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Abstract. This paper investigates the behavior of strongly Gorenstein projective, injective, and flat modules over the
amalgamated duplication R »< I of a commutative ring R along an ideal I. We establish conditions under which these
Gorenstein homological properties are preserved or transferred from R-modules to (R »< I)-modules via tensor products
and Hom functors. Furthermore, we compare the Gorenstein global dimension (G-gldim) and the weak Gorenstein global
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foundational work on trivial ring extensions and provide new tools for constructing rings with controlled homological
properties.
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1 Introduction

Throughout this paper, all rings are assumed to be commutative with identity, and all modules are
unital.

Gorenstein homological algebra, initiated by Auslander and Bridger [2] and further developed by
Enochs, Jenda, Holm, and others [16,[15,[19], provides a framework for extending classical homolog-
ical invariants to non-regular rings. In this context, notions such as Gorenstein projective, injective,
and flat modules play a central role, particularly in the study of Gorenstein rings and the complexity
of modules with infinite classical homological dimensions. A key simplification in the theory was
introduced by Bennis and Mahdou [3], who defined the class of strongly Gorenstein modules, which
we recall below.

The amalgamated duplication R><1, introduced by D’Anna and Fontana [8},[9,[10], constructs a new
ring from a commutative ring R and an ideal I as follows:

Rea[ ={(r,r+i)|reR,i€l},

with component-wise addition and multiplication. This pullback construction generalizes trivial
extensions and has proven to be a valuable tool for producing examples with specific homological
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properties [14} 20, 21]. While Gorenstein dimensions in trivial extensions have been studied ex-
tensively [22], their behavior in amalgamated duplications remains less understood, although some
cases have been explored in [20},21]]. This paper seeks to bridge that gap by extending the results of
[22] to the setting of amalgamated duplications.

We now recall some key definitions that will be used throughout our analysis.

Let R be a ring. An R-module M is said to be Gorenstein projective if there exists a totally acyclic
complex

P°=--->P >P—>P—--

consisting of projective modules such that the complex remains acyclic under the functor Hompy(—, Q)
for every projective R-module Q, and M = ker(Py — P_;).
Dually, M is Gorenstein injective if it is the cycle of a totally acyclic complex of injective modules:

E.:-n—)El—)Eo—)E_l—)“',

which remains acyclic under the functor Homg(I, —) for every injective R-module I, and M = ker(Ey —
E ).
An R-module M is called Gorenstein flat if there exists an acyclic complex of flat R-modules

F.: "'—)Fl —)Fo—)F_l —)F_z—)"'

such that M = ker(Fy — F_;) and the complex F ®y I is acyclic for every injective R-module I.
According to [3], an R-module M is strongly Gorenstein projective if and only if there exists a short
exact sequence

0>M->P5M—0,
where P is projective and the sequence remains exact under Hompg(—, Q) for all projective R-modules

Q. Likewise, M is strongly Gorenstein injective if there exists a short exact sequence

0->MSESM—0,

where E is injective and the sequence remains exact under Hompg(I, ) for all injective R-modules I.
An R-module M is called strongly Gorenstein flat if there exists a short exact sequence

0—>M£>FiM—>0

where F is a flat R-module, and for every injective R-module I, the sequence remains exact after

tensoring with I, that is,

P, Pl

is exact. Equivalently, TorR(M,I) = 0 for all injective R-modules I.
The Gorenstein projective dimension of M, denoted Gpdy(M), is the smallest non-negative integer
n (if such exists) such that there is an exact sequence

0-G,—»-—>Gy—>M-—=0,

where each G; is a Gorenstein projective R-module. If no such finite n exists, we write Gpdz (M) = co.
The Gorenstein injective dimension of M, denoted Gidg(M), is the smallest non-negative integer n
(if such exists) such that there is an exact sequence

0-M-I051 ... 5150,

where each I' is a Gorenstein injective R-module. If no such finite n exists, we write Gidg(M) = co.
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The Gorenstein flat dimension of M, denoted Gfdgz(M), is the smallest non-negative integer n (if
such exists) such that there is an exact sequence

0->Gy—»G—»>:—>G,—>M—0,

where each G; is a Gorenstein flat R-module. If no such finite n exists, we write Gfdg(M) = co.
The Gorenstein global dimension of R, denoted G-gldim(R), is defined by

G-gldim(R) := sup{Gpd (M) | M is an R-module}.

The weak Gorenstein global dimension of R, denoted wG-gldim(R), is defined by
wG-gldim(R) := sup{Gfdg(M) | M is an R-module}.

Our main contributions are as follows:

(i) We prove (Theorem that if M is a strongly Gorenstein projective (resp. injective, flat) R-
module, then M ®g (R><I) (resp. Homg(R»<I,M), M ®g (R><1)) is a strongly Gorenstein pro-
jective (resp. injective, flat) module over R < I, under certain conditions on pdy(I), fdgr(R»<1),
and the vanishing of / groups.

(ii) When I is flat, we establish the equalities (Theorem [3.2):

and
Gde(M) = GdeMI(M ®r (R > I))

For pure ideals, we show the inequalities (Corollary [3.4):
G-gldim(R) < G-gldim(R»<1),

and
wG-gldim(R) < wG-gldim(R > I).

(iii) We provide explicit examples, including infinite-dimensional cases and homological proper-

ties, illustrating the sharpness of our results.

Throughout this paper, the Gorenstein dimensions follow the conventions in [3} [19].

2 Main Results

Our first main result relates the strongly Gorenstein projective, injective, and flat modules over R
and those over R»<1I as follows.

Theorem 2.1. Let I be an ideal of R, and let M be an R-module. Then:

1. (a) Assume that pdy(I) < co. If M is a strongly Gorenstein projective R-module, then M ®x
(R»<1)is a strongly Gorenstein projective (R > I)-module.

(b) Conversely, suppose that I is a flat R-module. If M ®g (R > I) is a strongly Gorenstein
Yy, supp gly
projective (R > I)-module, then M is a strongly Gorenstein projective R-module.

2. Suppose that ’I‘Q(R »<[,M) =0 for all k > 1 and fdg(R»<I) < co. If M is a strongly Gorenstein
injective R-module, then Homg(R»< I, M) is a strongly Gorenstein injective (R »<I)-module.
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3. Assume that [ is a flat ideal of R. If M is strongly Gorenstein flat over R, then the (R »<I)-module
M ®g (R»1) is strongly Gorenstein flat.
To prove Theorem 2.1}, we need the following lemma.

Lemma 2.2. Let R be a commutative ring and I an ideal of R. If I is flat as an R-module, then the
amalgamated duplication ring R <1 is faithfully flat over R.

Proof. Note that Re<] = R@ I as R-modules. So, we get the result. O

Proof of Theorem[2.1} (1) (a) Suppose M is strongly Gorenstein projective over R. Then there exists
an exact sequence of R-modules

0->-M—->P->M-—0 (o7)

where P is projective by [3}, Proposition 2.9]. Since R><I = R@I as an R-module and pdy(I) < oo, we
have pdy(R>I) < co. From (e;), it follows that f(M,R ><]) =0 for all i > 1. Thus, the sequence

0> MQ®gr(R=<I)—>P®gr(R>=<I) > MQ®g(R=I)—0

is exact. Moreover, the (R »<I)-module P ®g (R > 1) is projective. For any projective (R »<I)-module
Q, we have pd(Q) < co by a well-known result due to Kaplansky that pdy M < pdg M +pdy S where
¢ : R — S isaring homomorphism. Since M is strongly Gorenstein projective, 11e><1 (M®g(R>1),Q) 2112
(M, Q) =0 by [5, Proposition 4.1.3, p. 118]. Thus, M ®g (R <) is strongly Gorenstein projective by
(3, Proposition 2.9].

(b) If I is flat over R, then R <[ is faithfully flat over R (Lemma . Suppose M Qg (R>1I)is a
strongly Gorenstein projective (R > I)-module. Then there exists an exact sequence

0 >MQ®pr(R=<I)—>F—>MQr(R=I)—0 (o7)

where F = (R»< 1)) is free. The sequence (e,) is equivalent to

0> M®g(R=<I)— RV @y (Re<I) > M®g (Rpal)— 0.
Since R»<] is faithfully flat, the sequence

0->M->RYVSM-0

is exact over R. Let P be projective over R. Then P ®g (R»<1) is projective over R> I, and

R(M,P@g (Real)) =k  (M®g (Ro<I),P®g (R><1))=0.
Since X(M,R>I) =0 for i > 1, we have

§(M,P g (ReaI)) =k (M, P)&f (M,PeRI) =0,

SO IIE(M,P) = 0. Thus, M is a strongly Gorenstein projective R-module.
(2) Assume that M is strongly Gorenstein injective over R. There exists an exact sequence

0O>M—>E->M-—0
where E is injective over R. Since ﬁ(R >, M) =0 for all k > 1, the sequence

0 - Homg(R><I,M) - Homg(R»<I,E) - Homg(R>~I,M)— 0
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is exact. The (R > I)-module Hompg(R > I, E) is injective because for any (R » I)-module Q, by [5,
Proposition 4.1.4, p. 118], we have

i (Q Hompg(R o< 1,E)) =k (Q,E) = 0.

Moreover, for any injective (R »<I)-module ], since fdg(R><I) < oo, we get that idg(]) < co.Also, by [5}
Proposition 4.1.4, p. 118], ' ‘
Roag (J, Hompg(R > I, M)) =}, (J,M) = 0.

Therefore, Homg(R»< 1, M) is strongly Gorenstein injective over R»<1.

(3) Suppose that M is a strongly Gorenstein flat R-module. By [3, Proposition 3.6], there exists an
exact sequence
0> M—-F->M-—0

where F is a flat R-module and 'IQ(M,E) = 0 for any injective R-module E and all k > 0. Since [ is flat,
R« is faithfully flat over R by Lemma s0 p(Rp»<I,M) =0 for all i > 0, and by [5] Proposition
4.1.1,p.117],

roal (M ®g (R><I),E) =4 (M,E) = 0.
Thus, the sequence

0 >MQ®gr(R<I)>FQgr(R=<I)>MQ®gr(R=<I)—0

is exact, and the (R »<I)-module F ®g (R »<I) is flat. Moreover, by [5, Proposition 4.1.2, p. 117], for
any injective (R><I)-module E’, we have

Rt (M ®g (R>< 1), E') = (M, E') = 0.
Therefore, M ®g (R><1) is strongly Gorenstein flat over R><1. O

Corollary 2.3. Let R be an integral domain and let I # 0 be a principal ideal of R. Then, for any strongly
Gorenstein R-module M, the module M ®g (Rw><I) is a strongly Gorenstein projective (R > I)-module.

Proof. Let M be a strongly Gorenstein R-module. Since R is an integral domain, every non-zero
element x € R is regular. Hence, the ideal I, being principal over an integral domain, is free and
therefore projective. Thus, pd(I) = 0 < co. By Theorem 2.1} it follows that M ®g (R <) is a strongly
Gorenstein projective (R > I)-module. O

Corollary 2.4. Let M be an R-module. Then:

1. Suppose that pdg(I) < co. If M is a Gorenstein projective R-module, then M®g (R > 1) is a Gorenstein
projective (R > I)-module.

2. Suppose that ﬁ(R >« [,M) =0 for all k > 1 and fdg(R > I) < co. If M is a Gorenstein injective
R-module, then the (R > I)-module Hompg(R »< 1, M) is Gorenstein injective.

Proof. By [3 Theorem 2.7], every Gorenstein projective (resp. injective) module is a direct summand
of a strongly Gorenstein projective (resp. injective) module. Since we have natural isomorphisms for
any modules over the same base ring R:

Homg(P & Q,N)=Hompg(P,N)®Homg(Q,N),
(POQ)®r N = (PR N)®(Q®r N),

we can apply Theorem to the strongly Gorenstein cases and then extend the result to direct
summands. Indeed, if M is a Gorenstein injective R-module, then there exists a strongly Gorenstein
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injective R-module N such that M& T = N for some T (by [3, Theorem 2.7]). Note that Ext’f{(R >
I,M)=0and Extllg(R > [, T) =0 because T is also Gorenstein injective, being a direct summand of a

strongly Gorenstein injective module; hence Ext’lg(R > I,N) = 0. The same reasoning applies to the
projective case. Therefore, the conclusions follow. O

Example 2.5. Consider the ring Z of integers, which is an integral domain, and let n and m be
two integers. The Z-module nZ is projective, being free, and similarly, mZ is a strongly Gorenstein
projective Z-module since it is projective. Thus, by Theorem[2.1[1), the (Z »< nZ)-module mZ®z(Z >
nZ) is strongly Gorenstein projective.

Example 2.6. Let R=2Z, I = nZ for an integer n > 2, and M = Q (the field of rational numbers). The
amalgamated duplication

Rl =ZvwnZ={(a,b) e ZxZ|b—aenZ)
is isomorphic to Z® nZ as a Z-module via (a,b) — (a,b — a). Note that
tdy(Z >~ nZ)=1fdyz(Z®nZ)=sup{fdy(Z),fdy(nZ)}.

Since fdz(Z) = 0 and fdz(nZ) = 0, it follows that fdz(Z»~<nZ) =0 < co.
Forall k>1,

b(Z~nz,Q)=

k
Z
=t (z,Q) ek (nZ,Q)
0, since Q is an injective Z-module.

Moreover, since Q is injective over Z, it is also strongly Gorenstein injective.
Hence, by Theorem 2.1 2), Homy(Z = nZ, Q) is strongly Gorenstein injective over Z > nZ.

Example 2.7. Let k be a field and set R := k[X,Y], and let I := (X) be the ideal of R generated by
X. Since I is free as an R-module, it is flat. Thus, for any strongly Gorenstein flat R-module N, the
(R>I)-module N ®g (R <) is strongly Gorenstein flat by Theorem [2.1f3).

3 Gorenstein global (weak) dimensions in an amalgamated duplication

Next, we compare the Gorenstein homological dimensions of R and R I.
We begin by bounding the Gorenstein projective and injective dimensions over R by those over
R ].

Theorem 3.1. Let I be an ideal of R, and let M be an R-module. Then we have the following inequal-
ities under the corresponding assumptions:

1. Assume that E(M,R ><]) =0 for all k > 1, and that Gpdy(M) < co. Then

2. Assume that II‘Q(R > [, M) =0 for all k > 1, and that Gidgz(M) < co. Then

GldR(M) < Gidle(HomR(R > I,M))
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Proof. (1) Suppose that ’I‘Q(M,R pa]) =0 for all k > 1, and that Gpdz(M) < co. By [5, Proposition 4.1.3,
p. 118], for any R-module P and every integer k > 1, we have

R(M,P®g (Re<I)) =k (M ®g (Ro<]),P®p (Ro<I)).

Assume that Gpdpg, (M ®g (R > 1)) < p for some integer p > 0. Let P be an arbitrary projective
R-module. Then P®g (R>I) is a projective (R > I)-module. Therefore, by [19], Theorem 2.20], for all
i > p we have

0 =h oy (M®g (Ro<I),P®g (Ro< 1)) =k (M,P®g (R><1)).

Note that _ ‘ '
R(M, P &g (R><1)) = (M, P) &y (M,P®gI).

Hence, both summands must vanish, so in particular %(M,P) = 0 for every projective R-module P
and for all i > p. Therefore,
Gpdir(M) <p.

Thus,
Gpdir(M) < Gpdg, (M ®g (R><1)).

(2) Assume that ﬁ(R >« [,M) =0 for all k > 1, and that Gidg(M) < co. By [5, Proposition 4.1.2,
p- 117], for any (R»>I)-module A and all integers n > 0, we have

R(A, M) =5 (A, Hompg(R > I, M)).

Assume that Gidg,(Hompg(R »<I,M)) < q for some integer ¢ > 0. Let E be an arbitrary injective
R-module. Then Homg(R > I, E) is an injective (R »< I)-module by Hom-tensor adjointness, so

roar (Homp(R o< I, E), Hompg(R>< I, M)) = 0
for all i > g by [19, Theorem 2.22]. By the above isomorphism with A = Homg(R»<1,E), we get
%(HomR(RMI,E),M) =0 foralli>q.
Since R><] = R® I as R-modules, we have
Hompg(R><1,E) = E®Hompg(I,E),

and hence, ‘ ' ‘
R(E®Homg(I,E), M) =, (E,M) &} (Homg(I,E),M) =0

for all i > g. Therefore, L(E, M) = 0 for every injective R-module E, which implies (by [19, Theorem
2.22]) that

Thus,
Gidgr(M) SGidRNI(HOInR(RMI,M)). ]

Now we seek two equalities for Gorenstein flat and Gorenstein projective dimensions under the
flatness of the ideal I. Similar equalities to those in Theorem [3.2] were established in [6]] for the flat
and projective dimensions.

Theorem 3.2. Let I be a non-zero flat ideal of a ring R. For any R-module M, we have:

(1) If Ris coherent and Gfdgr(M) < oo, then

Gfdg(M) = Gfd e (M ®g (R<I)).
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(2) If pdg(Re<I) < oo and Gpdyr(M) < oo, then

Lemma 3.3. [7, Proposition 2.14] Let S be an R-algebra of finite projective dimension. For every Goren-
stein projective R-module M, the S-module S ®g M is Gorenstein projective.

Proof. (1) Since I is flat, R»<1 is faithfully flat over R by Lemma|[2.2]

First, suppose Gfdg(M) < n. By [19] Proposition 3.10] we have Gfdg..;(M ®g (R»<1)) < Gfdg(M) <
n.

Conversely, suppose Gfdg..;(M ®g (R><1)) < n. Since R><I is coherent and Gfdg,.; (M ®g (R> 1)) <
n, we get that for every injective (R > I)-module N, fNI(N,M@)R(R > I)) = 0 for all k > n. In particular,
for any injective R-module E, the (R ><I)-module Homg(R > I, E) is injective, so

R<l(Homp(R»<I,E),M ®g (Re<1)) =0 forall k>n.
By [5} Proposition 4.1.2, p. 117], we have
R(E,M) =R (Homp(R»<1,E), M ®g (R><1)) = 0.

Therefore, Gfdg(M) < n by [19] Theorem 3.14].

(2) The proof is similar to (1) but uses [19, Theorem 3.10] . Since pdgz(R > I) < oo, for every
Gorenstein projective R-module M, the (R » I)-module M ®p (R »< I) is Gorenstein projective by
Lemmd3.3] The converse direction follows similarly using the fact that for any projective R-module
P, the (R »< I)-module P ®g (R > I) is projective and [5, Proposition 4.1.3, p. 118] instead of [5,
Proposition 4.1.2, p. 117]. O

Corollary 3.4. Let R be a ring and let I be a pure ideal of R. Then:
1. If R is coherent, then wG-gldim(R) < wG-gldim(R < I).
2. If pdg(Rp<I) < oo, then G-gldim(R) < G-gldim(R < I).
Proof. Let M be an R-module, and let I be a pure ideal of R. Since pure ideals are flat ([17, Lemma
V1.9.1 (ii)]), under the stated assumptions we may apply Theorem 3.2]to obtain
and
Gpdp(M) < Gpdg, (M ®g (R>< 1))

Taking the supremum over all R-modules M, we obtain the stated inequalities for the weak Goren-
stein global dimensions and Gorenstein global dimensions. O]

Example 3.5. Let n > 1 be an integer and set R =[]}, Z, and take I to be the ideal of R generated by
the idempotent element (1,0,0,...). Consider the amalgamated duplication ring Re< . Set S = (R >«
I)[X1,...,X,,] to be the polynomial ring in m indeterminates over R><I. Then

G-gldim(S) >m + 1.

Proof. Note that I is pure because it is generated by an idempotent. Moreover, by [4, Theorem 3.1],

we have
n
G-gldim []_[ z
i=1
since it is well known that G-gldim(Z) = 1. Moreover, R is coherent as a finite product of Noetherian
rings. Thus, applying Theorem we conclude that G-gldim(R > I) > 1. Therefore, by [4, Theorem
2.1] implies that

=1,

G-gldim(S) > m + 1. O
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