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Abstract. In this article, we focus on the interplay between extended limit sets and mixing dynamics of the adjoint of a
linear operators on Banach spaces. We characterize situations in which the set J7.™(x*) coincides with the classical limit set

L(T*, x*), particularly under power boundedness assumptions. Moreover, we show that while mixing implies topological
transitivity, the converse fails in general by presenting a specific dynamical property that is satisfied by some topologically
transitive operators but fails to hold for mixing operators. This distinction reveals that the class of mixing operators is not
identical to that of topologically transitive ones.

Key Words: Topologically super weakly mixing; topologically mixing; J-class.
2020 MSC: 47A16; 47A65; 47B99.

1 Introduction

In the classical setting, dynamical systems primarily investigate the long-term behavior of nonlinear
transformations or flows, typically arising from differential equations or iterative maps. However,
over the past several decades, a parallel theory has evolved—known as linear dynamics—which shifts
attention to the iteration of bounded linear operators acting on infinite-dimensional Banach spaces.
This field began to mature following Rolewicz’s seminal 1969 result, in which he showed that multi-
plying the backward unilateral shift on ¢P spaces by an appropriate scalar yields a bounded operator
with a dense orbit, thereby introducing the notion of hypercyclicity [21].

A bounded operator T: X — X on a separable Banach space is called hypercyclic if there exists a
vector x € X whose orbit

(T"x:ne NU{0}, Tx = x}

is dense in X. Such a vector is said to be hypercyclic, and the set of all such vectors is denoted HC(T).
Hypercyclicity reveals a topological manifestation of chaos: the operator drives some vector arbitrar-
ily close to any point in the space under repeated application. This idea is not merely algebraic—it is
deeply topological. In fact, Birkhoff’s transitivity theorem ensures that hypercyclicity is equivalent
to topological transitivity: for any pair of non-empty open subsets U,V C X, there exists an iterate
n € N such that T"(U)NV = 0. Subsequent developments extended the scope of this theory in several
directions. Kitai’s Ph.D. thesis in 1982 formulated criteria for hypercyclicity based on the denseness
of polynomial images of T, providing functional-analytic tools for its verification [17]]. Gethner and
Shapiro later expanded the setting to include spaces of holomorphic functions [11]], while Bourdon
and Feldman established that even partial density of an orbit implies full density under suitable
conditions [7]].

An essential component of this framework is its interaction with spectral theory. Specifically, the
emptiness of the point spectrum of the adjoint T* corresponds to the denseness of the ranges of all
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scalar shifts T—AI. Consequently, the range of any nonzero polynomial P(T) remains dense whenever
T is hypercyclic. The spectral constraints are nontrivial: as noted by Kitai, the spectrum ¢(T) must
intersect the unit circle, a condition later shown to extend to weaker forms of orbit-dense behavior
[10]. This line of reasoning naturally brings attention to the adjoint operator T*, whose spectral
characteristics frequently mirror, yet also subtly diverge from, those of T itself. For researchers in
operator theory and functional analysis, investigating T* on the dual space X* provides essential
insight into the geometric and topological behavior of the original operator. In many cases, the
failure of hypercyclicity or density conditions for T* reflects deeper structural asymmetries that are
not readily apparent from T alone.

Motivated by the desire to capture a localized version of orbit-density, Costakis and Manoussos
introduced the notion of J-class operators in 2008 [8]. Instead of requiring the orbit of a single
vector to be dense, this concept allows for approximating points via sequences of iterated images of
nearby vectors. Formally, given T € B(X) and x € X, the extended limit set (or /-set) of x is defined
as:

Jr(x) = {3’ eX

We say that x is a J-class vector if Jp(x) = X, and refer to T as a J-class operator if it admits at least
one such vector. It is evident that hypercyclic operators are necessarily J-class, but the converse fails;
there exist operators for which no orbit is dense, yet the J-set of some vectors still covers the entire
space.

Though these two classes—hypercyclic and J-class—arise from different formulations, they exhibit
striking similarities: the sets HC(T) and ]t are both either empty or dense, they are invariant under
the action of T, and in both cases the associated spectra must intersect the unit circle. These shared
features reveal an underlying unity between global and local dynamical behavior.

Nonetheless, critical distinctions emerge upon closer inspection. Hypercyclicity fundamentally
depends on the separability of the underlying space, whereas J-class operators may exist even on
non-separable Banach spaces, such as ¢*°(IN). Moreover, while the orbit of the zero vector is always
the singleton {0}, its J-set can be unexpectedly large. Furthermore, although hypercyclic operators
must have spectral components intersecting the unit circle, one can construct J-class operators whose
isolated spectral parts lie strictly outside or inside the unit disk. Lastly, unlike hypercyclic opera-
tors, whose invertibility ensures that the inverse is also hypercyclic, J-class operators may lose this
property under inversion.For more detailed explorations and generalizations, we refer the reader to
[1, 12, 13, [4, (5, [6]], [9], [L3], [L8} [19], [26], [27] and [28].

In the course of studying J-class operators, the the limit set of x under T € B(X) is defined as:

T*ix, — y for some sequences {x,} C X, {k,} C N,
" with x,, > xand k,, <k, forallneIN '

 Tkix — y for some strictly increasing
" sequence of positive integers {k,}

was introduced in [8]. And also, for an operator T € B(X) and x € X, the mixing extended limit set

(or J™X_set) of x is defined as:

]%‘ix(x) = ly € X: T"x, — y for some sequences {x,} C X with x,, —» x }
We say that x is a JmiX_class vector if ]?ix(x) = X, and refer to T as a J™*_class operator if it admits at
least one such vector.

In this paper, we examine the mixing extended limit set and the classical limit set associated
with an arbitrary functional x* € X*, under the action of the adjoint operator T*, where T € B(X).
To highlight the distinction between mixing and topologically transitive operators, we present a
particular dynamical behavior that appears in some topologically transitive operators but is absent
in the mixing class. This observation proves that the class of mixing operators is a strictly contained
subset of the broader class of topologically transitive ones.
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2 Main Results

2.1 Inclusion and Equality of Mixing Extended Limit Set and Limit Set

In this section, we first introduce the limit set and the mixing extended limit set of x* € X* under
T* € B(X"), and then we present several properties of these sets.

Definition 2.1. Let T: X — X be a linear operator acting on a Banach space X, and let x* be a given
functional in X*. The limit set of x* under T", denoted by L(T", x"), is defined as the set of all vectors
y* € X* for which there exists a strictly increasing sequence of natural numbers {k,} such that

(T*)knx* — " asn— co. (1)

In addition to topologically transitive operators, whose definition was provided in the introduc-
tion, there is another important class known as mixing operators. An operator T: X — X is said to be
mixing if, for every pair of non-empty open subsets U,V C X, there exists N € IN such that

T"(U)NV =20 forall n>N.
Therefore, in light of [12, Example 1.43], one can observe that
Mixing = Topological Transitivity & Hypercyclicity.

Definition 2.2. Let X be a Banach space and let x* € X* be a nonzero continuous linear functional.
Consider an operator T € B(X). The set ]?}ix(x*) is defined as the collection of all functionals y* € X*
for which the following holds:

for every neighborhood U of x* and every neighborhood V of y*, there exists N € IN such that

(T*Y(U)NV =0 forall n>N. (2)

mix

Proposition 2.3. Let x*,y* € X*. Then y* € 1.
X, = x"and (T*)"x;, = v~

(x*) if and only if there exist a sequence {x},} C X such that

Proof. Assume that y* € J™*(x*). For each n € N, consider the neighborhoods

1 1
U,=B(x",—)c X" and V,, =B(y",—) c X".
n n

By definition (2), there exists k,, € N such that for all m > k,,, we have
T™(U,) NV, = 0.

In particular, for each n, one can choose xj, € U, such that (T*)"x}, € V,,. In the next step, one can
choose k,,; > m and subsequently there exists a sequence {x},} C X* with x}, — x* and (T%)"x;, — v7,
as desired. Note that, the converse direction is immediate from the convergence assumptions. O

In a manner similar to the proof shown in the proposition above, the proof of the following propo-
sition can be observed.

Proposition 2.4. Let x*,y* € X*. Then y* € L(T", x*) if and only if for every N € IN and every neighborhoods
U,V of x*,v", respectively, there exists an integer n > N such that

(T*)(U)NV =0.
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Based on the explanations provided so far, it can be observed that for x* € X* and T € B(X), it is
not difficult to observe that

L(T*, x") C TR (x%). (3)
The next theorem brings with it a beautiful result in this context.

Theorem 2.5. Let T be a bounded linear operator on a Banach space X and {x},}, {y;,} be two sequences
in X such that x;, —» x* and y;, — v for some x*,p* € X*. If

v e JmX(xr), forallneNN,
then y* € ]Ynlix(x*).
Proof. We can find a positive integer k; such that
* * 1 * * 1
||xk1 -x*|| < 3 and ||yk1 -l < >

Since y,’zl lies in ]?JX(XZ] ), it follows that there exists an integer I; and a sequence {z;,} C X* such that

* * 1 * * * ]'
||zn—xk1||<§ and |[(T )”zn_yk1||<§ for alln > [;.
Consequently, we obtain the following estimates:

llz;, —x*[|<1 and |(T*)"z;,-v*|l<1 foralln>1I;.
Repeating this process, we can find a new integer I, > [; and a sequence {w},} C X" such that
', — x| < % and  [|(T*)"w’, — 7]l < % for alln > 1.
Now define v}, = z;, for all [; < n <I,, so that
[lv;, —x*l<1 and |(T%)"v;,—p"|<1.

By continuing this procedure inductively, we can construct a strictly increasing sequence of integers
{n;} and a sequence {v;} C X" such that for n > ny, we have

* * 1 * * * ]'
lvi—xl<— and [(T")"v,-¥"lI < 7.
k k
Now, consider any € > 0. Since kl_o < € for some integer k), it follows that for n > Nk, We obtain
* * 1 *\H_ % * 1
||vn—x||<k—<(—: and ||(T)vn—y||<k—<e.
0 0

Thus, the proof is concluded, as required by Proposition O
An immediate consequence of the previous lemma is the following corollary:
Corollary 2.6. For all x* € X*, the set ]’Tnf"(x*) is closed and T*-invariant.

Subsequently, when T~ is invertible, the following important results can be verified:
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Proposition 2.7. Let T*: X* — X" be an invertible operator. Then

(T JEX (") = TR (x)
for every x* € X*.
Proof. According to Corollary [2.6] we know that

JEX() S (T IR ()

for every x* € X*. To prove the equality, let y* € (T")~ (]m”‘( *)). Then by definition, T*y* € ]m”‘( ).
Thus, there exist a strictly increasing sequence {k,} C IN and a sequence {x},} C X" such that

X, —>x* and (T"bx, - T*y".

k-1

Applying the continuity of T*, we consider the sequence (T")*~"x,,. Since

(T, = (T (T xy) > T,
and T* is continuous, it follows that
(T, >
Therefore, y* € ]m”‘( *), completing the proof that (T%)~ 1]m“‘( ) C ]m“‘( ). O

Proposition 2.8. Let T* be an invertible operator on a Banach space X*, and let x*,y* € X*. Then y* €
]””x( *) if and only if x* € ]("%ﬂ’;,l (¥*).

Proof. Assume that y* €] mlx( *). Then there exist a strictly increasing sequence of natural numbers
{k,} and a sequence {x},} C X" satisfying

*

X, —>x* and (T« — 9"
Define y}, := (T*)
powers yields

nxy, so we have y;, — y*. Since T" is an invertible operator, applying the inverse

(T Fnyt = x> x™.

This shows that x* € ](nTlif)‘,l (). The converse implication can be shown in a similar manner, complet-
ing the proof. ]

In the next theorem, we present a condition under which equality holds in expression (3).

Proposition 2.9. Let T*: X* — X* be a bounded linear operator. If T* is power bounded, then for every
x" e X", we have]m’x( )= L(T", x*).

Proof. Assume that T* is power bounded. Then there exists a constant M > 0 such that
I(T)"|<M forall neN.

Fix an arbltrary xreX* If] le( *) = 0, the result holds trivially. Since it is always true that L(T*,x*) C
]m“‘( "), (see (3)), it is enough to show that ]mix( ") C L(T", x7).
To prove this, suppose y* € ]m”‘( *). By the definition of ]m"‘( *), there exists a sequence {x},} C X*
such that

X

»—x" and (T")'x;, > y".
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Using the triangle inequality and the power boundedness of T*, we obtain the following estimate:

I(T*)"x" =y I < I(T7)"x" = (T "l + I(T7) ", = 97

* * * * * (4)
< Mlx" =, [1+ 11(T7) x5, = vl

As n — oo, both terms on the right-hand side of tend to zero. Therefore, we conclude that
vy e (T x"),
which shows that ]mlx( x*) C L(T*, x*). This completes the proof. O

The lemma below serves as a fundamental step in the proof of Proposition [2.11}

Lemma 2.10. Let T: X — X be a linear operator. If]m”‘( = X" for some non-zero vector x* € X", then
JHX(Ax*) = X* for every scalar A € C.

Proof. First, observe that for any nonzero scalar A € C, the equality ]?f"(/\x*) = X" follows directly
from Proposition [2.3} due to the continuity and linearity of scalar multiplication.

It remains to verify that ]mlx( ) = X*. To that end, let {1,} ¢ C\ {0} be a sequence converging to
zero and y* € X*. Since ]m”‘(/\ x*) = X*, we have p* € ]jrf}ix(/\nx*) for each n € IN. Since A,x — 0, an
application of Lemma implies p* € JMX(0). As this holds for arbitrary y* € X*, it follows that
]le( ) Xx- D

Proposition 2.11. Let T: X — X be a bounded linear operator on a Banach space X. Define the set
JR = o € X T () = X°).
Then Ji* is a closed, connected, and T*-invariant subset of X*.

Proof. The T*-invariance of Jr. mix follows directly from the property that each J mlx( *) is invariant
under the action of T%, i.e.,

T* (R (") CJEX(T*x").
Hence, if J¥(x*) = X*, then J2X(T*x*) = X*, implying T*x" € JIX,
To establish that I is closed, let {x};} C J/* be a sequence converging to some x* € X*. By Lemma.
we know that if y* € J™X(x}) = X for all n, then y* € J™X(x*). Therefore, JM*(x*) = X*, implying
x* € X, Hence, ]Inlx is sequentially closed and thus closed.
To prove that Jr. miX js connected, take any x" € J. miX From Lemma we know that for any scalar
A€ C, Jm¥(Ax*) = X*, implying Ax* € X, Thus, every complex scalar multiple of x* lies in J™%, and
this scalar line is connected. As x* € ]mlx was arbitrary, the union of such lines forms a connected set,
SO ]m”‘ is connected because 0 € ]m”‘. d

Theorem 2.12. The adjoint of an operator T: X — X is mixing if and only if, for every x* € X*, the
set ]mlx( *) coincides with the entire space X*; that is,

]mlx( )=X* forall x* € X",

Proof. Suppose that T* is mixing. Let x*,p* € X* and let U and V be neighborhoods of x* and y~,
respectively. By the mixing property, there exists N € IN such that

(THY(U)NV #0 foralln>N,

which implies y* € ] mlx( *). Since y* € X* was arbitrary, it follows that | le( ) =X~
Conversely, assume that ]m”‘( *) = X" for all x* € X*. Let U,V C X* be nonempty open sets, and pick
xj € U,y € V. Since y; € ¥ (x}), there exists N € N such that

(TY(U)NV £0 foralln>N,

which shows that T* is mixing. O]
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2.2 Dual Topologically Transitive

To familiarize the reader with some properties of topologically transitive operators, we present the
theorem and its corollary below.

Theorem 2.13. Let T: X — X be a linear operator. The following statements are equivalent:
1. T* is topologically transitive.

2. X* cannot be decomposed as X* = AU B, where A and B are disjoint sets, T*(A) C A and A, B
have non-empty interior.

3. For every non-empty open set U C X*, the set | J;~,(T*)"*(U) is dense in X*.
4. For every non-empty open set U C X*, the set | J;—,(T*)™"(U) is dense in X*.

Proof. (1) = (2): Suppose that X* = AUB, with ANB =0, T*(A) C A, and int(B) = 0. Consider the
open sets int(A) and int(B). We then have

(T*)"(int(A))Nint(B)Cc ANB=0 forsomeneN,

By assumption (1). This forces either int(A) = 0 or int(B) = @ and subsequently int(A) = 0.

(2) > (3): Let A = U;~o(T*)"(U) and B = X*\ A. We know that (T*)(A) C A and that int(A) D U,
which is non-empty. From condition (2), we deduce that int(B) = (), hence A is dense in X.

(3) = (1): This follows immediately from the definitions of topological transitivity and density.

(1) © (4): The equivalence follows from the fact that (T*)"(U)NV = 0 if and only if UN(T*)™"(V) =
0. O

Corollary 2.14. Let T: X — X be an operator. The following statements are equivalent:
1. T* is topologically transitive.
2. Any open set U C X such that (T*)™(U) C U for all n > 0 is either empty or dense in X*.

Definition 2.15. We say that an operator T: X — X is dual topologically transitive when both the
operator itself and its adjoint T* are topologically transitive.

The first examples of dual topologically transitive operators were presented in paper [22]], and fur-
ther results in this area were published in papers [20]], [23] and [24]. Recall from [12, Example 1.43]
that not every topologically transitive operator is mixing. This observation motivates the following
question:

problem Is the concept of a dual mixing operator feasible, where both the operator T and its
adjoint T* exhibit mixing?

The following discussions aim to provide the necessary background for answering the above ques-
tion.

Proposition 2.16. Let X be a Banach space and let T: X — X be a linear operator. In this case, the closure
of the orbit of an arbitrary nonzero x* € X* under T" is the entire space X if and only if the limit set of x
under T" is equal to X*.

Proof. Assume that the orbit Orb(T*, x*) is dense in X*. For any ¢ > 0 and integer m > 0, the intersec-
tion
B((T")"x", &) n X"\ {(T")"x} = B((T")"x, &) N Orb((T*), x*) \ {(T")"x}

is nonempty and since Orb(T*,x") is dense in X, there exists some vector

(T*)"x € B((T")"x, €),
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with m, > m. Therefore, we conclude that
X* =O0rb(T* x*) = L(T", x").
The converse follows immediately from the definitions. O]

Remark 2.17. Following an analogous argument, one can derive a corresponding result for L(T,x)
for some x € X.

Based on the above remark, the following valuable result can be observed.

Corollary 2.18. Let T: X — X be a dual topologically transitive operator. Then for some nonzero vector
x* € X" the set

L(T* x")
is nonempty.

Theorem 2.19. Suppose T: X — X is a mixing operator acting on a Banach space X. Then, for every
nonzero functional x* € X*, the limit set of x* under the adjoint operator T* is empty; that is,

L(T*,x*) =0, forall x* e X"\ {0}.

Proof. Assume, for the sake of contradiction, that there exists a nonzero functional x* € X* such that
L(T", x*) is nonempty. Then, there exists an increasing sequence of positive integers {k,} such that
(T*kx* converges. Consequently, this sequence is bounded. Thus, there exists a constant M such
that

(TR x|l < M,

for every n € IN. Now, consider the open sets

U=feX|lxl<1), V=" (B(O,M)),

where B(0, M) denotes the ball of radius M centered at the origin. By the mixing property of T, there
exists N € N such that for all # > N, we can find x € U satisfying T*:x € V. Therefore,

M < (T, x| = Kx, (T)Frx) < (T x| < M,

which leads to a contradiction. O

The following important result is obtained by combining Corollary and Theorem In-
deed, it serves as a negative response to the previously stated question.

Corollary 2.20. No mixing operator has a mixing adjoint. Equivalently, dual mixing operators do not
exist.

This corollary further reinforces the fact that the class of topologically transitive operators is not
equivalent to the class of mixing operators, thereby emphasizing their structural distinction.
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