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Abstract. Let R be a commutative ring with identity and M be an R-module. The aim of this paper is to introduce and
investigate the notions of nil-M-Noetherian and nil-M-Artinian modules as generalizations of Noetherian and Artinian
modules. Also, in this regard we introduce nil versions of some algebraic concepts.
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1 Introduction

Throughout this paper, R will denote a commutative ring with identity and Z will denote the ring of
integers. Also, Nil(R) will denote the set of all nilpotent elements of R.

In [13]], the authors introduced and investigated the notion of N-prime ideals as a generalization
of prime ideals. A proper ideal P of R is said to be a N-prime ideal if ab € P, for each a,b € R, then
either a € P+ Nil(R) or b € P+ Nil(R) [13]]. In [7] (resp. [8]]), the present author introduced the notion
of nil-prime (resp. nil-primary) ideals as a generalization of prime (resp. primary) ideals and studied
some basic properties of this class of ideals. A proper ideal P of R is said to be a nil-prime ideal if
there exists x € Nil(R) such that whenever ab e P,thenaePorbePora+xe€ P or b+ x € P for each
a,b € R (for generalizations of this notion for modules, see [9]]). Also, a proper ideal P of R is said to
be a nil-primary ideal if there exists x € Nil(R) such that whenever ab € P for some a4,b € R, then a € P
orb"ePora+xePorb"+xeP for somenelN.

For a submodule N of an R-module M, a non-empty subset K of M, and a non-empty subset ] of
R, the residuals of N by K and | are defined as (N :x K)={a€ R:aK CN}and (N:y J)={meM:
Jm C N}, respectively. In particular, we use Anng(M) to denote (0 :x M).

In algebra, some generalizations and weakenings for the concepts of Noetherian and Artinian
modules have arisen. In this regard, you can refer to [11}[6]. Motivated by nil-prime ideals, the pur-
pose of this paper is to introduce and investigate the notions of nil-M-Noetherian and nil-M-Artinian
modules as generalizations of Noetherian and Artinian modules. Also, in this regard we introduce
the notions of nil-M-cyclic, nil-M-finitely generated and nil-M-finitely cogenerated modules.

2 Main Results

Definition 2.1. We say that an R-module M is a nil-M-Noetherian module if there is r € \|Anng(M)
such that for each ascending chain

Ny CN,CN;C...CN; C...
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of submodules of M there is a positive integer t such that N;,; € N; + rM for all i > 0. Moreover, we
say that the ring R is a nil-R-Noetherian ring if R as an R-module is a nil-R-Noetherian module.

Definition 2.2. We say that an R-module M is a nil-M-Artinian module if there is r € \|Anng(M) such
that for each descending chain
Ny 2N;DN32..2N;2...

of submodules of M there is a positive integer t such that N; N (0 :p; ) € Ny, for all i > 0. Also, we
say that the ring R is a nil-R-Artinian ring if R as an R-module is a nil-R-Artinian module.

Remark 2.3. As 0 € \/Anng(M), we have that every Noetherian (resp. Artinian) R-module is a nil-
M-Noetherian (resp. nil-M-Artinian) R-module. This motivates the Question If \JAnng(M) =
0, then the notions of Noetherian R-modules and nil-M-Noetherian R-modules (resp. Artinian R-
modules and nil-M-Artinian R-modules) are equal. For example, for a positive integer n which
is square-free (i.e., n has not a square factor), consider the ring Z, of integers modulo n. Then

Anng (Z,) = 0 = Nil(Z,). Also, \JAnngz(Z) = 0 = Nil(Z) and ,[Anngy))(F[x])) = 0 = Nil(F[x]),
where F is a field.

Question 2.4. Let M be an R-module. Is every nil-M-Noetherian (resp. nil-M-Artinian) module a
Noetherian (resp. Artinian) module?

Definition 2.5. We say that a submodule N of an R-module M is a nil-M-cyclic if there exist r €
VAnng(M) and x € M such that N = Rx + rM.

Let M be an R-module. Since 0 € \/Anng(M), clearly each cyclic submodule of M is a nil-M-cyclic
submodule of M. But Example[2.6shows that the converse is not true in general.

Example 2.6. The submodule N = Zx+2Z,4[x,y] of the Z-module M = Z,[x,y] is a nil-M-cyclic since
2 € \JAnnz(M) and x € Z4[x,y]. But N is not a cyclic submodule of M.

Definition 2.7. We say that a submodule N of an R-module M is a nil-M-finitely generated (resp.
weakly nil-M-finitely generated) if there exist r € \/Anng(M) and x1,x5,...,x; € M such that N = Rx; +
Rxy+--+Rx; +rM (resp. N +rM = Rx; + Rxp + -+ + Rx; + rM).

Example 2.8. Consider the Z-module M = Z, ®Z1, ®Z1,®---. Then 6 € \/Annyz(M). For each
finitely generated submodule N of M we have N + 6M is a nil-M-finitely generated submodule of M
which is not a finitely generated submodule of M.

Remark 2.9. Let M be an R-module. Clearly, every nil-M-finitely generated submodule of M is a
weakly nil-M-finitely generated submodule of M. If N is a weakly nil-M-finitely generated submod-
ule of M such that (N :zx M) is prime ideal of R, then \/AnnR(M) c \/(N : M) = (N :xg M). This in
turn implies that N is a nil-M-finitely generated submodule of M.

Proposition 2.10. Let S be a multiplicatively subset of R and let M be an R-module. If N is a nil-M-
finitely generated submodule of M, then S™'N is a nil-S~! M-finitely generated submodule of S™' M.

Proof. Assume that N is a nil-M-finitely generated submodule of M. Then there exist r € \/Anng(M)
and x1,Xy,...,x; € M such that N = Rx; + Rx; +--- + Rx; + rM. By using the proof of [14, Lemma
9.12(ii)] and [14, Lemma 5.31(iv)], we have S™!(y/Anng(M)) C \JAnns-1z(S~IM). Therefore, r/1 €
\/ATlTls—lR(S_lM) and x,/1,x,/1,...,x,/1 € S™'M such that

STIN = (S7TIR)(x1/1) + (STIR)(xp/1) + -+ + (STIR)(x,/1) + r/1(S T M).
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A proper submodule N of M is said to be completely irreducible if N = (;c; N;, where {Nj};c is a
family of submodules of M, implies that N = N; for some i € I. By [10], every submodule of M is
an intersection of completely irreducible submodules of M. Thus the intersection of all completely
irreducible submodules of M is zero [10].

Definition 2.11. We say that a submodule N of an R-module M is a nil-M-completely irreducible
submodule if there exist r € \/Anng(M) and completely irreducible submodule L of M such that N =
LN (0 ‘M 1’).

Definition 2.12. For a submodule N of an R-module M, we say that M/N is a nil-M-finitely cogen-
erated (resp. weakly nil-M-finitely cogenerated) if there exists r € \J/Anng(M) such that N = N N;
implies that N = N;¢;N; N (0 :p1 7) (resp. NigyN; N (0 :pr ) = N N (0 :p 7)) for some finite subset J of I.

Proposition 2.13. If for a submodule N of an R-module M we have M/N is a nil-M-finitely cogenerated
(resp. weakly nil-M-finitely cogenerated) module, then there exist r € \|Anng(M) and completely irre-
ducible submodules Ly,L,,...,L; of M such that N = LiyNL,N---NL;N(0 :pp 7) (resp. LyNLyN---NL;N(0 :py
r)=NN(0:p 7).

Proof. This follows from the fact that every submodule of M is an intersection of completely irre-
ducible submodules of M. O]

Remark 2.14. Let M be an R-module. Clearly, every nil-M-finitely cogenerated homomorphic image
of M is a weakly nil-M-finitely cogenerated homomorphic image of M. It is easy to see that, if M/N
is a weakly nil-M-finitely cogenerated homomorphic image of M such that Anng(N) is prime ideal
of R, then M/N is a nil-M-finitely cogenerated homomorphic image of M.

Proposition 2.15. Let M be an R-module. Then we have the following.

(a) If for a submodule N of M and r € \|Anng(M) we have N + rM = M, then N = M.
(b) If for a submodule N of M and r € \|Anng(M) we have N N (0 :p; r) =0, then N = 0.

Proof. (a) Suppose that for a submodule N of M and r € \J/Anng(M) we have N +rM = M. Then there
exists t € N such that r!M = 0. We have N +r>M = rM. This implies that rN + r?M + N = rM + N
and so N +r2M = M. Continuing this way, we get that M = N +r'M = N +0 = N.

(b) Suppose that for a submodule N of M and r € \/Anng(M) we have N N (0:ys r) = 0. Then there
exists t € N such that ¥!M = 0. Clearly, NN (0:j; r) = (0 :y 7). Hence, (0 :5 r) = 0. Therefore,

0:n 1) =(0:n71):in7)=(0:n7)=NN(0:1)=0.
Continuing this way, we have 0= (0:xy ') = NN (03 ') = NNM =N. O
Corollary 2.16. Let M be an R-module. Then we have the following.
(a) M is a nil-M-cyclic module if and only if it is a cyclic module.
(b) M is a weakly nil-M-finitely generated module if and only if it is a finitely generated module.

(c) The submodule 0 of M is a nil-M-completely irreducible submodule if and only if it is a completely
irreducible submodule.

(d) M is a weakly nil-M-finitely cogenerated module if and only if it is a finitely cogenerated module.
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Proof. (a) Let M be a nil-M-cyclic R-module. Then there exist r € \/Anng(M) and x € M such that
M = Rx + rM. This implies that M = Rx by Proposition [2.15] (a). Thus M is a cyclic module. Since

0 € \/Anng(M), the converse is clear.

(b) Let M be a weakly nil-M-finitely generated R-module. Then there exist r € \/Anng(M) and
X1,%2,...,X; € M suchthat M =M +rM = Rx; + Rxp +---+ Rx; + rM. Thus M = Rx; + Rx; +--- + Rx; by
Proposition (a). So, M is a finitely generated module. Since 0 € \/Anng(M), the converse is clear.

(c) Assume that the submodule 0 of M is a nil-M-completely irreducible submodule. Then there
exist r € \/Anng(M) and completely irreducible submodule L of M such that 0 = LN (0 :j; r). This
implies that L = 0 by Proposition [2.15| (b). So, 0 is a completely irreducible submodule of M. Since

0 € \/Anng(M), the converse is clear.
(d) Suppose that M is a weakly nil-M-finitely cogenerated R-module and 0 = N;¢;N;. Then there

exist r € y/Anng(M) and finite subset | of I such that N;e;N; N (0 :p; 7) = 0N (0 :p ) = 0. It follows
that N;;N; = 0 by Proposition 2.15] (b). Therefore, M is a finitely cogenerated module. Since 0 €
Anng(M), the converse is clear. O]

Theorem 2.17. Let M be an R-module. Consider the following statements:
(a) Every submodule of M is nil-M-finitely generated;
(b) M is a nil-M-Noetherian module;

(c) There exists r € \/Anng(M) such that any non-empty collection ¥ of submodules of M with the
form K +rM has a maximal element N +rM;

(d) Every submodule of M is weakly nil-M-finitely generated.
Then (a) = (b), (b) = (¢), and (c) = (d).
Proof. (a) = (b) Assume that the following is an increasing sequence of submodules of M
N; CN;CN3C...CNiC....

Consider N :=J;51 N;. Then N is a submodule of M, hence it is nil-M-finitely generated by part (a).

Thus there exist r € \/Anng(M) and uy,...,u; € M such that N = Ruy +---+ Ru; + M. Then we can
find s such that u; € N for all j = 1,2,...,t. In this case we have N +rM C N; + rM. Therefore, for all
i >0wehave N;,; CN CN +rM C N;+rM, as needed.

(b) = (c) First note that by part (b), there is r € \/Anng(M) such that for each ascending chain

Ny CN,CN3;C...CN;C...

of submodules of M there is a positive integer t such that N;,; € N; + rM for all i > 0. Suppose that
there exists a non-empty collection ¥ of submodules of M with the form N + rM such that it has no
maximal element. Let us choose N;+rM € X. Since this is not maximal, there is N,+rM € X such that
N;+rM C N, +rM, and we continue in this way to construct the following infinite strictly increasing
sequence of submodules of M:

Ni+rMCNy+rMCNz+rMcC....
By part (b), there is a positive integer t such that
Nijg +rM CNy+rM+rM =N;+rM,

which is a contradiction.
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(c) = (d) Suppose that there exists r € \/Anng(M) such that any non-empty collection ¥ of sub-
modules of M with the form K+rM has a maximal element. Let N be a submodule of M and consider
the family ¥ of all submodules of M with the form K +rM, where K = Rxy +---+ Rx; for some x; € N.
Clearly, ¥ is non-empty. By part (c), ¥ has a maximal element N + rM, where N = Rx; + --- + Rx,, for
some x; € N. If N+rM =N +rM, then there is u € N + rM \ N + M and the submodule Ru + N + rM
strictly containing N + rM, a contradiction. Thus N + rM = N +rM, as needed. O

Definition 2.18. (a) We say that a submodule N of an R-module M is a nil-M-Noetherian submod-
ule if there is r € \/Anng(M) such that for each ascending chain

Ny CN,CN3C...CN,C...
of submodules of N there is a positive integer ¢ such that N;,; € N; +rM for all i > 0.

(b) We say that a quotient module M/N of an R-module M is a nil-M-Noetherian quotient module if
there is r € \/Anng(M) such that for each ascending chain

Ni/NCNp/NCN3/NC...CNy/NC...
of submodules of M/N there is a positive integer t such that N;,;/N C (N;+rM)/N for all i > 0.

Recall that a submodule N of an R-module M is said to be pure in M if rM NN =rN for eachr € R
[12]]. M is said to be fully pure if every submodule of M is pure [2].

Proposition 2.19. Let M be a nil-M-Noetherian R-module. Then we have the following.
(a) Any pure submodule N of M is a nil-N-Noetherian R-module.
(b) Any quotient module M/N of M is a nil-M/N-Noetherian R-module.
(c) Any submodule N of M is a nil-M-Noetherian R-module.
(d) Any quotient module M/N of M is a nil-M-Noetherian R-module.
Proof. (a) Let N be a pure submodule of M and
KiCK,CK3;C...CK,C...

be an ascending chain of submodules of N. Then since this chain is also an ascending chain of
submodules of M, there is a positive integer s such that K,,; € K, + rM for all i > 0, where r €
JAnng(M) C \JAnng(N). As N is pure, N N rM = rN. Therefore, for r € \/Anng(N) we get that

Ko =Ko NN C (K +rM)NN = (K, AN)+ (rMNAN) =K, +rN,

for all i > 0. Thus N is a nil-N-Noetherian R-module.
(b) Let N be a submodule of M and

H{/N CH,/NCHy/NC...CH/NC...

be an ascending chain of submodules of M/N. Then
H,CH,CH;C...CH,C...

is an ascending chain of submodules of M. Thus there is a positive integer ¢ such that H;,; € H;+rM
for all i > 0, where r € \/AnnR(M) - \/AnnR(M/N). This implies that for all i > 0, H;,;/N C H;/N +
r(M/N), where r € \J/Anng(M/N). Hence, M/N is a nil-M/N-Noetherian R-module.

(c) This follows from the fact that any increasing sequence of submodules of N is also an increasing
sequence of submodules of M.

(d) This follows from the fact that any increasing sequence of submodules of M/N corresponds to
a sequence of submodules of M containing N, So M/N is a nil-M-Noetherian module. O
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Theorem 2.20. Let M be an R-module. Consider the following statements:
(a) Every homomorphic image of M is nil-M-finitely cogenerated R-module;
(b) M is a nil-M-Artinian module;

(c) There exists r € \/Anng(M) such that any non-empty collection ¥ of submodules of M with the
form K N (0 :p; r) has a minimal element N N (0 :p 7).

(d) Every homomorphic image of M is weakly nil-M-finitely cogenerated.
Then (a) = (b), (b) = (c¢), and (c) = (d).
Proof. (a) = (b) Suppose that the following is a descending chain of submodules of M
N;2N;DN3;2...ON;D....

Consider N := ;51 N;. Then N is a submodule of M, hence M/N is nil-M-finitely generated by part
(a). Thus there exist r € \JAnng(M) and N; ,..., N;, of the above chain such that N = N; N...NN;,N(0 :
r). Then we can find s such that st C le, foralli=1,...,t. Therefore, N = st N (0 :ps 7). Now, for all
i >0 wehave N; N(0:p r)=N CNj_, as needed.

(b) = (c) First note that by part (b), there is r € \/Anng(M) such that for each descending chain
N;2N,2N32..2N;D...

of submodules of M there is a positive integer t such that N; N (0 :p; 7) € N;,; for all i > 0. Suppose
that there exists a non-empty collection ¥ of submodules of M with the form N N (0 :; r) such that
it has no minimal element. Let us choose Ny N (0 :); ) € £. Since this is not minimal, there is
N, N(0:pr 7) € X such that N, N (0:p 7) € Ny N (0 :p 1), and we continue in this way to construct the
following infinite strictly descending chains of submodules of M:

Nlﬂ(O:M T’)DNQH(OIM r)DN3ﬂ(0:M T)D....
By part (b), there is a positive integer t such that
NNO:pr)=NN(0:p )N (0:p1 1) SNy N(0:pp 1),

which is a contradiction.

(c) = (d) Suppose that there exists r € \/Anng(M) such that any non-empty collection ¥ of sub-
modules of M with the form KN (0 :j; ) has a minimal element. Let N be a submodule of M and
N = N;¢rN;. Consider the family ¥ of all submodules of M with the form N;¢;N; N (0 :pf 1), where J is
a finite subset of I. Clearly, ¥ is non-empty. By part (c), £ has a minimal element N;cgN; N (0 :p; 1),
where H is a finite subset of I. By the minimality, we get that N N (0 :pr ) = NiefN; N (0 :pp 7) =
N;egN; N (01 7), as needed. O

Corollary 2.21. Let M be an R-module. Then we have the following.
(a) If M is a nil-M-Noetherian R-module, then M is a finitely generated R-module.
(b) If M is a nil-M-Artinian R-module, then M is a finitely cogenerated R-module.

Proof. (a) Assume that M is a nil-M-Noetherian R-module. Then M is a weakly nil-M-finitely gen-
erated module by Theorem Now the result follows from Corollary[2.16| (b).

(b) Suppose that M is a nil-M-Artinian R-module. Then M is a weakly nil-M-finitely cogenerated
module by Theorem [2.20] Now the result follows from Corollary[2.16|(d) O]
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Definition 2.22. (a) We say that a submodule N of an R-module M is a nil-M-Artinian submodule
if there is r € \/Anng(M) such that for each descending chain

Ny 2N, 2N32..2N;2...
of submodules of N there is a positive integer ¢ such that N; N (0:); r) € N;; for all i > 0.

(b) We say that a quotient module M/N of an R-module M is a nil-M-Artinian quotient module if
there is r € \/Anng(M) such that for each descending chain

Ni/N2Np/NDON3/N2..2Ni/ND...

of submodules of M/N there is a positive integer t such that (N; N (0 :j; 7))/N € Ny,;/N for all
i>0.

A submodule N of an R-module M is said to be copure in M if (N :p; I) = N +(0:p I) for each ideal
I of R [I3]]. M is said to be fully copure if every submodule of M is copure [2].

Proposition 2.23. Let M be a nil-M-Artinian R-module. Then we have the following.
(a) Any submodule N of M is a nil-N-Artinian R-module.

(b) Any quotient module M/N of M is a nil-M/N-Artinian R-module, where N is a copure submodule
of M.

(c) Any submodule N of M is a nil-M-Artinian R-module.
(d) Any quotient module M/N of M is a nil-M-Artinian R-module.
Proof. (a) Let N be a submodule of M and
K;2K,2K32...2K;D...

be a descending chain of submodules of N. Then since this chain is also a descending chain of
submodules of M, there is a positive integer s such that K; N (0 :j; ) € K,; for all i > 0, where
r € \JAnng(M) C \JAnng(N). This implies that K, N (0 :5 r) = NNK;N (0 :p 1) € N N Ky, = Ky, for

r € \/Anng(N).

(b) Let N be a copure submodule of M and

H;/N2H,/N2H;/N2...2H/ND...

be a descending chain of submodules of M/N. Then we have the following descending chain of
submodules of M.
H,DH,2H;2...2H,2....

Thus there is a positive integer t such that H; N (0 :y, r) € Hy,; for all i > 0, where r € \/Anng(M) C
Anng(M/N). Since N is copure, (N :p; ) = N + (0 :ps 7). Thus we have
=(H;N(0:p7)+NCH;,;+N=H,,,.
This implies that for all i > 0, H;/N N (0 :p;/n ) € Hy,i/N, where r € \/JAnng(M/N). Hence, M/N is a
nil-M/N-Artinian R-module.
(c) This follows from the fact that any descending chain of submodules of N is also a descending
chain of submodules of M.

(d) This follows from the fact that any descending chain of submodules of M/N corresponds to a
descending chain of submodules of M containing N, So M/N is a nil-M-Artinian module. O
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Theorem 2.24. Let M be an R-module. Then we have the following.
(a) If M is a fully pure nil-M-Noetherian R-module, then M is a Noetherian R-module.
(b) If M is a fully copure nil-M-Artinian R-module, then M is an Artinian R-module.

Proof. (a) Assume that M is a fully pure nil-M-Noetherian R-module. Then by Proposition
(a), every submodule N of M is a nil-N-Noetherian R-module. Now, by Corollary [2.21] (a), every
submodule N of M is a finitely generated. Thus M is a Noetherian R-module.

(b) Assume that M is a fully copure nil-M-Artinian R-module. Then by Proposition [2.23] (b), for
every submodule N of M we have M/N is a nil-M/N-Artinian R-module. Now, by Corollary[2.21](b),
M/N is a finitely generated. Hence, M is an Artinian R-module. ]

Recall that an R-module M is said to be a multiplication module if for every submodule N of M
there exists an ideal I of R such that N = IM [5]. An R-module M is said to be a comultiplication
module if for every submodule N of M there exists an ideal I of R such that N = (0 :j, I) [1I]. It is easy
to see that M is a multiplication (resp. comultiplication) module if and only if N = (N :x M)M (resp.
N =(0:p Anng(N))) for each submodule N of M.

Proposition 2.25. Let M be an R-module. Then we have the following.

(a) If R is a nil-R-Noetherian ring and M is a multiplication R-module, then M is a nil-M-Noetherian
module.

(b) If R is a nil-R-Artinian ring and M is a faithful comultiplication R-module, then M is a nil-M-
Noetherian module.

Proof. (a) Let
KiCK,CK3C...CK,C...

be an ascending chain of submodules of M. Then we have
(Kl ‘R M) c (K2 ‘R M) - (K3 ‘R M) c...C (Kt ‘R M) C...

is an ascending chain of ideals of R. Thus by assumption, there exist r € V0 C \/Anng(M) and a
positive integer t such that (N;,; :x M) C (N; :x M)+ rR for all i > 0. This implies that

Nt+i = (Nt+i :R M)M g (Nt :R M)M+TM :Nt+1’M

for all i > 0, as needed.
(b) Let
KiCK,CK3C...CK,C...

be an ascending chain of submodules of M. Then we have
Anng(Ky) 2 Anng(Ky) 2 Anng(Kz)2... 2 Anng(K;) 2...

is a descending chain of ideals of R. Thus by assumption, there exist r € V0 C \/JAnng(M) and a
positive integer t such that Anng(N;)N (0 :g r) € Anng(Ny,;) for all i > 0. As M is faithful, Anng(r) =
Anng(rM). Thus by using [4, Proposition 3.3], we have

Niyi = (0:p Anng(Nyy;)) € (0 :p Anng(Ny) N (0:g 7)) =

(0:pr Anng(Ny) N Anng(rM)) = Ny + rM.

for all i > 0, as needed. O
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Definition 2.26. Let M be an R-module and f be an endomorphism of M. We say that f is nil-epic
if there exists r € \J/Anng(M) such that (0:); r) C Imf. Also, we say that f is nil-monic if there exists

r € \JAnng(M) such that Kerf C rM.
Theorem 2.27. Let M be an R-module and f be an endomorphism of M.

(a) If M is a nil-Artinian module, then there exists r € \/Anng(M) such that (0:p; r) S Imf"+Kerf"
for some 1, whence if f is monic, then f is nil-epic.

(b) If M is a nil-Noetherian module, then there exists r € \/Anng(M) such that Imf" N Kerf" CrM
for some 1, whence if f is epic, then f is nil-monic.

Proof. (a) Clearly, we have
Imf 2Imf>2--.

Thus by assumption, there exists r € \/Anng(M) such that Imf" N (0 :p; r) C Imf?" for some positive

integer n. Now, let x € (0 :p; 7). Then rx =0 and so rf(x) = 0. Hence, f(x) € (0 :j; 7). This implies that

f™(x) € (0:p1 7). Therefore, f"(x) € Imf" N (0:pr r) € Imf2". Thus f™(x) = f?"(y). Clearly,
x=f"y)+(x—f"(y)) e Imf" + Kerf".

Finally, if f is monic, then Kerf" = 0. This implies that (0:p; r) CImf" CImf.
(b) Since
Kerf CKerf>C---,

by assumption, there exists r € \/Anng(M) such that Kerf?" C Kerf" + rM for some positive integer
n. Now, let x € Imf"NKerf". Then x = f"(y) and f"(x) = 0. Thus f?"(y) = 0. Therefore, y € Ker f?" C
Kerf"+rM. Thus

x=f"(y) € fH(Kerf")+ fH(rM) = rf"(M) S M.

Finally, if f is epic, then Imf" = M. It follows that Kerf C Kerf" C rM, as needed. O
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