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1 Introduction

Jacobi algebras were first introduced by Kirillov under the name local Lie algebras [5]] and indepen-
dently by Lichnerowicz as the algebraic structure on the ring of C* functions on a certain kind of
smooth manifolds, called Jacobi manifolds (see [7]]). Jacobi algebras are abstract algebraic counter-
parts of Jacobi manifolds, which are generalizations of symplectic or more generally Poisson mani-
folds. Both Poisson and Jacobi algebras are commutative algebras endowed with a Lie bracket. How-
ever, while the Poisson bracket is a derivation of the underlying commutative algebra, the Jacobi
bracket is a first-order differential operator on the commutative algebra [1],12]].

Let A be a commutative algebra with unit 14 over a commutative field IK with characteristic 0 and
let E be an A-module [12}[13]]. Recall that a first-order differential operator on A with coefficients in
E is a K-linear map ¢ : A — E such that

p(ab)=q@(a)-b+a-p(b)—a-b-p(1,) (1)

forall a,b € A (see [4]). We denote by Diffg (A, E) the A-module of all first-order differential operators
on A with coefficients in E and

Dery (A, E) = {¢ € Diffx (A, E)/@ (14) = 0}

the A-module of all derivations on A with coefficients in E. When E = A, we denote by Diffy (A) the
A-module of all first-order differential operators of A. The bracket [—,—] : Diffy (A) x Diffg (A) —
Diffy (A), such that for all ¢, € Diffg (A),

[ Pl=pop—tpop
is Lie bracket. Moreover, for all a € A and for all ¢, ¢ € Diffg (A), we have
[p.a-p]=[@.a-P]+[p(a)—a-¢(14)] P.
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The purpose of this paper is to study the main features of Jacobi manifolds by using the the
universal property of first-order differential operators and to give the equivalence between a non-
degenerate Jacobi structure and a locally conformal symplectic structure.

The paper is organized as follows. In Section |2, we describe the universal property of first-order
differential operators as well as the universal property of skew-symmetric first-order differential
operators. We focus on the Schouten-Nijenhuis bracket over the module of Kahler differentials. In
section [3} we give the main features of Jacobi manifolds by using the universal property of first-order
differential operators and the Schouten-Nijenhuis bracket on the module of Kahler differentials. In
section [4} we give necessary and sufficient conditions for any map to be Jacobi morphism. Finally, in
Section |5 we introduce the Koszul bracket associated with a Kahler 2-form and we give the relation
between Schouten-Nijenhuis bracket and Koszul bracket associated with a Kahler 2-form. By using
the universal property of first-order differential operators, we prove that a non-degenerate Jacobi
structure corresponds exactly to a locally conformal symplectic structure.

2 Universal property of first-order differential operators

Throughout this section, A is a commutative algebra with unit 14 over a commutative field K with
characteristic 0 and E is an A-module.

Recall that a differential module over an associative algebra A is a pair (E,0), where E is an A-
module and 6 € Dery (4, E), such that the image Imd spans E as a module [3} [10]].

In this part, the tensor products are on K. We equip the K-algebra A ® A with the structure of
A-module defined by the morphism y: A — A®A,a+—a®1y. Themap AxA — A, (a,b)r—a-b
is K-bilinear symmetric. It induces a K-linear map m : A® A — A, called multiplication, such that
m(a®b)=a-b, for all a, b € A. Note that the multiplication m is a morphism of K-algebras. The
kernel I of m is the A-submodule of A® A generated by the elements of the form a®1,4 — 14 ® a with
a €A (see [3]).

The A-module quotient Qg(A) = I/I? is the IK-module of the differentials of A. For a € A, we
denoteby a® 14 -1, ®atheclassof a®14—-14®ain Qg(A). The map dy/k : A — Q (A) such that,
forallae A,

dA/H((a):a®1A—1A®a

is a derivation called canonical derivation. Moreover, the image of d,/x generates the A-module
Q(A) (see [3,[10,[11]). An element x € Q (A) is explicitly given by x = ) a;-d/k(b;), with a;,b; € A,

i€f
i € ] and ] is a finite set of indices. Therefore, the pair ((Qk (A),da k) is a differential module called
the A-module of Kéhler differentials of A.

Theorem 2.1. [3]|Universal property of the couple (Qg(A), da/k)
For any A-module E and for any derivation ¢ : A — E, there exists a unique homomorphism
@ : Qg (A) — E of A-modules such that ¢ odyx = ¢.

Thus, the map Homy(Q(A), E) — Derg (A, E),p —> ¢ od s/ is an isomorphism of A-modules.
In particular, Qg (A)* ~ Derg (A).
For x € E, let us define the map L, : A — E,a +— ax.

Proposition 2.2. [4] A linear map @ : A — E is a first-order differential operator of A into E if and only
if the K-linear map ¢ —Ly(1,): A — E is a derivation.

Proposition 2.3. The map Dy : A — A®Q (A) such that, for all a € A,
Dk (a) = a+da/x (a) (2)

is a first-order differential operator.
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Proof. Forall a,b € A, we have

Dy/k (ab) —aD s/ (b) —bD gk (a) + abD g/ (14)
= ab+dy(ab)—a(b+dyx (b)) -b(a+dak(a))

+ab (14 +dyx(14))
= dp/k(ab)—ady/ (b)—bdy/k(a).

Since d 4/ (a) is a derivation, we get

Dy (ab) = aDy/x (b) + bD/x (@) —abDa/ (1)
Thus, Dy € Diffg (A, A® Qg (A)). O
Forallx e A@ Qg (A), x= Z a;Da/k (b;), with a;,b; € A or x = a+ a where a = Z a; - da/k(b;), with
a,a;,b; € A. le} le}

In the following theorem, we give the universal property of first-order differential operators.

Theorem 2.4. Universal property of the couple (A® Qg (A), Da/k)
For any A-module E and for any first-order differential operator ¢ : A — E, there exists a unique
homomorphism ¢ : A@® Qg (A) — E of A-modules such that ¢ o Dy = ¢.

Proof. Since ¢ : A — E is first-order differential operator, according to Proposition the map
@ —Ly(1,) : A — E is a derivation. By the Theorem there exists a unique homomorphism ¢ :
Qg (A) — E such that podyx = ¢ — Ly, The map ¢ : A® Qg (A) — E such that, forallae A
and x € Qg (A),

Platx)=ap(la)+y(x)

verifies

poDpk(a) = @la+dax(a))
= ap(la)+Poduyx(a)
= ap(1a)+(p-Lon,) (@)

Which implies that ¢o Dy (a) =ap(14)+@(a)—ap(l4) = @ (a), forallae A. Thus, oDy =¢@. O
Moreover, the linear mapping
Homp (A® Qg (A),E) — Diffg (A E),p —> o Dy
is an isomorphism of C*(M)-modules. In particular,
(Ad QK (A))" ~ Diffg (A).

Definition 2.5. Let (A, -) be a graded commutative associative algebra with unit 1 4 over a commuta-
tive field K. A linear map d : A — A is a first-order differential operator of degree r, r € Z, if d is of
degree r and satisfying

Ix-p)=(x)-y+(-1)Mx.9(y) - (1) 1¥x.p- (1 ) (3)
forall x,y € A.

Let us denote by Diffy (A) the set of all first-order differential operators of A and of degree r.
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Definition 2.6. The pair (A, J) is a called differential commutative associative algebra if (A,-) is a
graded commutative associative algebra with unit 1 4 and d : A — A is a first-order differential of
degree +1 such that 9% = 0.

The usual differential algebras correspond with the case d(1 4) = 0.

In the following, M is a smooth manifold and A = C* (M) is a commutative associative algebra of
real smooth functions on M (see [14], for more details on smooth manifolds). We denote by 6, =
dc~(Mmyr the canonical derivation and Ayg = De(yry/r the first-order differential operator defined by
. Thus, for all f,g e C* (M),

om(fg) =f-om(g)+g-om(f),

Ay (f8)=f Mu(®)+8-Au ()= Fg-Au(lew)-

For p € IN, we denote by AP (C® (M)® Qg [C®(M)]) the C*® (M)-module of skew-symmetric mul-
tilinear forms of degree p from C* (M) ® Qgr[C*®(M)] into C*®°(M). Let A(C®(M)® QR [C®(M)]) =
EBPG]N AP (C®(M)®QRr[C*®(M)]) be the exterior algebra of the C*®(M)-module C*®(M)®Qg [C®(M)].

The elements of AP [C®(M)® Qg[C*®(M)], with p > 0, are called Kéhler p-forms, or simply Kahler
forms. The set AP [C®(M)® Qg[C>(M)] is generated by elements of the for Ay (fi) AAy (o) A A
Ay (fy) for all fy,..., f, € C®(M). The algebra A(C®(M)®Qg[C®(M)]) is called algebra of Kahler
forms.

Proposition 2.7. [[11]] For all x = ) fiAp(g;) € C®(M) @ QR[C®(M)], the R-linear map

i€]
Apr s C¥(M)@ QR[C®(M)] — A?[C®(M) @ Qg[C™(M)]]

defined by
M) = ) [AM(fi) A AM(g)]+ % A Ay (Lesan)

i€]

satisfies for all f € C*(M),

A}w(f-x):AM(f)/\x+f-A}\4(x)+(f-x)/\AM(1Cm(M))

and
A}y oAy =0.

Therefore, the pair (A (C®(M)®Qgr[C®(M)]),Apy) is a differential commutative associative alge-
bra.

Let @ : C®°(M)— C*® (M) be a first-order differential operator and let ¢ : C*(M)®QR[C*(M)] —
C*(M) be the’'unique C* (M) -linear map such that oAy = ¢. The map o, : (C*(M) ® Qg [C®(M)])f —
APHC®(M)® QR [C®(M)]) defined by

p
. X
O (X1, X2,y Xp) = Z(—l)l Pxi) X1 A AR A AX

is skew-symmetric C*°(M)-multilinear. Therefore, according to universal property of exterior alge-
bra, there exists a unique C*(M)-linear map

Gp i AP(C®(M) @ QR[C®(M)]) — APTHCO(M) & QR [CT (M),
such that
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Op(X1 AXg Ao AXp) = 0 (X1, X2, 00, Xp),

that is, 0, induces a first-order differential operator
ip =0 : A(CT(M) @ QR[C®(M)]) — A(CT(M) @ QR[C™(M)])
of degree —1. For p = 1, we have
ip =64y : COM)@QR[CO(M)] — AY(CP(M) @ QR [CP(M)]) = C*(M)
and for all y € C*(M) ® Qgr[C*®(M)],
iy (¥) = @(y), that is, iy, = @.
For p=2,forall x,y € C*(M)® QR [C*®(M)], we have
0p(%,9) =ip(x AY) = @(x)y — P(p)x.

Definition 2.8. A Lie derivative with respect to a first-order differential operator ¢ € Diffg [C*(M)]
is an R-linear map

Ly i oAby + Ay 0@ : C® (M) ® QR [C¥(M)] — C®(M) @ Qg[CX(M)].

Proposition 2.9. [[11|JFor all ¢ € Diffg [C®(M)], f € C®(M) and for all x = Y fiAp(g;) € C¥(M) &

QR[C*®(M)], we have <
Lp(¥) =) [9(f)Am (&) + film(9(g:)] = p(Lcmm) - x, (4)
i€]
(Bpp)() = f T (x) + P)Op (), (5)
Lo(f %) =[@(f) = f - (Lewqn)|x+ f - T (), (6)
Lo [Am ()] =Am[e(f)]- (7)

Definition 2.10. For integer p > 1, a skew-symmetric R-multilinear map
@ : [COM)P =C®(M)x C¥(M)x C®(M)x...x C*(M) — E
is a skew-symmetric first-order p-differential operator if for any i € {1, ..., p}, the map
O = @(furs firs fy): €M) — B, fiv= @ (fur forer fits fir fisrson )
is a first-order differential operator, for all fy, f,..., f, € C* (M).

We denote by DifffkS (C*®(M),E) the C*® (M)-module of all skew-symmetric first-order p-differential
operators on C® (M) with coefficients in E . Let

AE\’/’I) = Ay X App X X App  [COM)P — [CO(M) @ QR[C®(M)]]P

be the map such that,

AL R f) = Apa () X Dag (o) X o X Ay (£y),
for all fi, fo,.., f, € C= (M).
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Theorem 2.11. For every C*(M)-module E and for any skew-symmetric first-order p-differential op-
erator ¢ : [C®(M)]P — E, there exists a unique skew-symmetric C*°(M)-multilinear map of degree

p
7 [C™(M) 8 Q[C¥(M)]P — E

such that
P (A (1), Ayt (), Art () = @ (oo for o f) (8)
for any fi, f5,..., f, € C*(M).
Proof. By definition of skew-symmetric first-order differential operator ¢ : C* (M)? — E of degree
p, the map ¢': C*° (M) — E, such that
O (f) =@ (fir foroor fits i fistron S

is a first-order differential operator, for all, f; € C* (M), i € {1,...p}. According the Theorem
there exists a unique homomorphism ;p; :C® (M) QR[C®(M)] — E of C*®(M)-modules such that
F(EOAM = ¢, that is, .

O 1Bt (=9 ()= @ (fir foreo fimts fir firtoo ).

We deduce the existence and uniqueness of the skew-symmetric C* (M)-multilinear map ¢ : [C® (M) & QR [C*(A

E of degree p such that
(A () Bu (£)) = @ (fir i)

for all fy, f5,..., f, € C*(M). O

Corollary 2.12. For any skew-symmetric first-order p-differential operator ¢ : [C®°(M)]P — E, there
exists a unique C*(M)-linear map

P:AP[CT M) QR[CTM)]] — E
such that
(A () A DM () A ABM ()= @ (fi forn fy) (9)
forall fy,..., f, € C*(M). Moreover, the map
L0 (C®(M) @ QR[C™(M)], E) — Diff (C®(M),E), f — f o Al
is an isomorphism of C*®(M)-modules.

When we denote ¢ = P € AP (C*(M)®Qgr[C*(M)]) and ip = ¢, then for all f;,..., f, € C*(M), we
have

ip (Am(f) ABM(R) A AAM(F)) = P(Am(A) Ar(fo)s s Are(fy))

)
In particular, for all w € A3 (C®(M)®QR[C®(M)]) and f,g,h € C®°(M), we have
m(f)NAM(E /\AM(h))
= lw AM FINAM(E)) - Api(h) =g (App(f) A Api(h)) - Ay ()

i (Am(g )/\AM( ))-Am(f)
= w(AM(f)rAM(g)) “Ap(h) = w (Apm(f), Ap(h)) - App(Q)
+w (Ap(8), Ap(h)) - Ap(f).

Let us give the following definition:
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Definition 2.13. Let P € AP (C®(M)® Qg [C®(M)])and Q € AT(C®(M)d QR [C*®(M)]). The Schouten-
Nijenhuis bracket of P and Q is a mapping [—,—|s from
AP (C®(M)@QR[C®(M)]) x AT(C®(M)® QR [C®(M)]) into APTI~1(C®(M)® QR [C®(M)]]) such
that
[P,Qls =PoQ~(-1)* "V Qop (10)

where
(Q OP)(AM(f) f2: o A ( fp+q 1 )

= Z [ ) ol (p+1)7- v Jo( (p+q- 1)]

0€S, 41

and P=¢ e Diff%[C‘x’(M)] is the unique skew p-differential operator such that

O (frrr fy) = P(Bat (A1) B ()

Throughout this section, we denote [—,—]s by an unadorned bracket [-,—]. The description of
interior product P € A(C®(M)®Qgr[C*®(M)]) with the Schouten bracket is similar to the interior
product defined by [6], 9} [14]. Then if P and Q are two elements of the A(C®(M)®QR[C*®(M)]),
then

i[p,Q] = [[ZP,AM],IQ] (11)
If Pe AP (C®(M)®QR[C®(M)]), then ip is of degree —p. So
[ip,AM]:ipOAM—(—l)_pAMin. (12)

Now, assuming Q € A71(C®(M)® Qg [C*(M)]), we have

[lip, AmLig| = lip,Auloig—(=1) " P igoip, Ap]
ipOAMOiQ+(—1)_pAMOiP/\Q

_(_1)—4(1—P) iPAQ o AM + (_1)—0](1—17)—}7 ZQ o AM e} ip.

For all w € A% (C®(M)®Qg[C®(M)]) and 1 € [C®(M)® QR [C®(M)]]P, we have
i[w,w]q = ZiwAMiwfj. (13)

Proposition 2.14. If w € A?(C®(M)® QR [C®(M)]) and f,g,h € C®(M), then
10, ls (Aur( ) Aua(g) Aua(h) = P (Aas (@ (Brr ) B ) Aua ) (19

where the symbol 99 means the cyclic sum in f, g, h.
Proof. For 1= Ap(f) AApr(g) A Apg(h), we have

i1 = @(Am(f),Am(g) Ap(h) —w (Ap(f), An(h)) - Apm(g)
+w (Ap(g), Ap(h)) - Ap(f),

Apien = Ay (0 (Ap(f), Am(g)) A Ap(h)
—App (@ (Apg(f), Apr(h))) A Apg(Q)
+Apm (0 (Ap(8), Ap(h)) A A (f)
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and
LwApinh
= w(Apm (w0 (Apm(f), Am(g)), Am(h) — w (Ap (@ (Ap(h), Ay (), Ap(Q))
+w (A (@ (Ap(8), A (), Am(f))-
Since i, )1 = 2iuApmie1, We obtain . O

3 Jacobi manifolds

Definition 3.1. [5] A Jacobi algebra is a commutative associative K-algebra A equipped with a Lie
bracket {—,—}, called the Jacobi bracket, satisfying the Leibniz rule

{a,b-c}={a,b}-c+b-{a,c}—bcla, 14} (15)

If A=C*(M) is a unital commutative associative algebra of real smooth functions on M, then the
pair (M, {—,—}) is called Jacobi manifold. In this case we say that C*°(M) is a Jacobi algebra and M is
a Jacobi manifold [5}7].

The relation means that for all f € C* (M), the inner derivation

ad(f): C* (M) — C*(M),g+— {f, g}

is a first-order differential operator on C* (M). We denote & = ad(1c«~(pr)) the fundamental vector
field of the Jacobi manifold M. For all f,g e C*(M), we have

Elf gt =1e(f) g +1f &) E(f-g) =&(f)- g+ f-E(g) (16)
Hence ¢ is a derivation of both (C*® (M),) and (C* (M), {—,—}) and the map
ad : C*(M) — Diffg[C®(M)], f + ad(f)

is a first-order differential operator. Thus, according to Theorem [2.4} there exists a unique C* (M)-
linear map ad : C®(M)® Qg[C®(M)] — Diffg[C>®(M)] such that

ad oAy = ad. (17)
The following theorem characterizes Jacobi manifolds:

Theorem 3.2. The following statements are equivalent:
(1) M is a Jacobi manifold.
(2) There exists a skew-symmetric 2-form

wp : [CF(M) @ Qg[CT(M)]] < [C®(M) @ Qr[C™(M)]] — CT(M)

such that
{f 8} = wom(Am(f), Am(g)) (18)

defines a R-Lie algebra structure on C*(M), for all f,g e C®(M).
(3) There exists a skew-symmetric 2-form

70 QR[C®(M)] x QRr[C®(M)] — C®(M)
and a vector field £ on M such that,

{f, 81 =m(om(f) 0m(g)) + fE(8) —8£(f) (19)
defines a R-Lie algebra structure on C*°(M), for all f,g e C*(M).
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Proof. (1)=(2) If M is a Jacobi manifold, the bracket {—, -} is a skew-symmetric first-order 2-differential
operator. By the theorem there exists wy; € A? ([C®(M)® Qg[C*®(M)]) such that

{f 8} = wom(Am(f), Am(g))

for all f and g in C*®(M).
(2)=3) It {f, g} = wm(Am(f), Am(g)), then

{f.gt = wom(f+om(f)g+m(g)
= fropm(Tesm, om(g) + 8- wm(dm(f) Lewy))
+op(Om(f) om(g))-
Since
wpm(Ieomy f)+om(Teomy om(f) = om(lesmy Am(f))

{Teomy f1
ad(1ceoan)(f),

there exists a vector field & = ad(1ce(pr)) with

E(f) = ad(Icopn)(f) = {1es ), f} = @pm(Les ), Om(f)), (20)
and there exists a skew-symmetric 2-form

wjog[cemy) = T QR[CT(M)] x QR[CF(M)] — C*(M),
such that

if.g8 = momf) om(g)+f - wm(lcomy om(g)) + 8- @wnm(Om(f) Leem)))
= m(om(f) om(g) + fE(8)—g&(f).

(3)=(1) If the bracket

Uf,gh=m(om(f), 0m(g)) + fE(8) —ge(f) = wm(Am(f) Am(g))
defines a IR-Lie algebra structure on C*(M), then for all f,g,h e C*(M),

{f,8 -1 = wm(Am(f), Am(g - 1))

Since A is a first-order differential operator, for all f,g,h e C*(M),

{frg-h = g -walAm(f), Ap(h) +h-wa(Ap(f), Am(g))
=g h-wa(Ap(f), Apm(1ew)))
= &AL m+if,gl-h=g-h-{f, lesn)
That is, ad(f) is a first-order differential operator. Therefore, M is a Jacobi manifold. O]

In this case, we say that the pair (1,&) defines a Jacobi structure on M and (M, 7, &) is a Jacobi
manifold. The skew-symmetric 2-form wy; on C®(M) @ QRr[C*®(M)] is called Jacobi 2-form of the
Jacobi manifold M and the pair (M, w),) is called Jacobi manifold.

Consider the Jacobiator J (.,.,.) defined as

J(f,&m) ={{f, g b+ g h), f1 + {{h f). 8)
forall f,g,h € C*®°(M)and denote by [—,—] the restriction of Schouten-Nijenhuis bracket to A (Qg[C*®(M)]).
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Lemma 3.3. If € A2 (Qg[C®(M)]), & € AM(QR[C®(M)]) and f,g € C®(M), then

(&, ] (om(f) om(g) = &-m(om(f) om(g))
10 (dMm(E(f)), om(g)) — Tt (Opm(f), om(E ()

Proof.

(&) (Sm(f)om(8) = (Bem) (Oum(f), dm(8))
= &-m(Om(f) 6m(8) ~ 7 (Bedm () m(9))

~m(om(f). Leom (2))
= &-m(om(f) om(g))

—1t(Om (& (f)), 0m(8)) = 7 (opm(f), Om(£(8))) -

Lemma 3.4. Let (M, 1, &) be a Jacobi manifold. Then, for all f,g,h e C*(M),

&, 7] (Gm(f) om(@) =T (f18 Lewam));

J(Fogeh) = (50 =€ Ar)(Enr (), as (9), e ()

—(f -[& m](0m (g), 0m (M))),

where [—,—] is the Schouten-Nijenhuis bracket defined on A (Qgr[C®(M)]).
Proof. From and (20), for all f,g,h € C*(M), we have

[&, 7] (0m(f), Om(8))
& 1(om(f), Om(8)) = m(Opm (E(£)), Om(8)) = 7(On (), Opr (£(8)))
)

~{re(Sp (), a1 (8)), Les(aay) + T(Ons ({F) Tewany}) 0 (8))
g Lesontt + {8 oy I} + {Leony f 5 8-

Therefore, [&, 7] (5y(f), om(8)) =T (f. & Leoqu) ), for all f,g,h € C=(M).
Using the equation (19), for all f,g,h € C*®(M), we have

{f,ghht =m(om({f g} om (h) +{f, g}t - E(h)—h-E({f, &}
From and , we get,

(8)),
(5M(f) 5m(h gﬂ(éM( (f)) (h)) h-& (7T m(f),0m(8))

(f) 71(5 (&), 5M(h))+c5(h) (o (f) 8N+ f-E(g)e(h)

(21)
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Using the skew-symmetry of 7 and rearranging the terms, we obtain
J(f,8:h)
5671(51\4 (72 (Op(f), 001(8))), Opa(h)) = ggé(f) ~70(0p (8), Onm ()

- 96f [E(1(0Mm (8), 00 (1)) = (O (£(8)), Opa (H)) = 70O (8), O (E()))]

(31l & Are)(@us (7)1 (5), 00 () = . L€, et () (),

O
Theorem 3.5. For all f,g e C*(M), the bracket
{f,81 = m(om(f) 0m(g)) + fE(8) =84 (f)
satisfies the Jacobi identity if and only if
[£,]=0and [rr,t] =2& AT (24)

Proof. Assume that the bracket {,} satisfies the Jacobi identity, then from [£, ] =0and [, 7] =
28 AT
Conversely, assume the equations (24), then from [3.4} we have,

{f &b h+iig bl f+{ih f1 g} = 0.
O

In this case, the pair (7, &) such that [7r, 1] = 2§ A1t and [&, 7] = 0 is called Jacobi pair. If £ =0, we
have [7t, 7] = 0 and the pair (M, i) is called Poisson manifold [10].

4 Jacobi Morphisms

Definition 4.1. Let (M, {—,—})) and (N, {-,—}x) be two Jacobi manifolds. A smooth map f : M — N
is called a Jacobi morphism or a Jacobi map if the dual morphism

friC®(N) — CO(M),p+— f(p)=¢pof
is a morphism of Lie algebras, that is,
e i) =1 (@) [ (P)m (25)
for all ¢, € C*(N).

Lemma 4.2. Let M and N be two smooth manifolds and f : M — N a smooth map. Then, there exists a
unique C*(M)-linear map

Q(f7) : C2(N) @ QR[C®(N)] — C=(M) @ Qg[C™(M)]

such that
Q(f*)o ANy =Apro [~ (26)
Moreover, for ¢ € C*(N) and x € C*°(N)® Qgr[C*®(N)], we have

Qf Nepx) = f(@)Q(f)(x).

11
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Proof. For ¢ € C*(N)and y € C®(M)®Qg[C*(M)], the map
*: CP(N) x (CP(M) @ QR[CF(M)]) — C*(M) & Qgr[C™(M)]

such that
¢y =fg)y
defines the C*®(N)-module structure on C*(M)® Qg[C*®(M)] and the map
Apio f*: C¥(N) — C®(M) @ Qg[C¥(M)]

is a first-order differential operator, that is, for all ¢, ¢, € C*(N),

(Avio f)@1-92) = [(Apof)(@1)]*@a+@i*[(Apo f7)(@a)]
—(¢1 '(P2)*AM(1C°°(M))-

Thus, according to Theorem there exists a unique C*°(N)-linear map

Ayiof*=Q(f*): (C¥(N)@ Qg[C¥(N)],-) — (C(M) @ QR[C™(M)], %)

such that

Q(f*) o AN = AM Of*.

By direct computations we obtain

for all p € C*°(N) and x € C®(N)® QR[C®(N)]. O

Theorem 4.3. Let (M, w)) and (N, wy) be two Jacobi manifolds. Then, a smooth map f : M — N is
a Jacobi morphism if and only if

wp o (QAf7) xQ(f7)) = fT o wy. (27)

Proof. Assume that f : M — N verifies the relation For all x and y € C®(N) ® Qgr[C®(N)],
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x= Z%AN(@Z) Y= Z%AN(AD ) with ¢, ¢}, ), 1p; € C2(N)

(f o wn)(x,9)

i,j

i,j

i,j

i,j

i,j

i,j

Hence, f*owyn = wpr 0 (QQ

(f7)x

f*ow)(ZqoiAN((p;),Z%AN(sb;))

Y Fpipjon(An(@)) An )

Y FU@Nf W) (wn(An (@) An ()

Y U@ f @I wn) (A (@), An ()]

Y F@)f @plwm (A (@) Au(f (H))]

Y F@nf @plom((Ay o f) @), (Aaro f(H))]

Y U@ f @plom(Q(F) o An)@)) (Q(f) 0 Ay ) ()]
Zf*( D @)[p(QF ) AN (@), Q) Ax ()]

Zf Pi)f

wM(Zf (P)Q(F ) AN () Xf ()0

Q(f)(AN(@), Q) An ()

'7[’] wpm(

AN @)

Conversely, assume the relat10 . Then, for all ¢, p € C*°(N), we have

f e din)

fH(wn(An(p), AN (¥)))
(f o wn)(ANn(9), N(Eb))
(wn o (QUf) x QU )AN (@), An(P))
wm[Q(f ) AN(9)), Q(f” )( (¢))]
wm[(Q(f7) o An)(@), (Q(f7) o AN)(¥)]
wm[(Apm Of ( mo f)@)]
wm[Am(f (@), Ap(f ()]
{f*((P)if*(lab)}M-

OJ

Corollary 4.4. Let (M, wy), (N,wy) and (P, wp) be three Jacobi manifolds, let f : M — N and g: N —
P be Jacobi morphisms. Then, g o f is a Jacobi morphism.

Proof. By direct calculations and using (27), we find

(gof) owp=awpol(

Q((go f))xQ(f 0 g")).
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5 Non-degenerate Jacobi structure
If (M, wyy) is a Jacobi manifold, for f € C*(M), the map X : C*(M) — C*(M) such that

X7 (g) = wpm(Ap (f), 0m(8) = {f, g} - glf Loy

is a vector field on M. Moreover, the map @ : C*(M) — Derg[C®(M)], f = X[ is a morphism of
Lie algebras and is a first-order differential operator. That is,

O({f,g) =[D(f), D(g)]

and
O(fg)=f D(g)+g-P(f)~fg P (lewan)s

for all f,g € C*(M). The vector field X¢ is called hamiltonian vector field associated with f, and f
is called the hamiltonian function of X.

Since @ : C*®(M) — Derg[C*®(M)] is a first-order differential operator, according to Theorem
there exists a unique C®(M)-linear map @ : C®(M) @ Qg[C®(M)] — Derg[C®(M)] such that
Doy =D.

For all f € C*°(M) and for all x,y € C®(M)® QRr[C*(M)], we find

[D()](f) = wp(x, m(f));
[ad (x)](f) = @pr(x, Ap(f));

[ad(x)](y) = wpm(x,9)- (28)

Let ad = ¢)|QR[Cw(M)] : QR[C®(M)] — ¥(M) be the restriction of ® to QRr[C>(M)]. We have, for all
feC®M)and a,p € Q[C®(M)]

[ad (@)](f) = 7 (@, 0m (), (29)
|ad (a)](B) = (. p). (30)

If (M, 7, &) is a Jacobi manifold, then we obtain
d(f+a)=ad(a)-f-&
for all f € C*(M) and a € Qg[C®(M)].
By the isomorphism Derg[C®(M)] = Qg[C®(M)]*, & € QR[C®(M)]* can also be written as
&(a) = wp (Lo a)

where a € QRr[C®(M)].
Let M be a manifold. The 2-form w); induces on C®(M)® QRr[C*®(M)] a bracket [—,—]
the Koszul bracket :

called

Wy

for all x,y € C*(M) @ Qg [C¥(M)]. Let [, -] = [—f—]wmxom[cww)]xomcww
to QR[C®(M)] x QR[C*®(M)]. The Koszul bracket is given by

[a, Bl = Lﬂ(a)ﬁ - Bﬁ(ﬁ)a —om(m(a, B)),

; be the restriction of [-,~],,

forall @, p € QR [C®(M)]. Let

d—: AM(QR[C¥(M)]) — A QR[CP(M)]), Q'+ d=Q
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be the cohomology operator associated to the representation
ad = D (e : QRICT(M)] — X(M), @ —> ad(a),
such that, for any ay, ..., ag,1 € Qr[C® (M),

k+1

dﬁQ(alv--;alﬂ—l) = Z(_l)iilﬁ(ai)'Q(all'“ldir-"lak+l)

i=1
+ Z (—1)i+jQ([ai,0(]‘]7-(,6!1,‘..,di,...,dj,...,ak+1).

1<i<j<k+1
For all t € A2 (QR[C®(M)]) and Q € AK(QR[C®(M)]), then
d7Q=-[nQl. (31)

In particular, if Q = 7, then for any a, B, € Qgr[C®(M)],

[, ), B, y) = - 95@@ (B, y)+ 95n<[a,/s]my> (32)

where the symbol gﬁ means the cyclic sumin a, 8, .
For all @, 8,y € Qr[C*®(M)], we have

rlla Bl ) - (@) 2d(B)) () = 5[ e o 7). (33)

Definition 5.1. [8] A locally conformal symplectic structure on M is a pair (17,0) of a differential
closed 1-form 6 and a non-degenerate differential 2-form 1 on M such that

dn=-0 An. (34)
The 1-form 6 is known as the Lee form. When 6 = 0, then M is a symplectic manifold (see [7,[14]).

Definition 5.2. A Jacobi structure is non-degenerate if the Jacobi 2-form w), is non-degenerate, that
is, the map
@y 1 C(M) @ QR[CP(M)] —> (C(M) @ Qg[C®(M)]), x +— ixwp

is an isomorphism of C*(M)-modules, where (i,wy) (v) = wp (%, p).

If the Jacobi 2-form wy is non-degenerate, then the map ad is an isomorphism of C*(M)-modules.
indeed, the map
ad = K 0wy : C*(M)® Qr[C®(M)] — Dif fr[C®(M)]

is an isomorphism of C*(M)-modules, where
K: (C®(M) @ Qr[CT(M)])" — Dif fRICT(M)], ¢ — @ oAy

is an isomorphism of C*(M)-modules defined by the Theorem 2.4} and for any f,g € C*(M),

(Kowh ) (Au(fN(e) = [inypwmoru](@)

ad (A () (9)-
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Proposition 5.3. If (M, 1t, &) is a Jacobi manifold and if the restriction T = wpnQy[Co(M)xQg[C=(M)] of @M
to QR[C®(M)] x Qgr[C®(M)] is non-degenerate, then there exists 1 € A>(M) and 6 € A' (M) such that
forany X, Y e X(M) and a, p € Qg[C®(M)],
n(X,Y)=n(a, ), (35)
0(X) = —&(a). (36)
Proof. If : QR[C®(M)] x Qr[C*®(M)] — C*>(M) is non-degenerate, then the map

ad : Qg[C®(M)] — QR[C®(M)]" = Derg[C®(M)]

is an isomorphism. Let ad ' be the inverse isomorphism of ad. Thus, for any X, Y € ¥(M), there exists
a, B € Qr[C®(M)] such that a = Eil(X), B = Eil(Y). The map

n=no(ad  xad '):Derg[C®(M)]x Derg[C®(M)] — C*(M)
satisfies

1(X,Y) = mo(ad  xad )(X,Y)
= n(ad ' (X),ad (V)
= n(a,p).
If wy is non-degenerate, the map d : C®(M) ® QRr[C®(M)] — Derg[C®(M)] is an isomorphism.
Let ®~! be the inverse isomorphism of @, that is, for all f +a € C®°(M)® Qr[C®(M)], there exists
X € Derg[C*®(M)] such that ®~!(X) = f + a. The map

0 = (~i1 ey @m ) 0 P71 : Derg[C¥(M)] — C¥(M)

satisfies

O(X) = (~i1ewp,@m)[@(X)]
= (@M )Nf +a)
= —wy (Iexmy a)

= —&(a)
O
Lemma 5.4. If (M, 1, &) is a non-degenerate Jacobi manifold, then
i)
11X, ¥].2) = = [ ml(@, B ) + [ Bl ) (37)
ii)
N(X,LeY) = -n(Lga, B) + &[m(a, B)); (38)
iif) .
(d17+6/\17)(X,Y,Z):(E[n,n]—é/\n)(a,ﬁ,y); (39)
i)
Len(X,Y) = —Len(a, B), (40)

forall X,Y,Z € X(M) and for all a, B,y € QR[C®(M)].
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Proof. i) For all X,Y,Z € ¥(M) and for all a, B, y € Qg[C*®(M)], we have

N(X,Y)2) = mo(ad  xad )[X,Y]Z)

r(ad " ([ad(a),ad(p)]),y)

From (30), we have

n([X,Y],2)

1l
——
2]
8]
Q.‘I
/-\b—‘
S
Q.
&
2
3
QU
&
=
Pt}
—
—
~
<

By (33), it follows that
11X, Y).2) = =3l ml(a, ) + ([ Bl )

ii) For X = ad(a) and Y = ad(B), we have

(e, p) = —n(B, L) = —(Gea)(ad(B)),

that is,
n(Lea,p) = —(Lga)(Y)
= —Ea(Y)+a(L:Y)
= EMXY)]-n(X,LeY).
Thus,

N(X,GeY) = -n(Lea, B) + Em(a, B)].
iii) For all X,Y,Z € X (M),

dn(X.Y,2) = X-[4(Y,2)]-Y-[n(X,2)]+Z-[7(X, )]
(X, Y),2)+ (X, 2], Y) - 5([Y,Z), X).

From expressions (35) and (37), we have

dn(X,Y,2) = ”_d1<a>~n<ﬁ,y>—ﬁ<ﬁ>~n<a,y>+ﬁ<y>~n<a,ﬁ>
+5 (@ B,7) - ([ Bl )
—%[n,n] (,7,8)+ ([, V] B)
3@y, 8+ (a1 ),

that is,

anx.v,2) = ba <a>-n<ﬁ,y>—95n<[a,ﬁ]my>

From (32), we get

17
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Since
OAMX,Y,Z)=0(X)-n(Y,Z)-0(Y)-n(X,Z2)+6(Z) - n(X,Y)

and from , we have

OAn)(X,Y,2)

=&(a)-n(B,y)+E(B) -n(a,y)—&(y) (e, B) (42)
—(EAT)(a,B,7).

From and (42), we deduce that
1
(dy+0 An)(X,Y,Z) = (5[71,71] _EA n)(a,ﬂ,y).
iv) By the relation

Len(X,Y) = E[n(X, Y)]—n(Le X, Y) = (X, L Y)
and from , we have

Len(X,Y)

=&[n(a, p)]+ m(Lea, B) + m(a, Le B)
—Lem(a, B).

O]

Theorem 5.5. The pair (r,&) is a non-degenerate Jacobi structure if and only if the pair (1,0) is a
locally conformal symplectic structure.

Proof. Using the Lemma|5.4and the Cartan formula, we get
Len=dign+igdn=-d0-d(0 An)=-do.

Then, [r,&] = Ggm = 0 if and only if d6 = 0, where [g 7 := [r, ] is the Lie derivative with respect to
E.

From , we deduce that the identity dij + 6 A = 0 is satisfied if and only if the identity [r, 7] =
28 AT ]
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