal of A such that SNI = 0. Let K be an ideal of f(A)+ ] disjoint from f(S), and let m,n be positive
integers with m > n. Then:

1. Every S"“f—(m,n)—absorbing ideal of A v/ | containing {0} x ] is of the form I »/ ], where I is an
S-(m,n)-absorbing ideal of A.

2. Every S”“f—(m,n)—absorbing ideal of A v/ | containing f~1(J) x {0} is of the form K, where K is an
f(S)-(m, n)-absorbing ideal of f(A)+].

Proof. Let L be an ideal of A »</ ] disjoint from S Define two ring epimorphisms:
i A [ 5 A, w(afla)+))=a

1, Avd [ f(A)+], mola f(a)+]) = f(a)+].

(1) By Theorem 1), I >/ Jis an S""f—(m,n)—absorbing ideal for any S-(m, n)-absorbing ideal I of
A. Conversely, assume L is an S”"f—(m,n)—absorbing ideal of A b/ | containing {0} x J. Then it is
straightforward to verify that L = 7t{(L) o/ J. Since Ker(rt;) = {0} x J, it follows from Theoremm
that 711 (L) is an S-(m, n)-absorbing ideal of A.

(2) Similarly, by Theorem MZ), K is an S““f—(m,n)—absorbing ideal of A »f J for any f(S)-(m,n)-
absorbing ideal K of f(A)+]. Now suppose L is an S“"f—(m,n)—absorbing ideal containing f~1(J) x {0}.

Then one can check that L = nz(L)f. Since Ker(m,) = f~1(J) x {0}, it follows again from Theorem [2.28
that 7t,(L) is an f(S)-(m, n)-absorbing ideal of f(A)+], as desired. O
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