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Abstract. In this research paper, we define and investigate the concept of multiplicative compatible Hom-right-symmetric
algebra and its cohomology. This algebraic structure is defined by a vector space g, a linear endomorphism α and two
Hom-right-symmetric products µ,µ′ with respect to α. We define up to homotopy compatible Hom-right-symmetric al-
gebras by realization of a structure equation [[(Q,Q′), (Q,Q′)]] = 0, where (Q,Q′) is a degree one compatible coderivation
of a comultiplication ∆1. With this structure equation, we define the cohomology of a compatible Hom-right-symmetric
algebra g with value in a module M. Additionnaly, central extensions and linear deformations are investigated in details.
Besides, we give the notion of a Nijenhuis operator on a compatible Hom-right-symmetric algebra, and we show that it can
generate a trivial linear deformation of a regular compatible Hom-right-symmetric algebra.

Key Words: Up to homotopy algebras, compatible Hom-right-symmetric algebras, cohomology, deformations, Nijenhuis

operator.

2020 MSC: 17A30, 17D25, 17D30, 55N20.

1 Introduction

An algebra (g,µ) over a field K of characteristic zero is right-symmetric [16] provided that the asso-
ciator on g is right-symmetric, i.e., is symmetric in the last two elements:
(x,y,z) = (x,z,y) for all x,y,z ∈ g, where (x,y,z) = µ(x,µ(y,z))− µ(µ(x,y), z) is the associator of x,y and
z. Similarly, one can define left-symmetric algebra by identity
(x,y,z) = (y,x,z), ∀x,y,z ∈ g.
Categories of right-symmetric algebras and left-symmetric algebras are equivalent. Any right(left)-
symmetric algebras will be left(right)-symmetric under new product (x,y) 7→ µ(y,x). Right (left)-
symmetric algebras, also called pre-Lie algebras, are an important generalization of associative al-
gebras, appearing naturally in various contexts. They were first introduced by Cayley in 1857 in
context of rooted trees [6]. In 1961, Koszul used them in the study of actions of affine transforma-
tions [12]. In 1963, Vinberg [22] applied these algebras to classify the convex homogeneous cones,
and Gerstenhaber [10] used them to studying the deformations of algebras. Many articles related to
right and left-symmetric algebras have been published since then. (see [1, 7, 13, 17, 20]). Representa-
tions and cohomology theory of right-symmetric algebras were studied in [9] by A. Dzhumadil’daev.
The notion of Hom-algebra was introduced by Hartwig, Larsson, and Silvestrov in [11], as a tool
for the study of deformations of Witt and Virasoro algebras. Representations and cohomologies of
Hom-pre-Lie algebras were studied and developped in [14, 8].
In this paper, we are interested by an understanding of these notions in the setting of "operadic" pre-
sentation, as in [2, 3, 5, 8]. Note that compatible algebraic structures [18, 21] refer to two algebraic
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structures of the same kind in a linear category such that any linear combination of multiplications
corresponding to these two algebraic structures still define the same kind of algebraic structure.
Compatible structures appear in various fields of mathematics and mathematical physics, it is ex-
actly related to linear deformations.
The purpose of this paper is to study representations, cohomology and deformations of compati-
ble Hom-right-symmetric algebras (g,µ,µ′ ,α) in setting of ”operadic” presentation. More precisely,
we are considering a sequence of comultiplications ∆r on the space g[1] ⊗ S(g[1]). Suppose Qi is a
coderivation of ∆ri ,
(i = 1,2), then the commutator [Q1,Q2] is a coderivation of ∆r1+r2 . Now, a Hom-right-symmetric prod-
uct µ is exactly a bilinear coderivation Q of degree 1 of ∆1 and (g,Q,α) is a Hom-right-symmetric
algebra if and only if [Q,Q] = 0, this is the structure equation for Hom-right symmetric algebras.
For compatible Hom-right-symmetric algebras, we construct a new graded Lie bracket [[·, ·]] on a new
space of coderivations. For a pair of compatible coderivations (Q,Q′) of ∆1, we obtain that (g,Q,Q′ ,α)
is a compatible Hom-right-symmetric algebra if and only if [[(Q,Q′), (Q,Q′)]] = 0. This is the struc-
ture equation for compatible Hom-right-symmetric algebras. This structure will be needed later to
construct the cohomology of compatible Hom-right-symmetric algebras.
This paper is organized as follows: in Section 2, we give a background on Hom-right-symmetric al-
gebras and their cohomology. In Section 3, we give the notion of compatible Hom-right-symmetric
algebras. In Section 4, we construct a new Lie bracket on space of Coderc, and we give the structure
equation of compatible-Hom-right-symmetric algebras. Using this structure equation, in Section 5,
we study representations and cohomology of compatible Hom-right-symmetric algebras. As an ap-
plication, in Section 6, we study trivial representation of compatible Hom-right-symmetric algebra
and central extensions. In Section 7, we study linear deformations of regular compatible Hom-right-
symmetric algebras, we introduce the notion of a Nijenhuis operator on a compatible Hom-right-
symmetric algebras. We show that a trivial linear deformation gives rise to a Nijenhuis operator.
Conversely, a Nijenhuis operator gives rise to a trivial deformation.

2 Background on Hom-right-symmetric algebras and its cohomology

In this section, we recall the cohomology theory of Hom-right-symmetric algebras. Our main refer-
ences are [8, 15].

Definition 2.1. Hom-right-symmetric algebra is a triple (g,µ,α) consisting of a vector space g, a
bilinear map µ : g⊗ g→ g and a linear map α : g→ g satisfying the Hom-right-symmetric identity:

µ(α(x),µ(y,z))−µ(µ(x,y),α(z)) = µ(α(x),µ(z,y))−µ(µ(x,z),α(y)), (1)

for all x,y,z ∈ g.
If α is a morphism for the product µ, the algebra (g,µ,α) is a multiplicative Hom-right-symmetric
algebra. If moreover α is invertible, the Hom-right-symmetric algebra is said to be regular.

Let (x,y,z)α = µ(α(x),µ(y,z))−µ(µ(x,y),α(z)) be the Hom-associator of elements x, y, z ∈ g. In terms
of Hom-associators, the Hom-right symmetric identity is (x,y,z)α = (x,z,y)α .
A graded Hom-right-symmetric algebra is a graded vector space g equipped with a degree 0, graded
bilinear map µ, and a degree 0 linear map α, such that the graded Hom-symmetric relation holds, i.
e. the relation (1) holds with the usual Koszul sign rule: each permutation of letters (here y and z)
implies multiplication by the sign of the corresponding graded permutation. In the present setting,
graded relation (1) means (

x,y,z
)
α

= (−1)deg(y)deg(z)
(
x,z,y

)
α
.
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Definition 2.2. Let (g,µ,α) and (g′ ,µ′ ,α′) be two Hom-right symmetric algebras. A linear map f :
g→ g′ is called a morphism of Hom-right symmetric algebras if it satisfying

f ◦µ = µ′ ◦ (f ⊗ f ) and f ◦α = α′ ◦ f .

In the remaning of this article, all Hom-right-symmetric algebras are multiplicative.

2.1 Up to homotopy Hom-right-symmetric algebras

Let (g,deg) be a graded vector space and α : g→ g be a degree 0 linear map.
Consider g[1]⊗S(g[1]) =

∑
k≥1 g[1]⊗Sk−1(g[1]), where S(g[1]) is the graded symmetric algebra on the

graded vector space (g[1], | |), i. e. the space g with a shift of -1 on the degree: for each x ∈ g:

|x| = deg(x)− 1.

Remark that, if g is not graded, we put deg(x) = 0 for each x, and g[1]⊗ S(g[1]) is simply the space
g ⊗

∧
g with the degree

|x0 ⊗ (x1 ∧ · · · ∧ xk−1)| = −k.

Recall the notion of shuffle permutation. A permutation σ is a (p − 1,1, k − p − 1)-shuffle,
(σ ∈ Sh(p − 1,1, k − p − 1)), if it is a permutation of {1, . . . , k − 1} such that σ (1) < · · · < σ (p − 1), and
σ (p+ 1) < · · · < σ (k − 1).

For each natural number r, define αr the r-times composition of α, extend αr to g[1]⊗ S(g[1]) by
having

αr(x0 ⊗ x1 . . .xk−1) = αr(x0)⊗αr(x1) . . .αr(xk−1).

Define also the comultiplication ∆r on g[1]⊗ S(g[1])by:

∆r(x0 ⊗ x1 . . .xn−1) =
∑

1≤k≤n−1
σ∈Shk−1,1,n−k−1

αr(x0 ⊗ xσ (1) . . .xσ (k−1))
⊗

αr(xσ (k) ⊗ xσ (k+1) . . .xσ (n−1)).

(as usual, the Koszul’s sign rule is understood in this formula). For instance, if g is not graded, this
reads:

∆r(x0 ⊗ x1 . . .xn−1) =
∑

1≤k≤n−1
σ∈Shk−1,1,n−k−1

ε(σ )αr(x0 ⊗ xσ (1) . . .xσ (k−1))
⊗

αr(xσ (k) ⊗ xσ (k+1) . . .xσ (n−1)).

where ε(σ ) is the sign of the permutation σ .

This comultiplication is Hom-permutative with respect to αr , that is the relation:

(αr
⊗

∆r ) ◦∆r = (∆r
⊗

αr ) ◦∆r = (αr
⊗

τ ◦∆r ) ◦∆r ,

where τ is the twist: τ(X
⊗

Y ) = Y
⊗

X, holds.
A coderivation Q with degree q of ∆r , (Q ∈ Coderq(∆r )), is a map Q : g[1]⊗S(g[1])→ g[1]⊗S(g[1]),

such that:
Q ◦α = α ◦Q and (Q

⊗
αr +αr

⊗
Q) ◦∆r = ∆r ◦Q.

Any such coderivation is characterized by its Taylor expansion. More precisely, let p be the projection
on g[1] parallel to

∑
k>0 g[1]⊗Sk−1(g[1]), ik the canonical injection of g[1]⊗Sk−1(g[1]) into g[1]⊗S(g[1]).
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For any coderivation Q, consider the sequence of maps Qk = p ◦Q ◦ ik . Each Qk extends to a map Q̃k
defined on g[1]⊗ S(g[1]) by:

Q̃k(x0 ⊗ x1 . . .xn−1) =
∑

σ∈Shk−1,n−k

Qk(x0 ⊗ xσ (1) . . .xσ (k−1))⊗αr(xσ (k) . . .xσ (n−1))

+
∑

σ∈Sh1,k−1,n−k−1

(−1)qαr(x0)⊗Qk(xσ (1) ⊗ xσ (2) . . .xσ (k)).α
r(xσ (k+1) . . .xσ (n−1)).

(2)

Then, Q =
∑
k Q̃k . Conversely, each sequence of maps (Qk : g[1]⊗ Sk−1(g[1])→ g[1]) (k > 0) defines

through extension and sum a coderivation Q =
∑
k Q̃k .

Let Q ∈ Coderq(∆r ) and Q′ ∈ Coder ′q(∆r ′ ). Define the commutator

[Q,Q′] =Q ◦Q′ − (−1)qq
′
Q′ ◦Q (3)

(with Koszul’s rule).

Lemma 2.3. [8] With the above notation, the commutator [Q,Q′] is a coderivation of degree q + q′ of
(∆r+r ′ ), i.e.,

[Q,Q′] ∈ Coderq+q′ (∆r+r ′ ).

Define Coder = ⊕q,r≥0Coderq(∆r ).
The following result is straightforward.

Proposition 2.4. The spaceCoder equipped with the commutator [·, ·] defined obove is a graded Lie algebra.

Let µ : g⊗g→ g be a bilinear map of degree zero in (g,deg). For each x,y ∈ g, defineQ2(x,y) = µ(x,y).
Obviously, Q2 is a degree one map from g[1]⊗ g[1]→ g[1]. Let Q = Q̃2. Then if r = r ′ = 1, we obtain
the following result.

Theorem 2.5. Referring to the above notation, the triple (g,µ,α) is a Hom-right-symmetric algebra,
if and only if,

[Q,Q] = 0. (4)

Proof. For all x0,x1,x2 ∈ g, we have

[Q,Q]3(x0 ⊗ x1 · x2) = 2(Q ◦Q)(x0 ⊗ x1 · x2)
= 2

(
Q(Q(x0 ⊗ x1)⊗α(x2))−Q(Q(x0 ⊗ x2)⊗α(x1))

−Q(α(x0)⊗Q(x1 ⊗ x2)) +Q(α(x0)⊗Q(x2 ⊗ x1))
)

= 2
(
µ(µ(x0,x1),α(x2))−µ(µ(x0,x2),α(x1))

−µ(α(x0),µ(x1,x2)) +µ(α(x0),µ(x2,x1))
)

Then, [Q,Q] = 0 if and only if for all x0,x1,x2 ∈ g,

µ(α(x0),µ(x1,x2))−µ(µ(x0,x1),α(x2)) = µ(α(x0),µ(x2,x1))−µ(µ(x0,x2),α(x1)),

which means that (g,µ,α) is a Hom-right-symmetric algebra.

Definition 2.6. An up to homotopy Hom-right-symmetric algebra (g,Q,α) is a (graded) vector space
g, a degree 0 linear map α : g→ g and a degree 1 coderivation Q ∈ Coder(∆1) of g[1]⊗ S(g[1]) such
that:

[Q,Q] = 0.
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2.2 Representations and cohomology of Hom-right-symmetric algebras

Definition 2.7. A representation of a Hom-right-symmetric algebra (g,µ,α) on a vector spaceM with
respect to αM ∈ gl(M) consists of a pair (L,R) : g→ gl(M) satisfying, for all x,y ∈ g:

L(α(x)) ◦αM = αM ◦L(x), R(α(x)) ◦αM = αM ◦R(x), (5)

R
(
µ(x,y)−µ(y,x)

)
◦αM −R(α(y)) ◦R(x) +R(α(x)) ◦R(y) = 0, (6)

L(α(x)) ◦L(y)−L(µ(x,y)) ◦αM −L(α(x)) ◦R(y) +R(α(y)) ◦L(x) = 0. (7)

We denote (M,L,R,αM ) this representation. Simply, we say that M is a g-module [19].

Let (M,L,R,αM ) be a representation of a Hom-right-symmetric algebra (g,µ,α). Observe that, for
any natural number r, if Lr = L ◦ (αr ), Rr = R ◦ (αr ), then (M,Lr ,Rr ,αM ) is also a representation of
(g,µ,α). If α is invertible, the same result holds for r = −1,−2, . . . .
The fundamental example of a representation of (g,µ,α) is the adjoint-representation defined by
putting:

M = g, L(x)(y) = µ(x,y), R(x)(y) = µ(y,x) and αM = α.

Lemma 2.8. If (M,L,R,αM ) is a representation of a Hom-right-symmetric algebra (g,µ,α), then
(g×M,µL,R,α +αM ) is also a Hom-right-symmetric algebra, where

µL,R
(
(x,u), (y,v)

)
=
(
µ(x,y),L(x)(v) +R(y)(u)

)
, (α +αM )(x,u) = (α(x),αM(u)), ∀x,y ∈ g,u,v ∈M.

In the situation of this lemma, The triple (g ×M,µL,R,α + αM ) is a Hom-right-symmetric algebra
called the semi-direct product of g by the g-module M.

Definition 2.9. Let (M,L,R,αM ) be a representation of a Hom-right-symmetric algebra (g,µ,α).

• A 0-cochain is a vector m ∈M, such that

αM(m) =m, and R(α(y)) ◦R(x)m = R(µ(x,y))m

for all x,y ∈ g.

• For n ≥ 1, a n-cochain C with values in M, is a n-linear map C : g ⊗ ∧n−1g → M such that
αM ◦C = C ◦α. Denote Cn(g,M) the space of n-cochains.

Relying on Lemma 2.8 and Section 2.1 , we can define the Hom-right symmetric algebra (g ×
M,µ(R,L),α + αM ) and its coalgebra ((g ×M)[1] ⊗ S((g ×M)[1]),∆n). Then, for each n ≥ 1, there is a
natural bijection ψn from Cn(g,M) onto a subspace of Coder(∆n), namely: let C ∈ Cn(g,M),

1. Consider C as a n-degree map C : (g×M)[1]⊗Sn−1((g×M)[1])→ (g×M)[1], vanishing if one of
the arguments is in M.

2. Extend this map to C̃ ∈ Coder(∆n) as in (2). Put ψn(C) = C̃.
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Conversely, for each coderivation Γ ∈ Coder(∆n) vanishing if one of its argument is in M, and with
values in M (it is easy to see that Γ = ψn(Γ ) ), there is Cn ∈ Cn(g,M), namely:

Cn(x0 ⊗ x1 . . .xn−1) = ψ−1
n (Γ )(x0 ⊗ x1 . . .xn−1) = Γn((x0,0)⊗ (x1,0) . . . (xn−1,0)).

Let QL,R ∈ Coder(∆1) the coderivation defined by QL,R = µL,R. For each n ≥ 1, define the operator
dn : Cn(g,M)→ Cn+1(g,M) by

dnC = (−1)nψ−1
n+1

(
[QL,R,ψn(C)]

)
.

Theorem 2.10. [8] The operators dn satisfy:

dn+1 ◦ dn = 0.

Corollary 2.11. For each n ≥ 1, the explicit expression of dn is

(dnC)(x0 ⊗ x1, . . . ,xn) =
n∑
i=1

(−1)i−1(dinC)(x0 ⊗ x1, . . . ,xn),

where:
(dinC)(x0 ⊗ x1, . . . ,xn) = L(αn(x0))C

(
xi ⊗ x1, . . . ı̂ . . . ,xn

)
+R(αn(xi))C

(
x0 ⊗ x1, . . . ı̂ . . . ,xn

)
−C

(
µ(x0,xi)⊗α(x1), . . . ı̂ . . . ,α(xn)

)
+
∑
i<j

C
(
α(x0)⊗α(x1), . . . , ı̂, . . . ,α(xj−1),µ(xi ,xj ), . . . ,α(xn)

)
−
∑
i<j

C
(
α(x0)⊗α(x1), . . . , ı̂, . . . ,α(xj−1),µ(xj ,xi), . . . ,α(xn)

)
.

Letm be a 0-cochain, the 0-coboundary operator is the map d0, where (d0m)(x) = L(x)m−R(x)m for
each x ∈ g.
Let m be a 0-cochain. For all x0,x1 ∈ g, we have

d1 ◦ d0(m)(x0 ⊗ x1) = L(α(x0))(d0m)(x1) +R(α(x1)(d0m)(x0)− (d0m)(µ(x0,x1))

= L(α(x0)) ◦L(x1)m−L(α(x0)) ◦R(x1)m+R(α(x1)) ◦L(x0)m

−R(α(x1)) ◦R(x0)m+R(µ(x0,x1))m−L(µ(x0,x1))m.

Since αM(m) =m, and R(α(x1)) ◦R(x0)m = R(µ(x0,x1))m for all x0,x1 ∈ g, it follows that d1 ◦ d0 = 0.

3 Compatible Hom-right-symmetric algebras

Definition 3.1. A compatible Hom-right-symmetric algebra is a 4-tuple (g,µ,µ′ ,α) , where (g,µ,α) ,
(g,µ′ ,α) are both Hom-right-symmetric algebras satisfying the following compatibility equation

µ(α(x),µ′(y,z)) +µ′(α(x),µ(y,z))−µ(µ′(x,y),α(z))−µ′(µ(x,y),α(z))
= µ(α(x),µ′(z,y)) +µ′(α(x),µ(z,y))−µ(µ′(x,z),α(y))−µ′(µ(x,z),α(y)),

for all x,y,z ∈ g.
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Remark 3.2. If (g,µ,µ′ ,α) is a compatible Hom-right-symmetric algebra, then (g,µ+ µ′ ,α) is a Hom-
right-symmetric algebra.

The following result is straightforward.

Proposition 3.3. The 4-tuple (g,µ,µ′ ,α) is a compatible Hom-right-symmetric algebra if and only if the
triple
(g, kµ+ lµ′ ,α) is a Hom-right-symmetric algebra for all k, l ∈K.

Definition 3.4. Let (A,µ1,µ
′
1,α) and (B,µ2,µ

′
2,β) be two compatible Hom-right-symmetric algebras.

A morphism of compatible Hom-right-symmetric algebras between A and B is a linear map f : A→ B
satisfiying f (µ1(x,y)) = µ2(f (x), f (y)), f (µ′1(x,y)) = µ′2(f (x), f (y)) for all x,y ∈ A, as well as f ◦α = β◦f .

Definition 3.5. [4, 14] Let (g,µ,α) be a Hom-right-symmetric algebra. A Nijenhuis operator on
(g,µ,α) is a linear map N : g→ g such that

N ◦α = α ◦N,

µ(N (x),N (y)) =N (x ·N y),

where x ·N y = µ(N (x), y) +µ(x,N (y))−N (µ(x,y)) for all x,y ∈ g.

Proposition 3.6. Let N be a Nijenhuis operator on the Hom-right-symmetric algebra (g,µ,α). Then,
(g,µ, ·N ,α) is a compatible Hom-right-symmetric algebra.

Proof. Since (g,µ,α) and (g, ·N ,α) are Hom-right-symmetric algebras, then to show that (g,µ, ·N ,α) is
a compatible Hom-right-symmetric algebra, we need to show the compatibility equation between µ
and ·N .
For all x,y,z ∈ g we have

µ(α(x), y ·N z) +α(x) ·N µ(y,z)−µ(x ·N y,α(z))−µ(x,y) ·N α(z)

−µ(α(x), z ·N y)−α(x) ·N µ(z,y) +µ(x ·N z,α(y)) +µ(x,z) ·N α(y)

= µ
(
α(x),µ(N (y), z)

)
+µ

(
α(x),µ(y,N (z))

)
−µ(α(x),N (µ(y,z))

)
+µ

(
N (α(x)),µ(y,z)

)
+µ

(
α(x),N (µ(y,z))

)
−N (µ

(
α(x),µ(y,z)

)
)

−µ
(
µ(N (x), y),α(z)

)
−µ

(
µ(x,N (y)),α(z)

)
+µ

(
N (µ(x,y)),α(z)

)
−µ

(
N (µ(x,y)),α(z)

)
−µ

(
µ(x,y),N (α(z))

)
+N (µ

(
µ(x,y),α(z)

)
)

−µ
(
α(x),µ(N (z), y)

)
−µ

(
α(x),µ(z,N (y))

)
+µ(α(x),N (µ(z,y))

)
−µ

(
N (α(x)),µ(z,y)

)
−µ

(
α(x),N (µ(z,y))

)
+N (µ

(
α(x),µ(z,y)

)
)

+µ
(
µ(N (x), z),α(y)

)
+µ

(
µ(x,N (z)),α(y)

)
−µ

(
N (µ(x,z)),α(y)

)
+µ

(
N (µ(x,z)),α(y)

)
+µ

(
µ(x,z),N (α(y))

)
−N (µ

(
µ(x,z),α(y)

)
).

Since N commutes with α, and (g,µ,α) is a Hom-right-symmetric algebra, then

µ(α(x),µ(N (y), z))−µ(µ(x,N (y)),α(z))−µ(α(x),µ(z,N (y))) +µ(µ(x,z),N (α(y))) = 0,

µ(α(x),µ(y,N (z)))−µ(µ(x,y),N (α(z)))−µ(α(x),µ(N (z), y)) +µ(µ(x,N (z)),α(y)) = 0,

µ(N (α(x)),µ(y,z))−µ(µ(N (x), y),α(z))−µ(N (α(x)),µ(y,z)) +µ(µ(N (x), z),α(y)) = 0,
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−N
(
µ(α(x),µ(y,z))

)
+N

(
µ(µ(x,y),α(z))

)
+N

(
µ(α(x),µ(z,y))

)
−N

(
µ(µ(x,z),α(y))

)
=N

(
−µ(α(x),µ(y,z)) +µ(µ(x,y),α(z)) +µ(α(x),µ(z,y))−µ(µ(x,z),α(y))

)
= 0.

Thus, we have
µ(α(x), y ·N z) +α(x) ·N µ(y,z)−µ(x ·N y,α(z))−µ(x,y) ·N α(z)

−µ(α(x), z ·N y)−α(x) ·N µ(z,y) +µ(x ·N z,α(y)) +µ(x,z) ·N α(y)

= 0.

4 Up to homotopy compatible Hom-right-symmetric algebras

Let g be a (graded) vector space. Let µ,µ′ : g×g→ g be two degree zero bilinear maps and let α : g→ g

be a degree zero linear map such that for all x,y ∈ g, µ(α(x),α(y)) = α(µ(x,y)) and
µ′(α(x),α(y)) = α(µ′(x,y)). We adopt the same notation as in subsection 2.1, put
Q2(x,y) = µ(x,y), Q′2(x,y) = µ′(x,y) for all x,y ∈ g, then Q2,Q

′
2 are degree one maps from g[1]⊗S(g[1])

to itself. Let Q = Q̃2 and Q′ = Q̃′2 be two coderivations (∈ Coder1(∆1)). We obtain, (g,µ,µ′ ,α) is a
compatible Hom-right-symmetric algebra if and only if for all k, l ∈K, (g, kµ+ lµ′ ,α) is a Hom-right-
symmetric algebra, wich means by Theorem (2.5) that
[kQ+ lQ′ , kQ + lQ′] = 0. Then, we get (g,µ,µ′ ,α) is a compatible Hom-right-symmetric algebra if and
only if

[Q,Q] = 0, [Q,Q′] = 0 and [Q′ ,Q′] = 0.

Definition 4.1. An up to homotopy compatible Hom-right-symmetric algebra (g,Q,Q′ ,α) is a (graded)
vector space g, a degree zero linear map α : g→ g and a two coderivations Q,Q′ ∈ Coder1(∆1) such
that

[Q,Q] = 0, [Q,Q′] = 0 and [Q′ ,Q′] = 0.

In the remaining of this section, we construct a new space of coderivations and define a new
graded Lie algebra needed to construct a structure equation for up to homotopy compatible Hom-
right-symmetric algebra.
For any r,q ≥ 0, define Coderc,q(∆r ) =

⊕
n≥0Coder

n
c,q(∆r ), where

Codernc,q(∆r ) = Coderq(∆r )⊕ · · · ⊕Coderq(∆r )︸                                ︷︷                                ︸
(n+1)copies

.

For any (Q1, · · · ,Qm+1) ∈ Codermc,q(∆r ) and (Q′1, · · ·Q
′
n+1) ∈ Codernc,q′ (∆r ′ ), define the bracket [[·, ·]] by

[[(Q1, · · · ,Qm+1), (Q′1, · · ·Q
′
n+1)]] :=(

[Q1,Q
′
1], [Q1,Q

′
2] + [Q2,Q

′
1], · · · ,

∑
k+j=i+1

[Qk ,Q
′
j ]︸            ︷︷            ︸

i−th place

, · · · , [Qm+1,Q
′
n+1]

)
.

Lemma 4.2. Resting on the above indicated notation, if (Q1, · · · ,Qm+1) ∈ Codermc,q(∆r ) and (Q′1, · · ·Q
′
n+1) ∈

Codernc,q′ (∆r ′ ), then [[(Q1, · · · ,Qm+1), (Q′1, · · ·Q
′
n+1)]] ∈ Codern+m

c,q+q′ (∆r+r ′ ).

Proof. Obviously, grounded on Lemma 2.3, for all i ∈ {1, · · · ,m + 1} and j ∈ {1, · · · ,n + 1}, the bracket
[Qi ,Q′j ] is a coderivation in Coderq+q′ (∆r+r ′ ), which implies
[[(Q1, · · · ,Qm+1), (Q′1, · · ·Q

′
n+1)]] ∈ Codern+m

c,q+q′ (∆r+r ′ ).



Cohomology and deformations of compatible Hom-right-symmetric algebras 9

Define Coderc(∆r ) =
⊕

q≥0Coderc,q(∆r ) and Coderc =
⊕

r≥0Coderc(∆r ).

Proposition 4.3. • Based on the above notation, the space Coderc equipped with [[·, ·]] is a graded Lie
algebra.

• The map Φ : Coderc→ Coder, defined by

Φ(Q1, · · · ,Qm+1) =Q1 + · · ·+Qm+1,

is a morphism of graded Lie algebras.

• The pair (Q,Q′) of Coder1
c,1(∆1), is compatible up to homotopy in g if and only if

[[(Q,Q′), (Q,Q′)]] = 0.

Proof. • For (Q1, · · · ,Qm+1) ∈ Codermc,q(∆r ), (Q′1, · · · ,Q
′
n+1) ∈ Codernc,q′ (∆r ′ ) and

(Q′′1 , · · · ,Q
′′
p+1) ∈ Coderc,q′′ (∆r ′′ ). We have

[[(Q1, · · · ,Qm+1), [[(Q′1, · · · ,Q
′
n+1), (Q′′1 , · · · ,Q

′′
p+1]]]]

= [[(Q1, · · · ,Qm+1), ([Q′1,Q
′′
1 ], · · · ,

∑
j+k=i+1

[Q′j ,Q
′′
k ]

︸            ︷︷            ︸
i−th place

, · · · , [Q′n+1,Q
′′
p+1]]]

=
(
[Q1, [Q′1,Q

′′
1 ]], · · · ,

∑
j+k+l=i+2

[Ql , [Q
′
j ,Q

′′
k ]

︸                     ︷︷                     ︸
i−th place

, · · · , [Qm+1, [Q′n+1,Q
′′
p+1]

)

=
(
[[Q1,Q

′
1],Q′′1 ] + (−1)qq

′
[Q′1, [Q1,Q

′′
1 ]], · · · ,

∑
j+k+l=i+2

[[Ql ,Q
′
j ],Q

′′
k ] + (−1)qq

′
[Q′j , [Ql ,Q

′′
k ]]

︸                                                    ︷︷                                                    ︸
i−th place

,

· · · , [[Qm+1,Q
′
n+1],Q′′p+1] + (−1)qq

′
[Q′n+1, [Qm+1,Q

′′
p+1]]

)
= [[[[(Q1, · · · ,Qm+1), (Q′1, · · · ,Q

′
n+1)]], (Q′′1 , · · · ,Q

′′
p+1)]]

+(−1)qq
′
[[(Q′1, · · · ,Q

′
n+1), [[(Q1, · · · ,Qm+1), (Q′′1 , · · · ,Q

′′
p+1)]]]].

• Let (Q1, · · · ,Qm+1) ∈ Codermc,q(∆r ) and (Q′1, · · · ,Q
′
n+1) ∈ Codernc,q′ (∆r ′ ). We have

Φ([[(Q1, · · · ,Qm+1), (Q′1, · · · ,Q
′
n+1)]]

= Φ
(
([Q1,Q

′
1], · · · ,

∑
j+k=i+1

[Qj ,Q
′
k]︸            ︷︷            ︸

i−th place

, · · · , [Qm+1,Q
′
n+1])

)

=
∑m+n+1
i=1

∑
k+j=i+1 [Qj ,Q′k]

= [Q1 + · · ·+Qm+1,Q
′
1 + · · ·+Q′n+1]

= [Φ(Q1, · · · ,Qm+1),Φ(Q′1, · · · ,Q
′
n+1)].

• Let (Q,Q′) ∈ Coder1
c,1(∆1). We therefore have

[[(Q,Q′), (Q,Q′)]] =
(
[Q,Q], [Q,Q′] + [Q′ ,Q], [Q′ ,Q′]

)
=

(
[Q,Q], [Q,Q′]− (−1)1×1[Q,Q′], [Q′ ,Q′]

)
=

(
[Q,Q],2[Q,Q′], [Q′ ,Q′]

)
.

Then, (Q,Q′) is up to homotopy compatible if and only if [[(Q,Q′), (Q,Q′)]] = 0.
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We obtain the following theorem:

Theorem 4.4. An up to homotopy compatible Hom-right-symmetric algebra (g,Q,Q′ ,α) is a (graded)
vector space g, a degree zero map α : g→ g and a coderivation (Q,Q′) ∈ Coder1

c,1(∆1) of g[1]⊗ S(g[1])
such that

[[(Q,Q′), (Q,Q′)]] = 0.

5 Representations and cohomologies of compatible Hom-right-symmetric
algebras

5.1 Representations

Definition 5.1. A representation of a compatible Hom-right-symmetric algebra (g,µ,µ′ ,α) on a vector
spaceM with respect the linear map αM :M→M, consist of (L,R,L′ ,R′), where L,R,L′ ,R′ : g→ gl(M)
are four linear maps such that for any k, l ∈K, the 4-tuple (M,kL+lL′ , kR+lR′ ,αM ) is a representation
of the Hom right-symmetric algebra(g, kµ+ lµ′ ,α).
In this case, (M,L,R,L′ ,R′ ,αM ) is called a compatible representation of (g,µ,µ′ ,α), or simply we say
that M is a compatible g-module.

Proposition 5.2. Let (g,µ,µ′ ,α) be a compatible Hom-right-symmetric algebra. Then,
(M,L,R,L′ ,R′ ,αM ) is a compatible representation of (g,µ,µ′ ,α) if and only if (M,L,R,αM ) is a represen-
tation of the Hom-right-symmetric algebra (g,µ,α), (M,L′ ,R′ ,αM ) is a representation of the Hom-right-
symmetric algebra (g,µ′ ,α) and the two following (compatible) identities holds

R
(
µ′(x,y)−µ′(y,x)

)
◦αM −R(α(y)) ◦R′(x) +R(α(x)) ◦R′(y)

+R′
(
µ(x,y)−µ(y,x)

)
◦αM −R′(α(y)) ◦R(x) +R′(α(x)) ◦R(y)

= 0,

and
L(α(x)) ◦L′(y)−L(µ′(x,y)) ◦αM −L(α(x)) ◦R′(y) +R(α(y)) ◦L′(x)
+L′(α(x)) ◦L(y)−L′(µ(x,y)) ◦αM −L′(α(x)) ◦R(y) +R′(α(y)) ◦L(x)
= 0.

Remark 5.3. If (M,L,R,L′ ,R′ ,αM ) is a compatible representation of (g,µ,µ′ ,α), then for each natural
number r, (M,Lr ,Rr ,L′r ,R

′
r ,αM ) is also a representation, where Lr = L◦ (αr ), Rr = R◦ (αr ), L′r = L′ ◦ (αr )

and R′r = R′ ◦ (αr ).
Therefore, if α invertible, the same result hold for each integer r.

Example 5.4. The simplest example of compatible respresentation is the trivial representation, i.e.,
M = K, L = R = L′ = R′ = 0 and αM = id

K
.

The fundamental example of compatible respresentation is the adjoint-representation. Let :
M = g, L(x)(y) = µ(x,y), R(x)(y) = µ(y,x), L′(x)(y) = µ′(x,y), R′(x)(y) = µ′(y,x) and αM = α.

Proposition 5.5. Let (M,L,R,L′ ,R′ ,αM ) be a compatible representation of the compatible Hom-right-
symmetric algebra (g,µ,µ′ ,α). For all x,y ∈ g, u,v ∈M, define

µL,R((x,u), (y,v)) = (µ(x,y),L(x)(v) +R(y)(u)), (8)

µ′L′ ,R′ ((x,u), (y,v)) = (µ′(x,y),L′(x)(v) +R′(y)(u)), (9)

(α +αM )(x,u) = (α(x),αM(u)). (10)

Then, (g×M,µL,R,µ′L′ ,R′ ,α +αM ) is a compatible Hom-right-symmetric algebra.
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Proof. Let (M,L,R,L′ ,R′ ,αM ) be a compatible representation of the compatible Hom-right-symmetric
algebra (g,µ,µ′ ,α).
Let QL,R = µL,R and Q′L′ ,R′ = µ′L′ ,R′ . Then, (g ×M,µL,R,µ′L′ ,R′ ,α + αM ) is a compatible Hom-right-
symmetric algebra if and only if [[(QL,R,Q′L′ ,R′ ), (QL,R,Q

′
L′ ,R′ )]] = 0.

Since (M,L,R,αM ) is a representation of (g,µ,α), then by Proposition 2.8, (g ×M,µL,R,α + αM ) is a
Hom-right-symmetric algebra then

[QL,R,QL,R] = 0 (11)

Since (M,L′ ,R′ ,αM ) is a representation of (g,µ′ ,α), according to Lemma 2.8, the triple (g×M,µ′L′ ,R′ ,α+
αM ) is a Hom-right-symmetric algebra, then

[Q′L′ ,R′ ,Q
′
L′ ,R′ ] = 0. (12)

We have
[QL,R,Q′L′ ,R′ ] = QL,R ◦Q′L′ ,R′ +Q

′
L′ ,R′ ◦QL,R.

For all x,y,z ∈ g, u,v,w ∈M, we have

QL,R ◦Q′L′ ,R′
(
(x,u)⊗ (y,v) · (z,w)

)
=

−QL,R
(
Q′L′ ,R′ ((x,u), (z,w)), (α(y),αM(v))

)
−QL,R

(
(α(x),αM(u)),Q′L′ ,R′ ((y,v), (z,w))

)
+QL,R

(
(α(x),αM(u)),Q′L′ ,R′ ((z,w), (y,v))

)
=

(
µ(µ′(x,y),α(z)),L(µ′(x,y))(αM(w)) +R(α(z)) ◦L′(x)(v) +R(α(z)) ◦R′(y)(u)

)
−
(
µ(µ′(x,z),α(y)),L(µ′(x,z))(αM(v)) +R(α(y)) ◦L′(x)(w) +R(α(y)) ◦R′(z)(u)

)
−
(
µ(α(x),µ′(y,z)),L(α(x)) ◦L′(y)(w) +L(α(x)) ◦R′(z)(v) +R(µ′(y,z))(αM(u))

)
+
(
µ(α(x),µ′(z,y)),L(α(x)) ◦L′(z)(v) +L(α(x)) ◦R′(y)(w) +R(µ′(z,y))(αM(u))

)
.

Similarly

Q′L′ ,R′ ◦QL,R
(
(x,u)⊗ (y,v) · (z,w)

)
=

=
(
µ′(µ(x,y),α(z)),L′(µ(x,y))(αM(w)) +R′(α(z)) ◦L(x)(v) +R′(α(z)) ◦R(y)(u)

)
−
(
µ′(µ(x,z),α(y)),L′(µ(x,z))(αM(v)) +R′(α(y)) ◦L(x)(w) +R′(α(y)) ◦R(z)(u)

)
−
(
µ′(α(x),µ(y,z)),L′(α(x)) ◦L(y)(w) +L′(α(x)) ◦R(z)(v) +R′(µ(y,z))(αM(u))

)
+
(
µ′(α(x),µ(z,y)),L′(α(x)) ◦L(z)(v) +L′(α(x)) ◦R(y)(w) +R′(µ(z,y))(αM(u))

)
.

Then,

[QL,R,Q′L′ ,R′ ]
(
(x,u)⊗ (y,v) · (z,w)

)
=

=
(
µ(µ′(x,y),α(z)),L(µ′(x,y))(αM(w)) +R(α(z)) ◦L′(x)(v) +R(α(z)) ◦R′(y)(u)

)
−
(
µ(µ′(x,z),α(y)),L(µ′(x,z))(αM(v)) +R(α(y)) ◦L′(x)(w) +R(α(y)) ◦R′(z)(u)

)
−
(
µ(α(x),µ′(y,z)),L(α(x)) ◦L′(y)(w) +L(α(x)) ◦R′(z)(v) +R(µ′(y,z))(αM(u))

)
+
(
µ(α(x),µ′(z,y)),L(α(x)) ◦L′(z)(v) +L(α(x)) ◦R′(y)(w) +R(µ′(z,y))(αM(u))

)
+
(
µ′(µ(x,y),α(z)),L′(µ(x,y))(αM(w)) +R′(α(z)) ◦L(x)(v) +R′(α(z)) ◦R(y)(u)

)
−
(
µ′(µ(x,z),α(y)),L′(µ(x,z))(αM(v)) +R′(α(y)) ◦L(x)(w) +R′(α(y)) ◦R(z)(u)

)
−
(
µ′(α(x),µ(y,z)),L′(α(x)) ◦L(y)(w) +L′(α(x)) ◦R(z)(v) +R′(µ(y,z))(αM(u))

)
+
(
µ′(α(x),µ(z,y)),L′(α(x)) ◦L(z)(v) +L′(α(x)) ◦R(y)(w) +R′(µ(z,y))(αM(u))

)
.
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Since (g,µ,µ′ ,α) is a compatible Hom-right-symmetric algebra, then

µ(µ′(x,y),α(z))−µ(µ′(x,z),α(y))−µ(α(x),µ′(y,z)) +µ(α(x),µ′(z,y))
+µ′(µ(x,y),α(z))−µ′(µ(x,z),α(y))−µ′(α(x),µ(y,z)) +µ′(α(x),µ(z,y))
= 0.

Since (M,L,R,L′ ,R′ ,αM ) is a compatible representation, then by using the compatibility identities
(Proposition 5.2) we obtain

R(α(z)) ◦R′(y)(u)−R(α(y)) ◦R′(z)(u)−R(µ′(y,z))(αM(u))−R(µ′(z,y))(αM(u))
+R′(α(z)) ◦R(y)(u)−R′(α(y)) ◦R(z)(u)−R′(µ(y,z))(αM(u)) +R′(µ(z,y))(αM(u))
= 0,

R(α(z)) ◦L′(x)(v)−L(µ′(x,z))(αM(v))−L(α(x)) ◦R′(z)(v) +L(α(x)) ◦L′(z)(v)
R′(α(z)) ◦L(x)(v)−L′(µ(x,z))(αM(v))−L′(α(x)) ◦R(z)(v) +L′(α(x)) ◦L(z)(v)
= 0,

L(µ′(x,y))(αM(w))−R(α(y)) ◦L′(x)(w)−L(α(x)) ◦L′(y)(w) +L(α(x)) ◦R′(y)(w)
+L′(µ(x,y))(αM(w))−R′(α(y)) ◦L(x)(w)−L′(α(x)) ◦L(y)(w) +L′(α(x)) ◦R(y)(w)
= 0.

Thus, [QL,R,Q′L′ ,R′ ] = 0, and with (11) and (12), we conclude that
[[(QL,R,Q′L′ ,R′ ),QL,R,Q

′
L′ ,R′ )]] = 0, wich implies that (g ×M,µL,R,µ′L′ ,R′ ,α + αM ) is a compatible Hom-

right-symmetric algebra.

5.2 Cohomology

Let (M,L,R,L′ ,R′ ,αM ) be a compatible representation of a compatible Hom-right-symmetric algebra
(g,µ,µ′ ,α). For n ≥ 1, define

Cnc (g,M) = Cn(g,M)⊕ · · · ⊕Cn(g,M)︸                         ︷︷                         ︸
n−copies

,

Let now define the operator dcn : Cnc (g,M)→ Cn+1
c (g,M) by:

dcn(C1, · · · ,Cn) = (−1)nψ−1
n+1

(
[[(QL,R,Q

′
L′ ,R′ ), (ψn(C1), · · · ,ψn(Cn))]]

)
, ∀n ≥ 1. (13)

Theorem 5.6. With the above notation, for each n ≥ 1, we have

dcn+1 ◦ d
c
n = 0. (14)

Proof. Let (C1, · · · ,Cn) ∈ Cnc (g,M). we have

dcn(C1, . . . ,Cn) = (−1)nψ−1
n+1

(
[[(QL,R,Q

′
L′ ,R′ ),

(
ψn(C1), . . . ,ψn(Cn)

)
]]
)

Then dcn+1◦dcn
(
C1, . . . ,Cn

)
= −ψ−1

n+2

(
[[(QL,R,Q′L′ ,R′ ), [[(QL,R,Q

′
L′ ,R′ ), (ψn(C1), . . . ,ψn(Cn))]]]]. Since [[(QL,R,Q′L′ ,R′ ), (QL,R,Q

′
L′ ,R′ )]] =

0, then with regard to Jacobi identity of the graded Lie bracket [[·, ·]], we obtain

dcn+1 ◦ d
c
n = 0.
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Let (M,L,R,L′ ,R′ ,αM ) be a compatible representation of a compatible Hom-right-symmetric alge-
bra (g,µ,µ′ ,α).
For each n ≥ 0, denote by dn : Cn(g,M)→ Cn+1(g,M) the coboundary operator associated to the repre-
sentation (M,L,R,αM ) of the Hom-right-symmetric algebra (g,µ,α) and denote by d′n the coboundary
operator associated to the representation (M,L′ ,R′ ,αM ) of the Hom-right-symmetric algebra (g,µ′ ,α).
Recall that for each n ≥ 1 and C ∈ Cn(g,M), we have

dnC = (−1)nψ−1
n+1

(
[QL,R,ψn(C)]

)
and d′nC = (−1)nψ−1

n+1

(
[Q′L′ ,R′ ,ψn(C)]

)
.

Proposition 5.7. For each n ≥ 1 and (C1, · · · ,Cn) ∈ Cnc (g,M), we have

dcn(C1, · · · ,Cn) = (dnC1,dnC2 + d′nC1, · · · ,dnCi + d′nCi−1︸           ︷︷           ︸
i−th place

, · · · ,d′nCn).

Proof. Let (C1, · · · ,Cn) ∈ Cnc (g,M). We have

dcn(C1, · · · ,Cn) = (−1)nψ−1
n+1

(
[[(QL,R,Q′L′ ,R′ ), (ψn(C1), · · · ,ψn(Cn))]]

)
= (−1)nψ−1

n+1

(
[QL,R,ψn(C1)], . . . , [QL,R,ψn(Ci)] + [Q′L′ ,R′ ,ψn(Ci−1)]︸                                    ︷︷                                    ︸

i th−place

,

. . . , [Q′L′ ,R′ ,ψn(Cn)]
)

= (−1)n
(
ψ−1
n+1[QL,R,ψn(C1)], . . . ,ψ−1

n+1[QL,R,ψn(Ci)] +ψ−1
n+1[Q′L′ ,R′ ,ψn(Ci−1)],

. . . ,ψ−1
n+1[Q′L′ ,R′ ,ψn(Cn)]

)
=
(
dnC1,dnC2 + d′nC1, . . . ,dnCi + d′nCi−1, . . . ,d

′
nCn

)
.

Definition 5.8. A zero-cochain is a vector m ∈M such that αM(m) =m and for all x,y ∈ g:

R(α(y)) ◦R(x)(m) = R(µ(x,y))(m),
R′(α(y)) ◦R′(x)(m) = R′(µ′(x,y))(m),
L(x)(m)−R(x)(m) = L′(x)(m)−R′(x)(m).

For a zero-cochain m, define dc0(m)(x) = L(x)(m)−R(x)(m). Then,

dc1(dc0(m))(x) = (d1(d0(m))(x),d′1(d′0(m))(x)) = (0,0).

Corollary 5.9. For each n ≥ 0, we have

dcn+1 ◦ d
c
n = 0.

Notation: Let (M,L,R,L′ ,R′ ,αM ) be a compatible representation of a compatible Hom-right-symmetric
algebra (g,µ,µ′ ,α). Denote H0

c (g,M) = Z0
c = ker(dc0), and for each n ≥ 1, denote Znc = ker(dcn),

Bnc = Im(dcn−1). Denote by Hn
c (g,M) = Znc /B

n
c the space of n-th-cohomology group.
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6 Trivial representation and central extensions

Let (g,µ,µ′ ,α) be a compatible Hom-right-symmetric algebra. The compatible trivial representation
is (M,L,R,L′ ,R′ ,αM ), where M = K, L = R = L′ = R′ = 0 and αM = id.
By a simple computation, we show that
H0
c (g,K) = K and H1

c (g,K) =
{
C ∈ C1

c (g,K) : C
(
µ(x,y)

)
= C

(
µ′(x,y)

)
= 0, ∀x,y ∈ g

}
.

Let (C,C′) ∈ C2
c (g,K), for all x,y ∈ g and s, t ∈K define on g⊕K,

µ+
(
(x,s), (y, t)

)
=
(
µ(x,y),C(x,y)

)
, µ′+

(
(x,s), (y, t)

)
=
(
µ′(x,y),C′(x,y)

)
,

α+(x,s) =
(
α(x), s

)
.

Theorem 6.1. With the above stated notation, the 4-tuple (g ⊕K,µ+,µ′+,α+) is a compatible Hom-
right-symmetric algebra if and only if dc2(C,C′) = 0.

Proof. On the one hand, we have α+
(
µ+((x,s), (y, t))

)
=
(
α(µ(x,y)),C(x,y)

)
.

On the other hand, we have µ+
(
α+(x,s),α+(y, t)

)
=
(
µ(α(x),α(y)),C(α(x),α(y))

)
.

Since α(µ(x,y)) = µ(α(x),α(y)) and by definition of the cochain C, we have
C(α(x),α(y)) = αM ◦C(x,y) = C(x,y), then α+

(
µ+((x,s), (y, t))

)
= µ+

(
α+(x,s),α+(y, t)

)
. We deduce that

α+ is a morphism for the product µ+.
Similarly, by the same method, it is easy to show that α+ is multiplicative for the product µ′+.
Now, to show that (g⊕K,µ+,µ′+,α+) is a compatible Hom-right-symmetric algebra, we need to prove
[[(Q+,Q′+), (Q+,Q′+)]] = 0, where Q+ = µ+ and Q′+ = µ′+. Or [[(Q+,Q′+), (Q+,Q′+)]] = 0 equivalent to
prove [Q+,Q+] = 0, [Q′+,Q′+] = 0 and [Q+,Q′+] = 0. Let x,y,z ∈ g and s, r, t ∈K. We have

1
2 [Q+,Q+]

(
(x,s)⊗ (y, r).(z, t)

)
= Q+

(
Q+((x,s), (y, r)),α+(z, t)

)
−Q+

(
α+(x,s),Q+((y, r), (z, t))

)
−Q+

(
Q+((x,s), (z, t)),α+(y, r)

)
+Q+

(
α+(x,s),Q+((z, t), (y, r))

)
=

(
µ(µ(x,y),α(z)),C(µ(x,y),α(z))

)
−
(
µ(α(x),µ(y,z)),C(α(x),µ(y,z))

)
−
(
µ(µ(x,z),α(y)),C(µ(x,z),α(y))

)
+
(
µ(α(x),µ(z,y)),C(α(x),µ(z,y))

)
=

(
0,−d2C(x⊗ y.z)

)
,

We obtain [Q+,Q+] = 0 if and only if d2C = 0.
Similarly, by the same computation, it is easy to see that [Q′+,Q′+] = 0 if and only if d′2C

′ = 0.
Let’s now compute [Q+,Q′+]

(
(x,r)⊗ (y,s).(z, t)

)
.
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We have [Q+,Q′+] =Q+ ◦Q′+ +Q′+ ◦Q+, then

[Q+,Q′+]
(
(x,s)⊗ (y, r).(z, t) = (Q+ ◦Q′+ +Q′+ ◦Q+)

(
(x,s)⊗ (y, r).(z, t)

)
= Q+

(
Q′+

(
(x,s), (y, r)

)
,α+(z, t)

)
−Q+

(
α+(x,s),Q′+

(
(y, r), (z, t)

))
−Q+

(
Q′+

(
(x,s), (z, t)

)
,α+(y, r)

)
+Q+

(
α+(x,s),Q′+

(
(z, t), (y, r)

))
+Q′+

(
Q+

(
(x,s), (y, r)

)
,α+(z, t)

)
−Q′+

(
α+(x,s),Q+

(
(y, r), (z, t)

))
−Q′+

(
Q+

(
(x,s), (z, t)

)
,α+(y, r)

)
+Q′+

(
α+(x,s),Q+

(
(z, t), (y, r)

))
=

(
µ(µ′(x,y),α(z)),C(µ′(x,y),α(z))

)
−
(
µ(α(x),µ′(y,z)),C(α(x),µ′(y,z))

)
−
(
µ(µ′(x,z),α(y)),C(µ′(x,z),α(y))

)
+
(
µ(α(x),µ′(z,y)),C(α(x),µ′(z,y))

)
+
(
µ′(µ(x,y),α(z)),C′(µ(x,y),α(z))

)
−
(
µ′(α(x),µ(y,z)),C′(α(x),µ(y,z))

)
−
(
µ′(µ(x,z),α(y)),C′(µ(x,z),α(y))

)
+
(
µ′(α(x),µ(z,y)),C′(α(x),µ(z,y))

)
The first component in the last sum is zero (because µ and µ′ are compatible). The second component
is exactly −(d′2C + d2C

′)(x⊗ y.z). Then [Q+,Q′+] = 0 if and only if

d′2C + d2C
′ = 0.

Thus, we conclude that [[(Q+,Q′+), (Q+,Q′+)]] = 0 if and only if dc2(C,C′) = 0. This finishing the
proof.

Definition 6.2. With the above notation, the compatible Hom-right-symmetric algebra
(g+,µ+,µ′+,α+) associated to the cochain (C,C′) is called a central extension of (g,µ,µ′ ,α).
Two central extensions (g+

1 ,µ
+
1 ,µ

′+
1 ,α

+) and (g+
2 ,µ

+
2 ,µ

′+
2 ,α

+) associated respectively to cochains (C1,C
′
1)

and (C2,C
′
2) are said to be equivalent, if there exists a morphism f + : g+

1 → g+
2 of compatible Hom-

right-symmetric algebras of the form f +(x,s) =
(
x,s+ f (x)

)
, with f : g→K such that f ◦α = f .

Proposition 6.3. Two central extensions (g+
1 ,µ

+
1 ,µ

′+
1 ,α

+) and (g+
2 ,µ

+
2 ,µ

′+
2 ,α

+) associated respectively to
cochains (C1,C

′
1) and (C2,C

′
2) are equivalent if and only if (C1,C

′
1)− (C2,C

′
2) is exact.

Proof. Since f + is a morphism of compatible Hom-right-symmetric algebra, then from
f +

(
µ+

1 ((x,s), (y, r))
)

= µ+
2

(
f +(x,s), f +(y, r)

)
for all x,y ∈ g, s, r ∈K, we obtain

C1(x,y)−C2(x,y) = −f (µ(x,y)) = d1f (x,y). (15)

Similarly, from f +
(
µ
′+
1 ((x,s), (y, r))

)
= µ

′+
2

(
f +(x,s), f +(y, r)

)
for all x,y ∈ g, s, r ∈K, we obtain

C′1(x,y)−C′2(x,y) = −f (µ′(x,y)) = d′1f (x,y). (16)

The equations (15) and (16) give that

(C1,C
′
1)− (C2,C

′
2) = dc1f , (17)

which means that (C1,C
′
1)− (C2,C

′
2) is exact.



16 Moroccan Journal of Algebra and Geometry with Applications / A. Saïdi

7 Linear deformations of regular compatible Hom-right-symmetric al-
gebras

Let (g,µ,µ′ ,α) be a regular compatible Hom-right-symmetric algebra and (g,L,R,L′ ,R′ ,α) be the ad-
joint representation of it. i.e., for all x,y ∈ g:

L(x)(y) = µ(x,y), R(x)(y) = µ(y,x), L′(x)(y) = µ′(x,y), R′(x)(y) = µ′(y,x).

For the remaining of this section, we study linear deformations of (g,µ,µ′ ,α) by using the cohomology
with the compatible representation (g,L−1,−1,R−1,−1,L

′
−1,−1,R

′
−1,−1,α).

Let (C,C′) ∈ C2
c (g,g). For all x,y ∈ g, t ∈K, define

µt(x,y) = µ(x,y) + tC
(
x,y

)
,

µ′t(x,y) = µ′(x,y) + tC′
(
x,y

)
,

Definition 7.1. With the above notation, if (g,µt ,µ′t ,α) is a compatible Hom-right-symmetric algebra,
we say that (C,C′) generates a (one parameter) linear deformation of (g,µ,µ′ ,α).

Proposition 7.2. With the above notation, (C,C′) generates a linear deformation of (g,µ,µ′ ,α) if and only
if dc2(C,C′) = 0 and (g,C,C′ ,α) is a compatible Hom-right-symmetric algebra.

Proof. It is easy to see that α ◦µt = µt(α,α), α ◦µ′t = µ′t(α,α).
Then, (g,µt ,µ′t ,α,β) is a compatible Hom-right-symmetric algebra if and only if for all t ∈K,

[[(Qt ,Q
′
t), (Qt ,Q

′
t)]] = 0, (18)

where Qt = µt and Q′t = µ′t.
To shown (18), we need to show that [Qt ,Qt] = 0, [Qt ,Q′t] = 0 and [Q′t ,Q

′
t] = 0.

It is easy to see that Qt(x,y) =Q(x,y) + tC(x,y), Q′t(x,y) =Q′(x,y) + tC′(x,y)
where Q(x,y) = µ(x,y) and Q′(x,y) = µ′(x,y).
Let’s first compute [Qt ,Qt]. For all x,y,z ∈ g, we have

1
2 [Qt ,Qt](x⊗ y.z) = Qt

(
Qt(x⊗ y),α(z)

)
−Qt

(
Qt(x,z),α(y)

)
−Qt

(
α(x),Qt(y,z)

)
+Qt

(
α(x),Qt(z,y)

)
.

By a simple computation, we prove

1
2 [Qt ,Qt](x⊗ y.z) = µ(µ(x,y),α(z))−µ(µ(x,z),α(y))

−µ(α(x),µ(y,z)) +µ(α(x),µ(z,y))
+t

(
C(µ(x,y),α(z)) +µ(C(x,y),α(z))−C(µ(x,z),α(y))

−µ(C(x,z),α(y))−C(α(x),µ(y,z))−µ(α(x),C(y,z))
+C(α(x),µ(z,y)) +µ(α(x),C(z,y))

)
+t2

(
C(C(x,y),α(z))−C(C(x,z),α(y))

−C(α(x),C(y,z)) +C(α(x),C(z,y))
)

Since (g,µ,α) is a Hom-right-symmetric algebra, then

µ(µ(x,y),α(z))−µ(µ(x,z),α(y))−µ(α(x),µ(y,z)) +µ(α(x),µ(z,y)) = 0.
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Therefore, it is easy to observe that, for each t ∈K, [Qt ,Qt] = 0 if and only if

C(µ(x,y),α(z)) +µ(C(x,y),α(z))−C(µ(x,z),α(y))
−µ(C(x,z),α(y))−C(α(x),µ(y,z))−µ(α(x),C(y,z))
+C(α(x),µ(z,y)) +µ(α(x),C(z,y)) = 0,

and C(C(x,y),α(z))−C(C(x,z),α(y))−C(α(x),C(y,z)) +C(α(x),C(z,y)) = 0, which means that d2C = 0
and (g,C,α) is a Hom-right-symmetric algebra.
Secondly, using the same computation, it is easily to show that, [Q′t ,Q

′
t] = 0 for each t ∈K if and only

if d′2C
′ = 0 and (g,C′ ,α) is a Hom-right-symmetric algebra.

Now, let’s compute [Qt ,Q′t](x⊗ y.z) for all x,y,z ∈ g. Then, we have

[Qt ,Q′t](x⊗ y.z) = Qt(Q′t(x⊗ y),α(z))−Qt(Q′t(x,z),α(y))
−Qt(α(x),Q′t(y,z)) +Qt(α(x),Q′t(z,y))
+Q′t(Qt(x⊗ y),α(z))−Q′t(Qt(x,z),α(y))
−Q′t(α(x),Qt(y,z)) +Q′t(α(x),Qt(z,y))

= µ
(
µ′(x,y),α(z)

)
+ tµ

(
C′(x,y),α(z)

)
+tC

(
µ′(x,y),α(z)

)
+ t2C

(
C′(x,y),α(z)

)
−µ

(
µ′(x,z),α(y)

)
− tµ

(
C′(x,z),α(y)

)
−tC

(
µ′(x,z),α(y)

)
− t2C

(
C′(x,z),α(y)

)
−µ

(
α(x),µ′(y,z)

)
− tµ

(
α(x),C′(y,z)

)
−tC

(
α(x),µ′(y,z)

)
− t2C

(
α(x),C′(y,z)

)
+µ

(
α(x),µ′(z,y)

)
+ tµ

(
α(x),C′(z,y)

)
+tC

(
α(x),µ′(z,y)

)
+ t2C

(
α(x),C′(z,y)

)
+µ′

(
µ(x,y),α(z)

)
+ tµ′

(
C(x,y),α(z)

)
+tC′

(
µ(x,y),α(z)

)
+ t2C′

(
C(x,y),α(z)

)
−µ′

(
µ(x,z),α(y)

)
− tµ′

(
C(x,z),α(y)

)
−tC′

(
µ(x,z),α(y)

)
− t2C′

(
C(x,z),α(y)

)
−µ′

(
α(x),µ(y,z)

)
− tµ′

(
α(x),C(y,z)

)
−tC′

(
α(x),µ(y,z)

)
− t2C′

(
α(x),C(y,z)

)
+µ′

(
α(x),µ(z,y)

)
+ tµ′

(
α(x),C(z,y)

)
+tC′

(
α(x),µ(z,y)

)
+ t2C′

(
α(x),C(z,y)

)
.

Since µ,µ′ are compatible, then

µ(µ′(x,y),α(z)−µ(µ′(x,z),α(y))−µ(α(x),µ′(y,z)) +µ(α(x),µ′(z,y))
µ′(µ(x,y),α(z)−µ′(µ(x,z),α(y))−µ′(α(x),µ(y,z)) +µ′(α(x),µ(z,y))
= 0,

then, we obtain

[Qt ,Q′t](x⊗ y.z) = t
(
µ(C′(x,y),α(z)) +C(µ′(x,y),α(z))−µ(C′(x,z),α(y))
−C(µ′(x,z),α(y))−µ(α(x),C′(y,z))−C(α(x),µ′(y,z))
+µ(α(x),C′(z,y)) +C(α(x),µ′(z,y)) +µ′(C(x,y),α(z))
+C′(µ(x,y),α(z))−µ′(C(x,z),α(y))−C′(µ(x,z),α(y))
−µ′(α(x),C(y,z))−C′(α(x),µ(y,z)) +µ′(α(x),C(z,y)) +C′(α(x),µ(z,y))

)
+t2

(
C(C′(x,y),α(z))−C(C′(x,z),α(y))−C(α(x),C′(y,z))

+C(α(x),C′(z,y)) +C′(C(x,y),α(z))−C′(C(x,z),α(y))
−C′(α(x),C(y,z)) +C′(α(x),C(z,y))

)
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Observe that, in the last equation, the terms in t sum up to (−d′2C − d2C
′)(x ⊗ y.z), then we obtain

[Qt ,Q′t] = 0 if and only if the terms in t and t2 vanish, which means that (d′2C + d2C
′) = 0 and C,C′

are compatible. Thus, we conclude that (C,C′) generate a linear deformation of (g,µ,µ′ ,α) if and only
dc2(C,C′) = 0 and (g,C,C′ ,α) is a compatible Hom-right-symmetric algebra.

Definition 7.3. Two linear deformations (g,µt,1,µ′t,1,α) and (g,µt,2,µ′t,2,α) of (g,µ,µ′ ,α) generated re-
spectively by (C1,C

′
1) and C2,C

′
2) are said to be equivalent, if there exists a linear operator Φ ∈ gl(g)

commute with α, such that Φt = Id + tΦ is a compatible Hom-right-symmetric algebras morphism
from (g,µt,1,µ′t,1,α) to (g,µt,2,µ′t,2,α).
In particalar, a linear deformation (g,µt ,µ′t ,α) generated by (C,C′) is said to be trivial if there exists a
linear operator Φ ∈ gl(g) commuting with α, such that Φt = Id + tΦ is a compatible morphism from
(g,µt ,µ′t ,α) to (g,µ,µ′ ,α).

Theorem 7.4. If two linear deformations (µt,1,µ′t,1) and (µt,2,µ′t,2) generated respectively by (C1,C
′
1)

and (C2,C
′
2) are equivalent, then (C1,C

′
1) and (C2,C

′
2) are in the same cohomology class of H2

c (g,g).

Proof. Suppose that, the two linear deformations (µt,1,µ′t,1) and (µt,2,µ′t,2) generated respectively by
(C1,C

′
1) and (C2,C

′
2) are equivalent. Let Φt(x) = x + tΦ(x) be a morphism of compatible Hom-right-

symmetric algebras from (g,µt,1,µ′t,1,α) to (g,µt,2,µ′t,2,α). Then, for all x,y ∈ g, we have

Φt

(
µt,1(x,y)

)
= µt,2

(
Φt(x),Φt(y)

)
, (19)

Φt

(
µ′t,1(x,y)

)
= µ′t,2

(
Φt(x),Φt(y)

)
. (20)

Departing from equation (19), we obtain the three following equations

C1

(
x,y

)
−C2

(
x,y

)
= µ

(
x,Φ(y)

)
+µ(Φ(x), y

)
−Φ

(
µ(x,y)

)
, (21)

Φ
(
C1(x,y)

)
= µ

(
Φ(x),Φ(y)

)
+C2

(
x,Φ(y)

)
+C2

(
Φ(x), y

)
, (22)

C2

(
Φ(x),Φ(y)

)
= 0. (23)

Similarly, from equation (20), we get

C′1
(
x,y

)
−C′2

(
x,y

)
= µ′

(
x,Φ(y)

)
+µ′(Φ(x), y

)
−Φ

(
µ′(x,y)

)
, (24)

Φ
(
C′1(x,y)

)
= µ′

(
Φ(x),Φ(y)

)
+C′2

(
x,Φ(y)

)
+C′2

(
Φ(x), y

)
, (25)

C′2
(
Φ(x),Φ(y)

)
= 0. (26)

Equation (21) means that C1 −C2 = d1Φ , and Equation (24) means that C′1 −C
′
2 = d′1Φ .

We deduce thus that, (C1,C
′
1) − (C2,C

′
2) = dc1Φ , which implies (C1,C

′
1) and (C2,C

′
2) are in the same

cohomology class of H2
c (g,g).

Remark 7.5. With the notation of theorem 7.4, suppose C2 = C′2 = 0, we obtain the following result:
the linear deformation (µt,1,µ′t,1) generated by (C1,C

′
1) is trivial if and only if

C1

(
x,y

)
= µ

(
x,Φ(y)

)
+µ(Φ(x), y

)
−Φ

(
µ(x,y)

)
, (27)

Φ
(
C1(x,y)

)
= µ

(
Φ(x),Φ(y)

)
, (28)

C′1
(
x,y

)
= µ′

(
x,Φ(y)

)
+µ′(Φ(x), y

)
−Φ

(
µ′(x,y)

)
, (29)

Φ
(
C′1(x,y)

)
= µ′

(
Φ(x),Φ(y)

)
. (30)
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The equations (27), (28), (29) and (30) motivate us to introduce the notion of Nijenhuis operator
on a regular compatible Hom-right-symmetric algebra.

Definition 7.6. Let (g,µ,µ′ ,α) be a regular compatible Hom-right-symmetric algebra. A linear map
N : g → g is called a Nijenhuis operator on (g,µ,µ′ ,α) if N is both a Nijenhuis operator on the
Hom-right-symmetric algebra (g,µ,α) and a Nijenhuis operator on the Hom-right-symmetric alge-
bra (g,µ′ ,α), i.e.,

N ◦α = α ◦N, (31)

µ
(
N (x),N (y)) =N (x ·N y), (32)

µ′
(
N (x),N (y)) =N (x ·′N y), (33)

for all x,y ∈ g, where x ·N y = µ
(
N (x), y

)
+µ

(
x,N (y)

)
−N

(
µ(x,y)

)
and

x ·′N y = µ′
(
N (x), y

)
+µ′

(
x,N (y)

)
−N

(
µ′(x,y)

)
.

Proposition 7.7. Let (g,µ,µ′ ,α) be a regular compatible Hom-right-symmetric algebra and N ∈ gl(g).
Then, N is a Nijenhuis operator on (g,µ,µ′ ,α) if and only if, for all k, l ∈K, N is a Nijenhuis operator on
the Hom-right-symmetric algebra (g, kµ+ lµ′ ,α).

Proof. LetN be a Nijenhuis operator on the regular compatible Hom-right-symmetric algebra (g,µ,µ′ ,α).
Consider µ′′ = kµ+ lµ′, then for all x,y ∈ g, we have

µ′′
(
N (x),N (y)

)
= kµ

(
N (x),N (y)

)
+ lµ′

(
N (x),N (y)

)
= kN

(
µ(N (x), y) +µ(x,N (y))−N (µ(x,y))

)
+lN

(
µ′(N (x), y) +µ′(x,N (y))−N (µ′(x,y))

)
= N

(
(kµ+ lµ′)(N (x), y) + (kµ+ lµ′)(x,N (y))−N

(
(kµ+ lµ′)(x,y)

))
= N

(
µ′′(N (x), y) +µ′′(x,N (y))−N (µ′′(x,y))

)
= N (x ·′′N y),

where x ·′′N y = µ′′(N (x), y) + µ′′(x,N (y))−N (µ′′(x,y)). Thus implies that N is a Nijenhuis operator on
the Hom-right-symmetric algebra (g, kµ+ lµ′ ,α).
It is easy to see that ·′′N = k ·N +l·′N .
Conversely, it is easy to prove the opposite.

Theorem 7.8. LetN be a Nijenhuis operator on the regular compatible Hom-right-symmetric algebra
(g,µ,µ′ ,α). Then a linear deformation (g,µt,1,µ′t,1,α,β) of (g,µ,µ′ ,α) can be obtained by putting

C1(x,y) = x ·N y and C′1(x,y) = x ·′N y,

for all x,y ∈ g.
Furthermore, this linear deformation (g,µt,1,µ′t,1,α) is trivial.

Proof. LetN be a Nijenhuis operator on a regular compatible Hom-right-symmetric algebra (g,µ,µ′ ,α).
Let C1(x,y) = x ·N y and C′1(x,y) = x ·′N y for all x,y ∈ g. By definition of the product ·N and ·′N , we have

C1(x,y) = µ(N (x), y) +µ(x,N (y))−N (µ(x,y)) = (d1N )(x,y),

and
C′1(x,y) = µ′(N (x), y) +µ′(x,N (y))−N (µ′(x,y)) = (d′1N )(x,y).

Then, gives (C1,C
′
1) = dc1N which implies that dc2(C1,C

′
1) = 0.

SinceN is a Nijenhuis operator on the Hom-right-symmetric algebra (g, kµ+lµ′ ,α), then with notation
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of Proposition 7.7, (g, ·′′ ,α) is a Hom-right-symmetric algebra, which means that (g, k ·N +l·′N ,α) is a
Hom-right-symmetric algebra for all k, l ∈K. Thus, (g, ·N , ·′N ,α) is a compatible Hom-right-symmetric
algebra. We conclude that (C1,C

′
1) generate a linear deformation.

Let Φ =N . By definition of the Nijenhuis operator on the compatible Hom-right-symmetric algebra,
it is easy to observe that, C1 verify the equations (27), (28) and C′1 verify the equations (28) and (30).
Observe that,Nt = id+tN is a morphism of compatible Hom-right-symmetric algebras from (g,µt,1,µ′t,2,α)
to (g,µ,µ′ ,α). This implies that, the linear deformation of (g,µ,µ′ ,α) generated by (C1,C

′
1) is triv-

ial.
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