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1 Introduction

All lattices considered in this paper are assumed to have a least element denoted by 0 and a greatest
element denoted by 1, in other words they are bounded. Recently, the study of algebraic structures,
using the properties of lattice theory, tends to a useful research topic. Associating a lattice with
an algebraic structure allows us to obtain characterizations and representations of special classes of
algebraic structures in terms of lattices and vice versa (see for instance [5, 6, 8-14]).

Over the years, several types of ideals have been developed in order to let us fully understand the
structures of rings in general. The notion of prime ideal plays a key role in the theory of commuta-
tive algebra, and it has been widely studied ( see, for example, [1]). Recall from [2], a prime ideal P
of R is a proper ideal having the property that ab € P implies either a € P or b € P for each a,b € R.
In [19], Mohamadian defined a proper ideal I of R as an r-ideal if whenever a,b € R with ab € I and
ann(a) = 0 imply that b € I. He investigated the behavior of r-ideals and compare them with other
classical ideals such as prime and maximal ideals. In [21], Tekir et al., defined and studied some
subclass of r-ideals, namely, the class of n-ideals. A proper ideal I of a ring R is called an n-ideal if
whenever a,b € Rwithabel and a ¢ \/6, then b € I. Khashan and Bani-Ata generalized the concept
of n-ideals in [17] (also see [16] and [18]). A proper ideal I of a ring R is called a J-ideal if whenever
a,b e Rwith ab el and a ¢ J(R), then b € I, where J(R) is the Jacobson radical of R. In [4], Abouhalaka
et al. defined an ideal I of a ring R disjoint from S is called an S-J-ideal, if there exists an (a fixed)
s e Ssuchthatforalla, b eR,if ab eI, then either sa € J(R) or sb € I, where S is a multiplicative subset
of R. Let £ be a bounded distributive lattice and J(£) denote the Jacobson radical of L. J-filters was
introduced in some detail in [12]. A proper filter P of L is called a J-filter if whenever x vV y € P with
x € J(£), then y € P for every x,v € L. We say that a subset S C L is joinif 0 € S and s; Vs, € S for
all s;,s, € S. In this paper, we continue this approach and present S-J-filters as a generalization of
J-filters. A proper filter F of £ disjoint from S is called an S-J-filter (resp. a weakly S-J-filter) of £,
if there exists an (a fixed) s € S such that for all x,y € £, if x Vy € F (resp. 1 # x Vy € P), then either
sVxeJ(R)orsVyeF. The S-J-filter was introduced and studied in [12] in a very special case when
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S ={0}.

Among many other results in this paper, the first, preliminaries section contains elementary ob-
servations needed later on. In the third section of this paper, we collect some basic properties of
S-J-filters. At first, we give the definition of S-J-filters (Definition 3.1) and we provide an example
of lattices for which their S-J-filters and J-ideals are the same (Proposition 3.3). Next, we provide
an example (Example 3.4) of a S-J-filter of £ that is not a J-filter (resp. is not prime filter). Many
equivalent characterizations of S-J-filters for any lattice are presented in Theorem 3.7, Theorem 3.10
and Proposition 3.13. It is proved in Proposition 3.19 that an intersection of a nonempty family of
S-J-filters of £ is an S-J-filter and we provide some condition under which the converse of Propo-
sition 3.19 is true (Theorem 3.20). Theorem 3.22 proves that S-J-filters and S-J-primary filters that
contained in the Jacobson radical are the same.

Section 4 is dedicated to the investigation of the stability of S-J-join subsets in some lattice-
theoretic constructions. Let X be a nonempty subset of £ with £\ J(£) € X. Then X is called an
S-J-join subset of L if there exists s € S such that for all x,y € L withsvxe L\]J(L)andsVyeX
we have s VxVy e X. The concept of S-/-join subset of £ introduced in definition 4.2 is of some
fundamental importance in the subject. one crucial example of the idea is £\ (s vV P), where P is an
S-J-filter of £ for some s € S (Theorem 4.3). Similar to the prime ideals (see [20, Theorem 3.44]), it
is shown in Theorem 4.5 that if P is a filter of £ and X is an S-J-join subset of £ such that sV X C X
and PN X =0 fo some s € S, then there exists an S-J-filter K containing P such that K N X = 0. Also,
similar to minimal prime ideals (see [15, Theorem 2.1]), it is proved in Theorem 4.6 that if Q is an
S-J-filter of L, P is a filter of £ with P C sV Q for some s € S and sV Q € ming;(P), then for each
x €5V Q, there is some y € sV Q such that sV xVy € P (also, see Corollary 4.8 and Corollary 4.9).

In Section 5, we investigate the properties of S-J-filters similar to prime ideals. In particular, we
investigate the behavior of S-J-filters under homomorphism, in factor lattices, V-lattices, cartesian
product lattices, S-finite filters, SJ-finite filters, SJ-Noetherian lattices and filterlization lattices (see
Theorem 5.1, Theorem 5.3, Theorem 5.5, Proposition 5.8, Theorem 5.13 and Theorem 5.14).

2 Preliminaries

A poset (£,<) is a lattice if sup{a,b} = aV b and inf{a, b} = a A b exist for all 4,b € £ (and call A the
meet and V the join). A lattice £ is complete when each of its subsets X has a least upper bound
and a greatest lower bound in £. Setting X = £, we see that any nonvoid complete lattice contains a
least element 0 and greatest element 1 (in this case, we say that £ is a lattice with 0 and 1). A lattice
L is called a distributive lattice if (aVb)Ac=(aAc)V (bAc)forall ab,cin £ (equivalently, L is
distributive if (aAb)Vc=(aVc)A(bVec)forall ab,cin £). A non-empty subset F of a lattice £ is
called a filter, if forae F,be £,a<bimplies b e F,and x Ay € F for all x,y € F (so if £ is a lattice
with 0 and 1, then 1 € F, {1} is a filter of £ and 0 € F if and only if F = £). A proper filter F of L is
called prime if xVy € F, then x € F or y € F. A proper filter F of £ is said to be maximal if G is a filter
in £ such that F C G with F # G, then G = L. We define the Jacobson radical of £, denoted by J(£), to
be the intersection of all the maximal filters of £. A proper filter P of a lattice L is called a J-filter if
whenever x,y € £L with x Vy € P and x ¢ J(£), then y € P. Assume that P is a filter of £ and let S be
a join subset of £ disjoint with P. We say that P is an S-prime filter of £ if there is an element s € S
such thatforall x,y e Lif xVy € P,thensvVxe PorsVy e P. Let D be a subset of a lattice £. Then the
filter generated by D, denoted by T(D), is the intersection of all filters that is containing D. A filter
F is called finitely generated if there is a finite subset D of F such that F = T(D). A lattice £ with 1 is
called £-domainifavb=1 (a,be L), thena=1orb=1 (so L is £L-domain if and only if {1} is a prime
filter of £). If x € £, then a complement of x in £ is an element y € £ such that xVy =1and xAy = 0.
The lattice £ is complemented if every element of £ has a complement in £. If £ and £’ are lattices,
then a lattice homomorphism f : £ — £ is a map from £ to £’ satisfying f(xVy) = f(x) V f(y) and
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f(xAy)=f(x)A f(y) for x,y € L. Let X be a nonempty subset of £ and a € L. By a vV X, we mean the
set {a VvV x:x € X}. Assume that (£q,<1),(£;,,<,) are lattices and let £ = £, x £,. We set up a partial
order <, on L as follows: for each x = (x1,x;),y = (v1,92) € £, we write x <, v if and only if x; <; y; for
each i € {1,2}. The following notation below will be used in this paper: It is straightforward to check
that (£,<,) is a lattice with x V v = (x; Vv1,X, Vv5) and x A, v = (x1 Ay, X2 A yp). In this case, we say
that £ is a decomposable lattice. An element x of £ is called identity join of a lattice £, if there exists
1 #y € L such that x Vy = 1. The set of all identity joins of a lattice £ is denoted by I(£). A lattice £
is called presimplifiable if I(£) C J(£). First we need the following easy observation proved in [5, 6,
8,9].

Lemma 2.1. Let £ be a lattice.

(1) A non-empty subset F of L is a filter of L if and only if xVze Fand x Ny € F forall x,y € F, z€ L.
Moreover, since x =xV (x Av), v=yV (x Ay)and F is a filter, x Ny € F gives x,y € F for all x,y € L.

(2)IfFy,Fparefiltersof Land a € L, then F{VF, ={fiVfy: f € F|, [, € Fp}andaVF, ={aVf : f; € F1}
are filters of L and F1 V F, = F{ N F,.

(3) Assume that A is an arbitrary non-empty subset of L and let a € L. Then T(A)={xe L: ay Aay A
~~ANay, <xforsomea; € A(1<i<n)}and T({a}))=T(a)={xVa:xeL}

(4) If L is distributive, F,G are filters of Land y € L, then (G:zy F)={xe L:xVFC G}, (F:£ T(y)) =
(F:ry)={aeL:avyeF}and (1:yy)={xeL:xVy=1}are filters of L.

(5) If {F;}iea is a chain of filters of L, then | J;cp F; is a filter of L.

(6) If L is distributive and Fq, F, are filters of L, then F{ AF, ={fi A fo: fi € F1, f, € F,} is a filter of L
and Pl,Pz - P1 /\Fz.

(7)If f : L — L is a lattice homomorphism with f(1) =1, then Ker(f) ={x € L: f(x) = 1} is a filter of
L.

For undefined notations or terminologies in lattice theory, we refer the reader to [5, 6].

3 Properties of S-J-filters

In this paper, by £ we mean a bounded distributive lattice, and S will denote a join subset of £. We
remind the reader of the following definition.

Definition 3.1. A filter P of £ disjoint from S is called an S-/-filter of £, if there exists an (a fixed)
seSsuchthatforall x,ye L,if xVy € P, then either svVxeJ(L)orsVvyeP.

Remark 3.2. (1) Due to the symmetry between x and y, we can show that if P is an S-J-filter with
sVx,sVy &P, thensVvx,svye](L).

(2) If S = {0}, then the J-filters and S-J-filters of £ are the same.

(3) By definitions, it is clear that J(£) is an S-J-filter of £ if and only if J(£) is S-prime.

(4) By definitions, it is clear that every J-filter is S-J-filter.

Referring to [12, Theorem 3.4] states that £ is quasi-local if and only if every proper filter is a
J-filter. The next result determines the class of lattices for which their J-filters and S-J-filters are the
same.

Proposition 3.3. If L is a quasi-local lattice with unique maximal filter M, then every proper filter of L is
an S-J-filter.

Proof. Let P be a proper filter of £ and let x,y € L such thatxVyePandsvxeJ(L)=M forseS.
Then M AT(sVx)=L by maximality of M. If T(sVx) # L, then T(sVx) C M by [11, Lemma 2.1] gives
M = L, a contradiction. Therefore, T(sVx)=L. So0=sVxV z for some z€ L. Then x =0 gives y € P
and so s Vy € P. Thus, P is an S-J-filter. O
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Example 3.4. (1) Let £; = {0,a,b,c,1} be a lattice with the relations 0 <a<c¢<1,0<b<c<1,
aVb=cand aAb=0. Consider £L = L; x Ly, P ={1,c} x{1} = {(1,1),(c,1)} and S = {0,¢c} x{0,c} =
{(0,0),(0,¢),(c,0),(c,c)}. Then P is a filter of L with PNS =0, J(£y) = {a,c,1} N {b,c,1} = {1,c} and
J(L)=J(Ly)xJ(Ly) ={1,c} x{1,¢c} ={(1,1),(1,¢),(c,1),(c,c)}. Now, we show that P is an S-J-filter. Let
(x,9) Ve (x',9") = (x V&', Vy) € P for some (x,v),(x’,y’) € L. Then by the definition of £, yVy’' =1
gives either y = 1 or y” = 1. Without loss of generality, we can assume that y = 1. Then (c,c) V (x,1) =
(cvx,1)e]J(L)sincecVx=corcVx=1. Therefore, P is an S-J-filter of L.

On the other hand, P is not a J-filter since (a,b) vV (b,1) = (¢, 1) € P but neither (a,b) € P nor (b,1) €
J(£). Thus an S-J-filter need not be a J-filter.

(2) The collection of ideals of Z, the ring of integers, form a lattice under set inclusion which we
shall denote by £ with respect to the following definitions: mZvnZ = (m,n)Z and mZ AnZ = [m,n|Z
for all ideals mZ and nZ of Z, where (m,n) and [m, n] are greatest common divisor and least common
multiple of m, n, respectively. Note that £ is a distributive complete lattice with least element the
zero ideal and the greatest element Z. By [8, Theorem 2.9 (ii)], £\ {0} is the only maximal filter of
L and so L is a quasi-local lattice. It follows from Proposition 3.3 that every proper filter of £ is an
S-J-filter. Consider P ={Z,27,47Z,---}. Since 52V 77Z = Z € P with 57,77 ¢ F, we infer that P is not
a prime (maximal) filter.

Proposition 3.5. If P is an S-]-filter of L, then sV P C J(L) for some s € S. In particular, if J(£) = {1},
then sV P = {1} for some s € S.

Proof. We keep in mind that there exists a fixed s € S that satisfies the S-J-filter condition. On the
contrary, assume that s vV P is not a subset of J(£). Then there exists p € P such that sV p ¢ J(£). Now
p=pVvO0ePandsVp¢](L)implies thats=sVv 0e PNS, a contradiction. Hence, sV P C J(£). The
"in particular" statement is clear. ]

Corollary 3.6. If P is a J-filter of L, then P C J(L). In particular, if ](L) = {1}, then P = {1}.
Proof. Take S = {0} in Proposition 3.5. O
In the following theorem we give one other characterizations of S-J-filters.

Theorem 3.7. If P is a filter of £ with S NP =0, then the following assertions are equivalent:

(1) Pis an S-J-filter of £;

(2) There exists s € S such that for all F, G two filters of £, if F vV G C P, then either sV F C J(£) or
sVGCP.

Proof. (1) = (2) Since P is an S-J-filter, we infer that there is an element s € S such that forall a,b € £,
ifavbeP,thensvae](L)orsVbeP. On the contrary, assume that for all t € S, there are F;, G; two
filters of L with F; VG, CP,but t VF, ZJ(£) and t vV G, € P. So there exist F,, G, two filters of £ with
F;VGyCP,butsVF,ZJ(L)and sV Gy € P, as s € S. This shows that there exist a5 € F; and b, € G;
such that a; Vb € P, sVas ¢ J(£) and sV bg ¢ P which is impossible, as P is an S-J-filter, i.e. (2) holds.

(2)=> (1) Leta,b e LsuchthatavbeP. Set F =T(a)and G = T(b). Then FV G C P gives there exits
seSsuchthatsvaesVFCJ(L)orsvVbesVvGCPby(2),i.e. (1)holds. O

Corollary 3.8. If P is a filter of L, then P is a J-filter of L if and only if for all filters F,G of L, FV G C P
implies that F C J(L) or GC P.

Proof. Take S = {0} in Theorem 3.7. O

Proposition 3.9. Let P be a filter of L disjoint from S. If there exists an s € S such that (P :/ s) is a ]-filter,
then P is an S-]-filter of L.
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Proof. Let xVy € P for some x,y € L. ThenxVy e (P :/s) gives x € J(L) or y € (P :/ 5) which implies
thatsvxeJ(L£)orsVyeP.,asneeded. O]

The following theorem provides some condition under which the converse of Proposition 3.9 is
true.

Theorem 3.10. Suppose that P is a filter of £ disjoint from S and J(£) is a J-filter of £ such that
J(£)N'S = 0. Then P is an S-J-filter of £ if and only if there exists s € S such that (P :/ s) is a J-filter
of L.

Proof. One side is clear by Proposition 3.9. To see the other side, assume that P is an S-J-filter of L.
Suppose that s € S satisfies S-J-filter condition for P. Let xVy € (P :/ s) for some x,y € £ and x & J(£).
Then xV (s Vy) € P gives either svVx e J(L)orsVyeP. If sVxe (L), then x € J(L) since J(L)NS =0,
a contradiction. Therefore, sVy € P andsoy e (P :/ s). O

Proposition 3.11. Let P be a filter of L disjoint from S. Then, P is an S-]-filter if and only if for some
seS,(P:pa)S(J(L):gs) forallag (P :y s).

Proof. Suppose that P is an S-J-filter of £. Let s € S satisfies S-J-filter condition for P. Now, let
x € (P :r a), where a ¢ (P :f s) (so aVs ¢ P). Then by assumption, aV x € P gives sV x € J(£), i.e.
x € (J(L£) :z s). Conversely, assume that x Vy € P for some x,y € L. If sVy ¢ P (i.e. y € (P :£ s)), then
by the hypothesis, x € (P :y v) C (J(£) :£ s). This shows that s vV x € J(£). O

Corollary 3.12. P is a J-filter of L if and only if (P :y a) C J(L) for all a ¢ P.
Proof. Take S = {0} in Proposition 3.11. O

Proposition 3.13. Let P be a filter of L disjoint from S. Then, P is an S-]J-filter if and only if for some
seS,(P:pa)C(P:gs)forallag (J(L):r s).

Proof. Suppose that P is an S-J-filter of £ and let s € S satisfies S-J-filter condition for P. Now, let
x € (P:ra), wherea e (J(£):rs) (sosVae](L)). Then by assumption, aV x € P gives sV x € P, i.e.
x € (P :z s). Conversely, assume that x Vy € P for some x,ye L. If svVx ¢ J(L) (i.e. x & (J(£) :£ 5)), then
by the hypothesis, y € (P : x) C (P :£ s). This shows that svVy e P. O

Corollary 3.14. P is a J-filter of L if and only if (P :y a) = P for all a & J(L).
Proof. Take S = {0} in Proposition 3.13. O

Corollary 3.15. If P is a proper filter of a lattice L, then the following statements are equivalent:
(1) P is a J-filter of L;
(2) P=(P:f x) for every x & ] (L);
(3) For filters G and K of L, GV K C P and G is not subset of (L) gives K C P;
(4) (P :z x) CJ(L) for every x & P.

Proof. This is a direct consequence of Corollary 3.8, Corollary 3.12 and Corollary 3.14. O]
Proposition 3.16. If P is an S-]-filter of L and a & P, then (P :/ a) is an S-]-filter.

Proof. Since P is an S-J-filter, we conclude that there is an element s € S such that for all x,y € £,
if xVyeP,thensvxe](L)orsVyeP. It suffices to show that there exists u € S such that for all
filters F,Gof £, if FV G C (P :; a), then either u VF C J(£) or u VG C (P : a) by Theorem 3.7. On
the contrary, assume that for all t € S, there are F;, G; two filters of £ with F; vV G; C P, but t V F; is
not a subset of J(£) and ¢ V G, is not a subset of (P :, a). So there exist F, G, two filters of £ with
F,V Gy C (P :f a), but sV F is not a subset of J(£) and s V G, is not a subset of (P :, a), as s € S. This
shows that there exist a, € F; and b, € G, such that a;,Vb,Vae P,sVa, ¢ J(L)and sV (byVa) ¢ P which
is impossible, as P is an S-J-filter, i.e. (P :/ a) is an S-]-filter. O

117
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An S-J-filter P of L is called a maximal S-J-filter if there is no S-J-filter which contains P properly.

Theorem 3.17. If P is a maximal S-J-filter of £, then P is a prime filter. If, in particular, P = (J(£) :£ s)
for some s € S, then the converse is true.

Proof. Suppose that P is a maximal S-/-filter and let x,y € £ such that xVy € P and x ¢ P. Then
(P :r x) is S-J-filter by Proposition 3.15 and P C (P :/ x). By Maximality of P, we havey € (P:y x) =P
and hence P is a pime. Suppose that P = (J(£) :/ s) for some s € S and let aV b € P for some a,b € L.
Since P is prime, we conclude that either sVvae PorsVvb e J(L). So P is an S-J-filter of L. Let Q be
any S-J-filer of £. Then by Proposition 3.5, Q C (J(£) :¢ s), which shows the maximality of P. O]

Theorem 3.18. If J(£) = {1}, then the following statements are equivalent:

(1) £ is an £-domain;

(2) The filter {1} is the only S-J-filter of £;

B)(L:zxVvy)=(1:£x)U(1:, ) for every x,y € L.
Proof. (1) = (2) If P is a S-J-filter of £, then sV P = {1} for some s € S by Proposition 3.5. If p € P,
thensVvp=1givesp=1andso P ={1}, as L is a L-domain. Clearly, P = {1} is an S-J-filter.

(2) = (3) Assume that s € S satisfies S-J-filter condition for {1}. At first, we show that (1 :, z) is
a S-J-filter foreach 1 #z € L. Let a,b € L suchthatavbe(l:sz)and sVva¢J(L). Then {1} is an
S-J-filter gives s VbV z=1; hencesVbe(l:,z). Therefore, by our hypothesis, we have (1 :/ z) = {1}
for each 1 #z € £. This immediately implies that (1: xVy) =(1:£ x)U (1 :£ p) for every x,y € L.

(3) = (1) Let xVy =1, where x,y € L. Then L =(1:£ xVy)=(1l:x)U(l: p) implies that
0e(l:xx)U(1:£y). This means that x=1ory=1,1i.e. (1) holds. O

Proposition 3.19. If {P;};ca is a nonempty family of S-J-filters of L, then P = N;caAP; is an S-]-filter of L.

Proof. Clearly, PNS =0. Leta,be LsuchthatavbePandsVx¢]J(L)forsomeseS. ThenavbeP,
for each i € A gives s Vb € P, for all i € A, as they are S-J-filters; hence s V b € P and so the result
holds. -

The following theorem provides some condition under which the converse Proposition 3.19 is true.

Theorem 3.20. Let Pj,---, P, be prime filters of £ which are not comparable. Then N, P, is an S-J-
filter of £ if and only if P, is an S-J-filter for i € {1,---,n}.

Proof. One side is clear by Proposition 3.19. To see the other side, assume that s € S satisfies S-
J-filter condition for N;_ ;. Let xVy € P; for some x,y € £ and take z € (N;,;jP;) \ P;. Therefore,
xVyVzeni P.Since NP is an S-J-filter, we conclude that either svVx e J(L)orsvVyVvzen P
and so s Vy Vze P,. This implies that s Vy € P;, i.e. P; is a S-J-filter of L. O

For a filter P of a lattice £, the Jacobson radical of P, denoted by J(P), is defined as the intersection
of all maximal filters of £ containing P.

Definition 3.21. A filter P of £ with PN S = 0 is called an S-J-primary, if there exists an (a fixed)
se S such that forall x,y € £, if x Vy € P, then eithersvVx e J(P)orsvyeP.

In the following result, we show that S-J-filters and S-J-primary filters that contained in J(£) are
the same.

Theorem 3.22. If P is a proper filter of a lattice £ such that P C J(£), then P is an S-J-filter if and
only if P is S-J-primary.

Proof. Suppose P is an S-J-filter of £. Assume that s € S satisfies S-]-filter condition and let xVy € P
with s vV x ¢ J(P). Since J(£) C J(P), we conclude thats V x ¢ J(£). Now, P is an S-J-filter gives s Vy € P
and so P is an S-J-primary filter of £. Conversely, assume that P is a S-J-primary filter of £ and let
avbePwithsvae](L)for somes e S. Now, P C J(£) implies that J(P) C J(J(£) =J(£) by [12, Lemma
3.17]. Therefore,sVa ¢ J(P) and sosVbe P, as P is S-J-primary. Hence, P is an S-J-filter. ]
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4 properties of S-J-join subsets

We continue this section with the investigation of the stability of S-J-join subsets in some ring-
theoretic constructions. Let us begin this section with the following lemma.

Lemma 4.1. If P is an S-]-filter of L, then sV P is an S-]-filter of L for some s € S.

Proof. If sV x € sV P for some x € P, then sV x € P, as P is a filter; hence s V P C P. Suppose that
s € S satisfies S-J-filter condition for P and let avVb € sV P C P for some a,b € L. Since P is an
S-J-filter, we conclude that either s Va € J(£) or s Vb € P which implies that either s Va € J(£) or
sVb=sV(sVvb)esVP. Therefore, sV P is an S-J-filter of L. O

Definition 4.2. Let 7 be a nonempty subset of £ with £\](£) C7. Then T is called a S-J-join subset
of L if there exists s € S such that for all x,y e Lwithsvxe L\]J(£)and sVy €T wehavesvxVvyeT.

In the following proposition, we describe the relation between S-J-filters and S-J-join-subsets of
L.

Theorem 4.3. If P is a proper filter of £, then the following statements are equivalent:
(1) P is an S-J-filter of £;
(2) L\ (sV P)is a J-join-subset of £ for some s € S.

Proof. (1) = (2) We keep in mind that there exists a fixed s € S that satisfies the S-J-filter condition
for P. Since sVP C J(L) by Proposition 3.4, we conclude that £\]J(£) € L\(sVP). Letsvx e L\](L) and
sVy e L\(sVP). We show that svxVy € L\(sVP). On the contrary, assume that sVxVy € sV P. Since
sV Pisan S-J-filter by Lemma 4.1 and s vV x ¢ J(£), we infer that s Vy € s V P which is a contradiction.
Thus,sVxVvyeL\(sVP)andso L\ (sVP)isan S-J-join subset of L.

(2)=>(1)Letx,ye LandxVye P (sosVxVyesVP)withsvxe]J(L). Then we havesvyesvP CP
since otherwise we would have s Vx Vy e £\ (s V P) which is impossible by (2), i.e. (1) holds. O

Proposition 4.4. For S-]-filters Py,---,P, of L, let s; € S satisfies S-]-filter condition for P;, where i €
{1,---,n}. Then T =N/_(L\(s; V P;)) is an S-]-join subset of L.

Proof. Tt is clear that L\ J(£) CT. Sets =V} ;s;. Let x,y € LsuchthatsvxeL\](£)andsVyeT.
Then for each i € {1,---,n}, s; vx e L\]J(L)and s; Vy € L\ (s; V P), as J(L), s; V P; are filters of
L. This shows that s; VxVye L\(s; VP) for each i € {1,---,n} by Proposition 4.3. We claim that
SVXVy = ((V?ijsj)Vx)v(s,- Vy)e L\(s; VP)forallie{l,---,n}. Otherwise, s; V P, is an S-]-filter gives
either svx e J(L)ors; Vy €s; VP which is impossible. This implies that sVxVy e 7, as needed. [

The following Theorem is a lattice counterpart of Theorem 3.44 in [20] describing the structure of
S-J-filters.

Theorem 4.5. Suppose P is a filter of £ and let 7 be a S-J-join subset of £ such that s € S satisfies
S-J-join subset condition for 7,sVvV7 €7 and PN7T = (. Then there exists an S-J-filter Q containing
P suchthat QN7 =0.

Proof. Let A be the set of all filters G of £ such that P € G and GN7T = 0. Since P € A, we conclude
that A = 0. Clearly, (A, C) is a partial order. Let {P,};cA be a chain of elements of A and set H = (J;cp B;.
It is clear that H is a filter of £ and H € A. Thus H is an upper bound of the chain {P,};c5; hence by
Zorn’s Lemma, A has a maximal element Q containing P such that QN7 = 0. It remains to show that
Qis an S-J-filter of £. Assume that s € S satisfies S-]-join subset condition for 7. On the contrary, let
xVy € Qsuchthatsvx¢J(L)andsVy ¢ Q (soy & Q). Since Q & (Q :£ x), we infer that (Q:x x)NT =0
by maximality of Q and so there exists t € 7 with sVt € sV7T C 7T such thattVvxe Q. SincesVx & J(L)
and sVt €T, we conclude that stV xe QN7 which is a contradiction. Therefore, Q is an S-J-filter
of Lwith QN7 =0and P C Q. O
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If P is a filter in £, the set of all minimal S-J-filters (resp. the set of all minimal J-filters) over P
will be denoted by ming;(P) (resp. minj(P)) (set ming;({1}) = ming;(£) and min;({1}) = min;(£))).

The following theorem is a weakly S-J-filters counterpart of Theorem 2.1 in [15] describing the
structure of such filters.

Theorem 4.6. Suppose that Q is an S-J-filter of £ such that s € S satisfies S-J-filter condition for Q
and let P be a filter of £ with P CsVv Q. If s V Q € ming;(P), then for each x € s vV Q, there is some
y€sVQsuchthatsvxvyeP.

Proof. Set X = L\ (sV Q). At first, we show that sVX C X. Let sVx e sV X for some x € X butsvx ¢ X
(sosVxesVvQ). Since L\ (L) C X by Proposition 3.4, then sV x ¢ J(£). Now, (sVx)vV0esVQand
sV(svx)=sVxeg](L)givess=sV0e(sVQ)NS, acontradiction, as s V Q is an S-J-filter by Lemma
4.1. SosvXCX.

Next, we prove that £\ (s V Q) is a S-J-join subset that is maximal with (£ \ (s V Q)) NP = 0. Since
(L\(sVQ))NP =0, the set A of all S-J-join subsets, say 7, with 7'NP = 0 is not empty. Of course, the
relation of inclusion, C, is a partial order on A. Now A is easily seen to be inductive under inclusion,
so by Zorn’s Lemma A has a maximal element 7 with PN7 =0 and sV 7 C 7. By Theorem 4.5,
there is a filter K of £ containing P that is maximal with respect to being disjoint from 7" which is
S-J-filter. Note that KN (£ \ (s V Q)) = 0 which implies that K = Q. Hence, 7 = £\ (s V Q). Therefore,
L\ (s vV Q) has the stated property. Let 1 #a € Q and set

T:{s\/b)v(/\;’zla):s\/beL'\(s\/Q), n=0,1,---}

(note that A;_,a is interpreted as 0, and clearly, Al_,a = a). Since Q is a S-J-filter of £, we conclude
that £\ (s vV Q) is a S-J-join subset of £ by Proposition 3.7;s0 L\ J(£L) S L\ (sVQ)C 7. Letu,ve L
such that sVu ¢ J(£) and s Vv € T. We show that s Vu Vv e 7. By the hypothesis, sVv=(sVb)Va
for some s Vb sV Q which implies that sVu Vv =(svVbVu)vVa. ThensVbVu¢sVQ (otherwise,
eithersvVueJ(L)orsvbesVvQbyLemma 4.1, a contradiction) and sosVu Vv € 7. Then 7 is an
S-J-join subset that properly contains £\ (s V Q); so PN7 = (0 by maximality of £\ sV Q. So there is
somesVbeL\(sVQ)suchthatsvavbeP. O

Corollary 4.7. Suppose that Q is an S-]-filter of L such that s € S satisfies S-]J-filter condition for Q. If
sV Q € ming;(P), then for each x € sV Q, there is some y € sV Q such that sVxVy =1.

Proof. Take P = {1} in Theorem 4.6. O

Corollary 4.8. Suppose that Q is a J-filter of L and let P be a filter of L with P C sV Q. If Q € minj(P),
then for each x € Q, there is some y & Q such that xVy € P.

Proof. Take S = {0} in Theorem 4.6. O

Corollary 4.9. Suppose that Q is a ]-filter of L. If Q € minj(L), then for each x € Q, there is some y € Q
such that xVy = 1.

Proof. Take S = {0} in Corollary 4.7. O]

Theorem 4.10. Suppose P is an S-J-filter of a presimplifiable lattice £ and let s € S satisfies S-
J-filter condition for P. If P is prime, s V P € ming;(£) and ¢ € £ has a complement in £, then
Q=(sVP)A(1:,c)isan S-J-filter.
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Proof. Let x,y € L such that x Vy € Q withsvx & J(£). ThenxVy =pAb for some p €sV P and
bV c=1. By Corollary 4.7, there exists g € sV P such that s Vp Vv g = 1. Therefore, (sVx)V(cVqVy)=
(cVsVq)V(xVy) = (cVsVq)V(pAb) = (cVsVqVp)A(cVsVqVvb) =1V1 =1. SincesVx & J(L), we conclude
that svx ¢I(£);socVvqVy=1¢€ P which implies that cVy € P, as P is prime. By assumption, there is
an element ¢’ € L such that cvc’=1and cAc’ = 0. Now, sVy = (sVy)V(cAc') = (sVyVe)A(sVyVe') € Q,
and therefore Q is an S-J-filter.

5 S-J-filters in related lattices

We begin this section with the investigation of the stability of S-J-filters in various lattice-theoretic
constructions.

Theorem 5.1. Let £ be a complemented lattice. If f : £ — £’ is a lattice homomorphism such that
f(0)=0and f(1) =1, then the following hold:

1) If f is epimorphism and P is an S-J-filter of £ with ker(f) C P, then f(P) is an f(S)-]-filter of
L.

(2) If K is an f(S)-J-filter of £’ with ker(f) CJ(L), then f~!(K) is an S-]-filter.

Proof. At ﬁrst, we need to prove that f(S)N f(P) = 0. Otherwise, there are elements pe Pand t € S
such that f = f(t). By assumption, pVp’ =1 and p Ap’ = 0 for some p’ € L. Since f(tVp') =
f()Vv£fip f pVp') =1, we conclude that t vV p’ € ker(f) C P which implies that t =tV (p Ap’) =
(tVp)A(t V p’)e PNS, as P is a filter, a contradiction. Also, it is clear that f(S) is a join subset of £’.

(1) Let x,y € £” such that x Vy € f(P). Since f is an epimorphism, there exist a,b € £ such that
x = f(a)and y = f(b). Then xVy = f(aVvb)e f(P)and so f(aV b) = f(c) for some c € P. By the
hypothesis, cVc¢’=1and cAc’ =0 for some ¢’ € L. Since f(avVbVvc')= f(avb)V f(c’) =1, we conclude
thatavbVvc eker(f)CP;henceavb=(avb)V(cAc)=(aVvbVec)A(avbVvc')eP,asPis a filter.
Then there exists s € S such that either svVae J(£)or sVvbe P, as P is an S-J-filter. Therefore, either
f(s)vx=f(sva)e f(J(L) SJ(L)or f(s)Vy = f(sVb)e f(P), as required.

(2) Since K is an f(S)-J-filter of £’, we infer that there exists s € S such that for all x’,y" € £’
with x’ vy’ € K we have f(s) Vx’ € J(L') or f(s)Vy’ € K. Now, let a,b € £L with aVv b € f1(K) and
sVaé]J(L). Then f(a)V f(b) = f(aV b) € K. First, we show that f(sVa) ¢ J(L’). On the contrary,
assume that f(sVa) € ]( ). Let M be any maximal filter of £. Then f(M) is a maximal filter of
L’. Since f(sVa) e J(L) C f(M), we conclude that f(sV a) = f(m) for some m € M. By assumption,
mvVm =1and mAm =0 for some m’ € L. As f(svavm’)= f(m)V f(m’) =1, we conclude that
svavm' eker(f)C M; hencesvVa=(svVa)V(imAm')=(sVaVvm)A(svVavm’')eM,as M is a
filter. Therefore, s vV a € J(£) which is a contradiction. Since K is an f( )-J-filter, f(a) Vv f(b) € K and
f(s)V f(a)e](L'), weget f(s)V f(b)=f(svb)eKandsosVbe f! O

Quotient lattices are determined by equivalence relations rather than by ideals as in the ring case.
If P is a filter of a lattice (£,<), we define a relation on £, given by x ~ y if and only if there exist
a,b € P satisfying x Aa =y Ab. Then ~ is an equivalence relation on £, and we denote the equivalence
class of a by a A P and these collection of all equivalence classes by £L/P. We set up a partial order <,
on L/P as follows: for each aAP,bAP € L/P, we write aAP <o bAP if and only if a < b. The following
notation below will be used in this paper: It is straightforward to check that (£/P, <) is a lattice with
(@aAP)Vqo(bAP)=(aVvb)APand (aAP)Ag(bAP)=(anb)AP for all elements aAP,b AP € L/P. Note
that p AP = P if and only if p € P (see [10, Remark 4.2 and Lemma 4.3]). An inspection will show
that if P is a filter of £, then S = {s A P : s € S} is a join subset of L/P.

Corollary 5.2. Suppose L is a complemented lattice and let P, Q be two filters of L with P C Q. Then the
followings hold:
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(1) If Q is an S-]-filter of L, then Q/P is an Sq-]-filter of L/P;
(2) If Q/P is an S-]-filter of L/P and P C J(L), then Q is an S-]-filter of L;
(3) If Q/P is an Sg-]-filter of L/P and P is a ]-filter of L, then Q is an S-]-filter.

Proof. (1) Let v : £L — L/P be the natural epimorphism defined by v(x) = x A P for x € L. Then
ker(v)={xe L:xAP=1AP}=P CQby[10, Lemma 4.3] and so by Theorem 4.1 (1) and [10, Lemma
4.3] that v(Q) = {x AP : x € Q} = Q/P is an S-]-filter of L/P, where v(S) = Sg,.

(2) Consider the natural epimorphism v : £ — £/P defined by v(x) = x AP for x € L. Since P C J(£),
we conclude that v™1(Q/P) = Q is an S-J-filter of £ by Theorem 5.1 (2).

(3) Since P is a J-filter of £, we conclude that P C J(£) by Corollary 3.5. Now the assertion follows
from (2). O

If F is a proper filter of £, then by a V-factorization of F we mean an expression of F as an inter-
section (7_, F; of S-J-filters. We call £ a V-lattice if every proper filter has a V-factorization.

Theorem 5.3. Let P be a proper filter of a complemented lattice £. If £ is an V-lattice, then £/P is
an V-lattice.

Proof. Let Q be a proper filter of £/P. Then Q = K/P for some proper filter K of £ by [10, Lemma 4.3
(5)]. Let K =N, P; be a V-factorization of K. Then Q = (N!_, P;)/P = N;_, P,/P by [10, Lemma 4.3 (7)].
By Corollary 5.2 (1), we conclude that P,/P is an Qg-J-filter of £/P for each i € {1,2,---,n}. It means
that £/P is an V-lattice. O

Lemma 5.4. Suppose L =L x L, is a decomposable lattice. Then J(L) = J(L) % J(L,).

Proof. If P is a proper filter of £, then P is a maximal filter of £ if and only if P = P| x £, for some
maximal filter P of £; or P = £ x P, for some maximal filter P, of £, by [12, Lemma 4.16]. Since
(P;xL2)N (L1 xP;) = P;xP; and (P,-><P]~)ﬂ(Pi’><Pj’) = (P,-ﬂPZ-’)x(PjﬂPj'), we infer that J(£) = J(£1)xJ(£,). O

We next show that S-J-filters are really only of interest in indecomposable lattices.

Theorem 5.5. Assume that £ = £ x £, is a decomposable lattice and let P, P, be filters of £;, £,
respectively. If S; is a join subset of £;, i = 1,2, then the following hold:

(1) Py x £, is an (S; x S,)-J-filter of £ if and only if P, is an S;-J-filter of £1 and J(£,) NS, = 0.

(2) L1 x Py is an (S x S,)-J-filter of £ if and only if P, is an S,-J-filter of £, and J(£;) N S; = 0.

Proof. (1) It is easy to see that (P, x£,)NS =0 if and only if P, NSy =0 and S = §; xS, is a join subset
of L. Suppose that P = P; XL, is an S-]-filter of £ and let (s1,s;) € S satisfies S-J-filter condition for P.
Since (1,0) V. (0,1) =(1,1) € P, we conclude that either (sy,s;) V. (0,1) = (s1,1) € P or (s1,5) V- (1,0) =
(1,s5) € J(L) = J(L£y) xJ(£,) by Lemma 5.4. This shows that either s, € J(£;) (so J(£;) NS, #0) or
s; € Py NSy which is impossible. Let p vV p’ € P for some p,p’ € £1. Then (p,0) V. (p’,0)=(pVvp’,0)eP
gives (51,52) Ve (p,0) = (s1 Vp,s2) €J(L) = J(L1) X J(L2) or (s1,52) Ve (p’,0) = (s1 V p',s2) € Py x L; hence
either sy VpeJ(L)ors; Vp'eP. Therefore, P, is an S;-/-filter.

Conversely, suppose P; is an S;-/-filter of £; and J(£;)N S, # 0. Assume s, € Sy satisfies S;-]-filter
condition for P; and let (p,q),(p’,q’) € L such that (p,q)V.(p’,q") =(pVp’,qVq’) € P. Thens; Vp € J(Ly)
or sy Vp’ € P, as pVp’ € P. By the hypothesis, there exists s, € S, such that s, € J(£,). This shows
that (p,q) V¢ (s1,52) = (51 Vp,52Vq) € J(L£) = J(L1)x] (L) o (s1,52) Ve (p',q") = (s1Vp',52Vq’) € P. Hence,
P is an S-J-filter of L.

(2) The proof is similar to that in case (1) and we omit it. O]

Lemma 5.6. If P is a finitely generated filter of L and a € L\ P, then aV P is a finitely generated filter.

Proof. Let P = T(A), where A = {py,---,p,} € P. An inspection will show that a vV P = T(B), where
B={aVpy,---,avVp,}CaVvP. O
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We say that a filter P of £ is S-finite if s V P C F C P for some finitely generated filter F of £ and
some s € S.

Proposition 5.7. For the lattice L, the following hold:

(1) Let P be an intersection of maximal filters of L. If P is a finitely generated S-]-filter, then J(L) is
S-finite.

(2) If J(L) is finitely generated, then it is S-finite. In particular, if P is a finitely generated maximal
S-J-filter, then J(L) is S-finite.

Proof. (1) Since P is S-J-filter, we conclude that J(£) € P C (J(£) :z s) for some s € S by Proposition
3.4. Therefore, sV J(£) CsV P CJ(L£) and since sV P is finitely generated by Lemma 5.6, we infer that
J(L£) is S-finite.

(2) This is a direct consequence of (1). O

Proposition 5.8. Let P, Q and K be filters of L such that sV K € J(L) for all s € S. Then the following hold:

(1) Let P and Q be S-]-filters of L. If P is a finitely generated with KV P = KV Q, then Q is a S-finite
filter.

(2) Let P and Q be S-J-filters of L. If Q a finitely generated with KV P = KV Q, then P is a S-finite
filter.

(3) If K V P is a finitely generated S-]-filter, then P is S-finite.

Proof. (1) Assume that s € S satisfies S-J-filter condition for Q. Since KVP = KvQ C Qand sVK € J(£)
, we conclude that s VP C Q by Theorem 3.6, as Q is an S-J-filter. Similarly, There exists t € S such
that t vV Q C P. Therefore, (sVt)VQCsVPCQ. Fors’=sVvteS,s’VQCsVPCQ,wheresVPis
finitely generated by Lemma 5.6. Hence, Q is S-finite.

(2) Similar to the proof of the part (1), one can show that P is S-finite.

(3) SincesVK € J(£) and K Vv P is S-]J-filter, we infer that sV P C KV P C P and so P is S-finite. [J

Corollary 5.9. Let P,Q and K be filters of L such that K  J(L). Then the following hold:
(1) Let P and Q be J-filters of L. If P is a finitely generated with KV P = KV Q, then Q is a S-finite
filter.
(2) Let P and Q be ]-filters of L. If Q a finitely generated with KV P = KV Q, then P is a S-finite filter.
(3) If K V P is a finitely generated J-filter, then P is S-finite.

Proof. Take S = {0} in Proposition 5.8. O

Definition 5.10. (1) A proper filter P of L is called SJ-finite if sV P C G C P C J(£) for some finitely
generated filter K of £ and some s € S.
(2) We say that £ is S]-Noetherian if each proper filter of £ is S]-finite.

Lemma 5.11. If P C J(£) is a filter of L which is maximal among all non-S]-finite filters of L, then P is a
J-filter of L.

Proof. Let a,b € L suchthatavbe P and a ¢ J(£) (so a & P). We show that b € P. On the contrary,
assume that b € P. By an argument like that in [13, Lemma 2.20], there exists,t € S, p1,---,p, € P and
by,---,by € (P:ra)suchthat (svt)VPCT(A)C P, where A={p, Vt--,p,Vt,aVby,--,aVvVb}CP;
hence P is S-finite, a contradiction. Thus P is a J-filter of L. O

Proposition 5.12. L is S]-Noetherian if and only if every J-filter of L (disjoint from S) is S-finite.
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Proof. One side is clear. To see the other side, suppose that P is S]-finite for each J-filter P of £
disjoint from S. On the contrary, Suppose that £ is not SJ-Noetherian. Then the set A of all non-
S]-finite filters of £ is inductively ordered under inclusion. By Zorn’s Lemma, choose Q maximal in
A. Then Lemma 5.11 implies that Q is a J-filter of £. If QNS # 0, then sV Q C T(s) C Q for every
se QNS gives Q is S]-finite, a contradiction. Thus QNS = 0. Now, by the hypothesis, Q is SJ-finite
which is impossible since Q € A. Thus £ is S§/-Noetherian. O

In the following theorem we give an SJ-version of Cohen’s Theorem (Theorem 2 in [7])

Theorem 5.13. For a lattice £, the following assertions are equivalent:
(1) £ is S]-Noetherian;
(2) Every S-J-filter of £ is S]-finite;
(3) Every J-filter of £ is S]-finite.

Proof. (1) = (2) By assumption, each proper filter of £ is S/-finite.

(2) = (3) Let P be a J-filter of L. If PNS # 0, then sV P C T(s) C P for every s € PN S gives P is
S]-finite. If PN'S =0, then P is an S-J-filter of £; hence by the hypothesis, P is S-finite.

(3) = (1) Follows from Proposition 5.12. O

Similar to the idealization of a module over a ring (Huckaba in [14]), the remaining part of this
section mainly devoted to investigation the stability of S-J-filters in the filterlization of a lattice and
a filter. Let M be a filter of lattice L. The filterlization L(+)M = {(a,m) : a € L,m € M} of M in
L is a lattice with respect to the following definitions: (1) (a,m) = (a’,m’) if a = a’ and m = m’, (2)
(a,mq1) Ap (b,my) = (aAb,my Amy)and (3) (a,m;1) VE (b,my) =(aV b,(aV my)A(bV mq)). Under these
definitions £(+)M becomes a lattice. An easy inspection will show that S, = S(+)M is a join subset
of L(+)M and J(L(+)M) = J(L)(+)M. In addition, if F is a filter of £, then for a subfilter N of M,
F(+)N is a filter of £(+)M if and only if F Vv M C N. Here we clarify the relationships between
S-J-filters in a lattice £ and in a filterlization lattice £(+)M.

Theorem 5.14. Let P be a filter of a lattice £ and K be a subfilter of M. Then the following hold:
(1) If P(+)K is an Syy-J-filter of L(+)M, then P is an S-J-filter of L.
(2) P(+)M is an S-J-filter of £(+)M if and only if P is an S-J-filter of L.

Proof. (1) Let P(+)K is an S -J-filter of L(+)M. So Sy N(P(+)K) =0 gives SNP =0. Let x,y € £ such
that x Vy € P. Then (x,1) Vg (,1) = (x Vy,1) € P(+)K implies that there exists (s,m) € Sy such that
either (s,m) Vg (x,1) = (s Vx,x Vm) € J(L(+)M) = J(L)(+)M or (s,m) Vg (y,1) = (s Vy,y vV m) € P(+)K.
Hence, either sVx e J(£)orsVyeP andso P is an S-]-filter of L.

(2) Suppose that P(+)M is an Sy,-J-filter of £L(+)M. Then P is an S-J-filter of £ by (1). To see the
other side, suppose P is an S-J-filter of £ and let s € S satisfies S-J-filter condition for P. Note that
SuNPH)M)=0,as SNP =0. Let (p,m) Ve (p’,m’)=(pVp’,(pVm')A(p’Vm)e P(+)M for some
(p,m),(p’,m’) € L(+)M. By the hypothesis, since p V p” € P, we conclude that either s V p € J(£) or
sV p’ € P which implies either (s,m) Vg (p,m) € J(L)(+)M = J(L(+)M) or (s,m) Vg (p’,m’) € P(+)M.
This shows that P(+)M is an Sy,-J-filter of L(+)M. O

Corollary 5.15. Let P be a filter of a lattice L and K be a subfilter of M. Then the following hold:
(1) If P(+)K is a J-filter of L(+)M, then P is an ]-filter of L.
(2) P(+)M is an ]-filter of L(+)M if and only if P is an J-filter of L.

Proof. Take S = {0} in Theorem 5.14. O
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