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Abstract.In this paper, we introduce the concepts of 1-absorbing prime and weakly 1-absorbing prime subsemimodules
over commutative semirings. Let S be a commutative semiring with 1 # 0 and M an S-semimodule. A proper subsemi-
module N of M is called 1-absorbing prime (weakly 1-absorbing prime) if, for all nonunits a4,b € S and m € M, abm € N
(0 # abm € N) implies ab € (N :g M) or m € N. We study many properties of these concepts. For example, we show that
a proper subsemimodule N of M is 1-absorbing prime if and only if for all proper ideals I,] of S and subsemimodule K
of M with IJK C N, either I] C (N :g M) or K C N. Also, we prove that a proper subtractive subsemimodule N of M is
weakly 1-absorbing prime if and only if for all proper ideals I,] of S and subsemimodule K of M with 0 # IJK C N, either
IJC(N:gM)or KCN.
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1 Introduction

Semirings are important algebraic structures with numerous applications in science and engineer-
ing. The concept of a semiring was first introduced by Vandiver [24] in 1934. Throughout, S denotes
a commutative semiring with nonzero identity and M denotes a unital S-semimodule, unless oth-
erwise stated. Let N be a subsemimodule of M. N is called subtractive if, whenever x,x +y € N,
then y € N for all x,y € M. The set {s € S | sM C N} forms an ideal of S and is denoted by (N :5 M).
In particular, the ideal (0 :g M) is called the annihilator of M and is denoted by Ann(M). For more
details on semirings, we may refer to [5} 1619} 24].

Let R be a commutative ring with 1 # 0 and I a proper ideal of R. I is called prime (weakly prime)
if, for all a,b € R, ab €I (0 # ab € I) implies a € [ or b € I. Badawi [8] introduced the concept of
2-absorbing ideals of commutative rings as a generalization of prime ideals. I is called 2-absorbing
if, for all a,b,c € R, abc € I implies ab € [ or ac € I or bc € I. Then Badawi and Yousefian [9] introduced
the concept of weakly 2-absorbing ideals of commutative rings as a generalization of weakly prime
ideals. I is called weakly 2-absorbing if, for all a,b,c € R, 0 # abc € I impliesabe I oracel or bceI.
Afterwards, Yassine et al. [25] (Kog et al. [17]) introduced the concept of 1-absorbing prime (weakly
1-absorbing prime) ideals of commutative rings as another generalization of prime (weakly prime)
ideals. I is called 1-absorbing prime (weakly 1-absorbing prime) if, for all nonunits a,b,c € R, abc € I
(0 # abc € I) implies ab € I or c € I. Recently, Ugurlu [23] introduced the concept of 1-absorbing
prime submodules of modules over commutative rings. A proper submodule N of an R-module M
is called 1-absorbing prime if, for all nonunits a,b € R and m € M, abm € N implies ab € (N :g M) or
m € N. For more details on the absorbing like-properties in commutative (semi)rings, we may refer
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to [11},13},18},19} 10}, 11}, 12,15}, 17, 21}, 22} [25].

In this paper, we define and study the concepts of 1-absorbing prime and weakly 1-absorbing
prime subsemimodules of semimodules over commutative semirings. Let S be a commutative semir-
ing, M an S-semimodule, and N a proper subsemimodule of M. N is called 1-absorbing prime
(weakly 1-absorbing prime) if, for all nonunits a,b € S and m € M, abm € N (0 # abm € N) implies
abe (N :g M)or meN.

In Section 2, we investigate some properties of 1-absorbing prime subsemimodules. For example,
we prove that if N is a 1-absorbing prime subsemimodule of M, then (N :g M) is a 1-absorbing prime
ideal of S. The converse of the last fact is not true in general (see Example[2.7). However, the converse
is true if M is an MC multiplication S-semimodule (see Corollary[2.15/(1)). In Theorem 2.4} we show
that if M has a 1-absorbing prime subsemimodule that is not prime, then S is a local semiring. In
Theorem we give a characterization of 1-absorbing prime subsemimodules.

In Section 3, we study some properties of weakly 1-absorbing prime subsemimodules. Firstly, we
will provide an example (Example of a weakly 1-absorbing prime subsemimodule that is not
1-absorbing prime. In Theorem 3.4} we give some characterizations of weakly 1-absorbing prime
subtractive subsemimodules. In Theorem we prove that if S is a local semiring and N is a
weakly 1-absorbing prime subtractive subsemimodule of M that is not 1-absorbing prime, then (N :g
M)?N =0.

2 1-absorbing prime subsemimodules

Henceforth, S will always denote a commutative semiring, M an S-semimodule, and N a proper
subsemimodule of M.

Definition 2.1. (1) N is called prime if for all a € S and m € M, am € N implies a € (N :g M) or
m e N [7].

(2) N is called 1-absorbing prime if for all nonunits a,b € S and m € M, abm € N implies ab € (N :g
M)ormeN.

et I be a proper ideal of S. Then I is a prime (1-absorbing prime) ideal of S if it is a prime
(3) Let I be a proper ideal of S. Then I is a prime (1-absorbing prime) ideal of S if it is a pri
(1-absorbing prime) subsemimodule of the S-semimodule S.

Recall that a semiring S is called local if it has exactly one maximal ideal. Equivalently, the sum
of two nonunits of S is a nonunit of S [18]].

Example 2.2. Let S be a local semiring with maximal ideal m such that m?> = 0. Let M be any S-
semimodule. Then every proper subsemimodule of M is 1-absorbing prime. To see this, let N be any
proper subsemimodule of M and suppose that abx € N for some nonunits a,b € S and some x € M.
Then a,b € m and so ab € m? = 0. Hence ab € (N :g M). Thus N is 1-absorbing prime.

Remark 2.3. Every prime subsemimodule N of M is 1-absorbing prime.

Proof. Suppose that abm € N for some nonunits 4,b € S and m € M. Since N is a prime subsemimod-
ule, either ab € (N :g M) or m € N. Hence N is 1-absorbing prime. O

Theorem 2.4. If M has a 1-absorbing prime subsemimodule that is not prime, then S is a local
semiring.

Proof. Suppose that N is a 1-absorbing prime subsemimodule that is not prime. Then there exists a
nonunit s € S; and m € M such that sm € N buts ¢ (N :g M) and m ¢ N . Let t1,t, € S be nonunits.
Since N is 1-absorbing prime, t;sm € N, and m & N, then t;s € (N :¢ M) for i = 1,2. It follows that
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(t; +ty)s € (N :g M). If t; +t, is a unit in S, then s = (t; + t,)"'(¢; + t2)s € (N :g M), a contradiction. So
t1 +1t, is a nonunit in S. Hence, the sum of two nonunits in S is again a nonunit in S. Thus S is a local
semiring. O

Corollary 2.5. Let S be a non-local semiring. Then N is 1-absorbing prime if and only if it is prime.

Proposition 2.6. If N is a 1-absorbing prime subsemimodule of M, then (N :g M) is a 1-absorbing prime
ideal of S.

Proof. Assume that abc € (N :g M), where a,b,c are nonunits of S, and suppose ab ¢ (N :¢ M). We
prove that c € (N :g M). Let m € M. Since abc € (N :g M), then abcM C N. Hence abcm € N. But
since N is 1-absorbing prime and ab ¢ (N :g M), so cm € N. Since m was arbitrary, then c € (N :g M).
Therefore, (N :g M) is a 1-absorbing prime ideal of S. O

The converse of Proposition [2.6]is not true in general, as shown in the following example.

Example 2.7. Let S = Z°, the semiring of non-negative integers with the usual addition and mul-
tiplication, M = Z° x Z°, and N = 2Z° x 0. Since (N :g M) = {0} is a prime ideal of S, then it is
a 1-absorbing prime ideal of S. However, N is not 1-absorbing prime subsemimodule of M since
2:2-(1,0)=(4,0)e N but4¢ (N :g M)and (1,0)¢ N.

Recall that the residual of a subsemimodule N by a subset ] of S isthe set (N :p;J)={meM:]JmC
N}. The following theorem gives a characterization of 1-absorbing prime subsemimodules.

Theorem 2.8. The following statements are equivalent:
(1) N is a 1-absorbing prime subsemimodule of M.
(2) For all nonunits a,b € S with ab & (N :g M), (N :pr ab) C N.

(3) For all nonunits a,b € S and subsemimodule K of M with abK C N, either ab € (N :g M) or
KCN.

(4) For all proper ideals I,] of S and subsemimodule K of M with IJK C N, either I] C (N :¢ M) or
KCN.

Proof. (1) = (2). Let a,b € S be nonunits and suppose that ab ¢ (N :g M). Take m € (N :j; ab). Then
abm € N. But since N is 1-absorbing prime and ab ¢ (N :g M), we have m € N. Thus (N :j; ab) C N.

(2) = (3). Assume that abK C N for some nonunits a,b € S and some subsemimodule K of M. If
ab & (N :g M), then by (2), (N :p ab) CN. So K C (N :pab) C N.

(3) = (4). Let I,] be proper ideals of S and K be a subsemimodule of M such that I[JK C N.
Suppose that I] € (N :g M). Then there exist nonunits a € I and b € J such that ab ¢ (N :g M). Since
abK CIJK C N, then by (3) and since ab ¢ (N :g M), we have K C N.

(4) = (1). Assume that abm € N, where a,b € S are nonunits and m € M. Take I = Sa, ] = Sb,
and K = Sm. Then we have IJK = (Sa)(Sb)(Sm) = Sabm C N. So by (4), I] € (N :¢ M) or K C N.
Hence ab € (Sa)(Sb) = I] € (N :¢ M) or m € Sm = K C N. Therefore, N is a 1-absorbing prime
subsemimodule of M. O

Definition 2.9. [20]]

(1) M is called a multiplication S-semimodule if for each subsemimodule N of M, there is an ideal
I of S such that N = I M.

(2) M is called multiplicatively cancellative (abbreviated as MC) if for any s,s" € S and 0 # x € M,
sx =s’x implies s = 5'.
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(3) Let m be a maximal ideal of S. M is called m-cyclic if there exist s € S, g € m, and x € M such
thats+g=1and sM C Sx.

Lemma 2.10. [20, Theorem 4] Let M be a multiplication S-semimodule. Then for every maximal ideal m
of S, either M = {x e M | x = qx for some q € m} or M is m-cyclic.

Theorem 2.11. Let M be an M C multiplication S-semimodule and I a 1-absorbing prime ideal of S.
For all nonunits a,be S and x e M, if abx € IM, then ab eI or x € IM.

Proof. Let a,b € S be nonunits and let x € M. If x = 0, the result is obviously true. So assume that
x # 0. Suppose that abx e IM and ab ¢ I. Let ] ={se€ S |sx e IM}. If ] # S, then there is a maximal
ideal m of S such that ] C m. Since M is MC, then {z € M | z = gz for some g € m} = {0}. Since
x € M\ {0} and M is a multiplication S-semimodule, then by Lemma M is m-cyclic. So there
exist s € S, pem, and y € M such that s+ p =1 and sM C Sy. It follows that sx = ty for some t € S
which implies sabx = taby € IM since abx € IM. So we have s?abx € sSIM = IsM C ISy = Iy. Hence
s2abx = iy for some i € I. But then staby = s?abx = iy. Note that y # 0, for if y = 0, then sx =ty = 0
and so x = sx + px = px but M is MC implies 1 = p € m, a contradiction. Again, since M is MC,
stab=1iel. If stisaunitin S, then ab €I, a contradiction. If st is a nonunit in S, then since stab €I,
ab ¢ 1, and I is a 1-absorbing prime ideal of S, we have st € I. So s>x = sty € IM and hence s> € ] Cm.
Since m is a prime ideal, s € m. But then 1 = s+ p € m, a contradiction. Thus ] =S and so 1 € ], that
is, x € IM. Therefore, abel or x € IM. O

Example 2.12. Let S =Z°, M = -27Z°, and I = 3Z°. Then M is a cyclic S-semimodule. Clearly, M
is an MC. Also, since every cyclic S-semimodule is a multiplication S-semimodule [20], then M is
a multiplication S-semimodule. Now, since I is a prime ideal of S, then by Remark I'isa 1-
absorbing prime ideal of S. Let a,b € S be nonunits and x € M. Suppose that abx € IM = -6Z°. Write
x = —2n and abx = —6m, where n,m € Z°. Then —2abn = —6m and so abn = 3m € I. Since [ is prime,
eitherabelornel. Butif nel, then x = -2ne€ -21 = —-6Z° = IM. Hence, for all nonunits a,b € S
and xe M, if abx € IM, thenabel or x € IM.

Theorem 2.13. Let M be an M C multiplication S-semimodule and I be a proper ideal of S. Then the
following statements are equivalent:

(1) IM is a 1-absorbing prime subsemimodule of M.
(2) Iisa l-absorbing prime ideal of S.

Proof. First, note that since M is an MC multiplication S-semimodule, then by [20, Theorem 9],
IM # M.

(1) = (2). Suppose that abc € I for some nonunits a,b,c € S. Then abcM C IM. By (1) and Theorem
either ab € (IM :g M) or cM CIM. So abM C IM or cM C IM. Then SabM CIM or ScM CIM. It
follows from [20], Theorem 9] that ab € Sab C 1 or c € Sc C I. Thus (2) holds.

(2) = (1). Suppose that abx € IM for some nonunits 4,b € S and x € M. Then by Theorem we
have ab eI or x € IM. But if ab € I, then abM C IM, that is, ab € (IM :3 M). Hence ab € (IM :s M) or
x € IM. Therefore, (1) holds. O

Example 2.14. Let S, M, and I be as in Example Then by Example M is an MC multipli-
cation S-semimodule and I is a 1-absorbing prime ideal of S. Thus, by Theorem IM =—-6Z°is
a 1-absorbing prime subsemimodule of M.

Recall that if M is a multiplication S-semimodule, then for each subsemimodule N of M, N =
(N :s M)M [20]. Part (1) of the following corollary proves that the converse of Proposition [2.6]is true
under the condition that "M is an M C multiplication S-semimodule".
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Corollary 2.15. Let M be an M C multiplication S-semimodule. Then

(1) N is a 1-absorbing prime subsemimodule of M if and only if (N :g M) is a 1-absorbing prime ideal of
S.

(2) N is a 1-absorbing prime subsemimodule of M if and only if N = IM for some 1-absorbing prime
ideal I of S.

Lemma 2.16. Let My, M, be S-semimodules and Ny, N, be subsemimodules of My, M, respectively. Let
f : My — M, be a semimodule homomorphism.

(1) (Np:s Mp) C(f1(Np):s My).
(2) If f is onto, then (Ny :g M1) C (f(N7) :5 M>).

Proof. ( Let s € (Ny:g M) and let my € My, then 5M2 C N,. Now f(smy) =sf(my) € sMy C N,. So
smy Ef N,). Hence sM; C f~1(N,). Thatis, s € (f "1(N;) :g My).

(2) Let s € (Nl s M;) and let m, € Mz. So there exists m; € M; such that m, = f(m;) since f is
onto. But sM; C Ny, so sm; € N;. Hence sm, = f(sm;) € f(N;). Thus sM, C f(N;y). This means that

€ (f(Ny) :s My). O

Recall that N is called a strong subsemimodule of M if for each x € N, there exists y € N such that
x+y =0 [14].

Proposition 2.17. Let My, M, be S-semimodules and f : My — M, be a semimodule homomorphism.

(1) If N, is a 1-absorbing prime subsemimodule of M, and Im(f) € N,, then f~'(N,) is a 1-absorbing
prime subsemimodule of M;.

(2) If f is onto, Ny is a 1-absorbing prime subtractive strong subsemimodule of My, and Ker(f) C Ny,
then f(Ny) is a 1-absorbing prime subsemimodule of M.

Proof. (1) First, since Im(f)  N,, f~1(N;) # M;. Suppose that abm, € f~1(N,), where a, b are nonunits
of S and m; € M;. Then abf(my) = f(abm,) € N,. Since N, is a 1-absorbing prime subsemimodule
of M,, we have ab € (N, :g M,) or f(m;) € N,. But (N, :g M) C (f~}(N,) :s M;) by Lemma m
part (1). It follows that ab € (f~'(N,) :g M;) or m; € f~1(N;). Thus f~}(N,) is a 1-absorbing prime
subsemimodule of M;.

(2) Suppose that abm, € f(N;), where a,b are nonunits of S and m, € M,. Then there exists m; € M;
such that f(m;) = m, since f is onto. So f(abmy) = abm, € f(N;). We claim that abm; € N;. Since
f(abmy) e f( N1 ), there exists n; € N such that f(abm;) = f(n;). Since N; is a strong subsemimodule,
there exists n] € Ny such that n; + n; = 0. Then f(abm; + n}) = 0. Hence abm; + n; € Ker(f) C N;
but Nj is subtractive and n] € Ny, so abm; € N;. Since N is a 1-absorbing prime subsemimodule
of My, either ab € (Ny :g My) or m; € Ny. But (Ny :g My) C (f(N;) :5 My) by Lemma [2.16] part (2).
So ab € (f(Ny) :s My) or my = f(my) € f(Ny). Thus f(N;y) is a 1-absorbing prime subsemimodule of
MZ. D

Recall that a subset T of S is called multiplicatively closed if 1 € T and xy € T for all x,y € T. The
localization of M at the multiplicatively closed subset T of S is defined as follows: First, define an
equivalence relation ~ on M x T by (m,t) ~ (m’,t’) if and only if stm” = st’'m for some s € T. Let %
denote the equivalence class of (m,t) € M x T and let T-'M denote the set of all equivalence classes
of M x T. Define addition on T™'M by %+ = Lmtin’ Eor $ e 71§ and 2 € T~' M, define 5.2 = S,
Then T~'M is an T~'S-semimodule [13].
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Proposition 2.18. Let T be a nonempty multiplicatively closed subset of S. If TN = T™'M and N is
1-absorbing prime in M, then T~'N is 1-absorbing prime in T~' M.

Proof. Suppose that %tﬁtm € TN for some nonunits %,% €T 'Sand % € T'M. So ftb;” e T'!N.
This implies that ftb—;” = % for some n € N and s € T. So there exists v € T such that vsabm = vtt't"n.

It follows that abvsm = vsabm € N. But since £ and % are nonunits in T~!S, a and b are nonunits in
S. Since N is 1-absorbing prime in M, we have ab € (N :g M) or vsm € N. Thus %té = ?—tb, e T"Y(N g
M) C (TN 7215 T"'M) or 2 = 2% € T~IN. Therefore, T"'N is 1-absorbing prime in T~'M. O

vst”

3 Weakly 1-absorbing prime subsemimodules

Definition 3.1. (1) N is called a weakly 1-absorbing prime subsemimodule of M if for all nonunits
a,beSand me M, 0 #abme N implies ab e (N :¢ M)or me N.

(2) Let I be a proper ideal of S. Then I is a weakly 1-absorbing prime ideal of S if it is a weakly
1-absorbing prime subsemimodule of the S-semimodule S.

Clearly, from Definitions[2.1Jand[3.1} every 1-absorbing prime subsemimodule is weakly 1-absorbing
prime, but the converse is not true in general, as shown in the following example.

Example 3.2. Let S = Z°, M = Z° x Zg, and N = {(0,0)}. Then clearly, by definition, N is a weakly
1-absorbing prime subsemimodule of M. However, N is not 1-absorbing prime subsemimodule of
M since 2-2-(0,2)=(0,0)e Nbut2-2=4¢ (N :g M)and (0,2) ¢ N.

Lemma 3.3. Let N be a subsemimodule of M. If N = N{UN,, where Ny, N, are subtractive subsemimodules
of M, then N = Ny or N = N,.

Proof. Assume that N = N; and N # N,. Take x; € N\ N; and x, € N\ N,. Hence x; € N; and x; € Nj.
Now x; + x, € N = N; UN,. If x; + x5 € Ny, then since x, € N; and Nj is subtractive, we have x; € Ny,
a contradiction. Similarly, if x; + x, € N,, then since x; € N, and N, is subtractive, we have x, € N;, a
contradiction. Thus N = Nj or N = N,. O

The following theorem gives some characterizations of weakly 1-absorbing prime subtractive sub-
semimodules.

Theorem 3.4. Suppose that N is subtractive. Then the following statements are equivalent:
(1) N is a weakly 1-absorbing prime subsemimodule of M.
(2) For all nonunits a,b € S with ab & (N :g M), (N :j; ab) = (0:p; ab) UN.
(3) For all nonunits a,b € S with ab & (N :g M), (N :pr ab) = (0:p ab) or (N :p; ab) = N.

(4) For all nonunits a,b € S and subsemimodule K of M with 0 # abK C N, then ab € (N :3 M) or
K CN.

(5) For all nonunit a € S, proper ideal | of S, and subsemimodule K of M with 0 #aJK C N, either
a] C(N :g M)or KCN.

(6) For all properideals,] of S, and subsemimodule K of M with 0 # IJK C N, either I] C (N :g M)
or KCN.
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Proof. (1) = (2). Let a,b € S be nonunits such that ab ¢ (N :g M). Let m € (N :j; ab) and suppose m ¢
(0:p; ab). Then 0 # abm € N. But N is weakly 1-absorbing prime subsemimodule and ab ¢ (N :g M),
som e N. Thus (N :j; ab) € (0:p; ab) U N. The reverse inclusion is always true.

(2) = (3). This implication follows from Lemma3.3|and the fact that the subsemimodules (0 :; ab)
and N are subtractive.

(3) = (4). Assume that 0 = abK C N for some nonunits 4,b € S and some subsemimodule K of M
and assume that ab ¢ (N :¢ M). Since abK C N, K C (N :); ab). So by (3), K € (0:p; ab) or K C N. But
K & (0:p1 ab) since abK # 0. Thus K C N.

(4) = (5). Suppose that 0 # aJK C N, where a € S is a nonunit, ] a proper ideal of S, and K a
subsemimodule of M. Suppose that a] Z (N :¢ M) and K € N. Then ab ¢ (N :g M) for some b € ].
Since aJK = 0, there exists ¢ € ] such that acK # 0. Since ] is proper, b,c,b + ¢ are nonunits. We
claim that abK = 0. If abK # 0, then 0 # abK C aJK C N. So by (4) and since ab ¢ (N :g M), we have
K C N, a contradiction. Thus abK = 0. Now 0 # acK = a(b+¢)K CaJK C N. Again by (4) and since
K & N, we have a(b +c) € (N :g M). But since 0 2acK CaJK C N and K € N, then ac € (N :g M). But
a(b+c) e (N :g M) and (N :g M) is subtractive, so ab € (N :g M), a contradiction.

(5) = (6). Suppose that 0 # I[JK C N for some proper ideals I,] of S and some subsemimodule K
of M. Suppose that I] Z (N :¢ M) and K € N. Then aJ Z (N :¢ M) for some a € I. If aJK # 0, then
0#aJK CIJK C N. So by (5) and since a] € (N :g M), we have K C N, a contradiction. Thus aJK = 0.
Now since IJK # 0, there exists b € I such that bJK # 0. So 0 = bJK C IJK € N. By (5) and since
K ¢ N, we have bJ] C (N :g M). But 0 # bJK = (a+b)JK CIJK € N and K € N, then again by (5),
(a+b)] € (N :g M). Since (N :g M) is subtractive, aJ] C (N :g M), a contradiction.

(6) = (1). Assume that 0 = abm € N for some nonunits g,b € S and some m € M. Take I = Sa,
J=Sb,and K = Sm. Then 0 # abm € IJK = Sabm C N. Thus by (6), abeI] C(N :¢ M)or me K C N.
Thus N is a weakly 1-absorbing prime subsemimodule of M. O]

Theorem 3.5. Let M be an M C multiplication S-semimodule and I a weakly 1-absorbing prime ideal
of S. For all nonunitsa,be S and xe M, if 0 zabx e IM, thenabel or x € IM.

Proof. Let a,b € S be nonunits and x € M. Suppose that 0 #abx e IM and ab¢ . Let ] ={se S |sx €
IM}. If ] # S, then there is a maximal ideal m of S such that ] C m. Since M is an M C multiplication
S-semimodule, then as in the proof of Theorem M is m-cyclic. So there exist s € S, p € m, and
v € M such that s+ p =1 and sM C Sy. It follows that sx = ty for some ¢t € S. Again, by the proof
of Theorem [2.11} we have y # 0 and staby = iy for some i € I. Since M is MC, stab=iel. If i =0,
then staby = 0 implies staby + ptaby = taby and so ptaby = taby. If taby = 0, then since M is MC, we
have p =1 € m, a contradiction. So taby = 0. But then sabx = taby = 0. Since abx = 0 and M is MC, so
s =0 and hence p = 1 € m, again a contradiction. Thus i # 0. So 0 #i = stab € I. Since I is a weakly
1-absorbing prime ideal of S, then by a similar argument to the proof of Theorem we obtain
x€IM. ]

Recall that M is called a faithful S-semimodule if Ann(M) = 0 [20].

Theorem 3.6. Let M be an M C multiplication S-semimodule and I be a proper ideal of S such that
IM is subtractive. Then the following statements are equivalent:

(1) IM is a weakly 1-absorbing prime subsemimodule of M.
(2) Iis a weakly 1-absorbing prime ideal of S.

Proof. First, since M is an M C multiplication S-semimodule, then by [20, Theorem 9], IM = M.

(1) = (2). Suppose that 0 # abc € I for some nonunits a,b,c € S. Since M is MC, M is faithful [20].
So Ann(M) = 0. If abcM = 0, then abc € Ann(M) = 0, a contradiction. So 0 # abcM C IM. Since IM
is subtractive, then by (1) and Theorem abe (IM :g M)or cM CIM. SoabM CIM or cM C IM.
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Then by [20, Theorem 9], we have ab € I or c € I. Therefore, (2) holds.
(2) = (1). Suppose that 0 # abx € IM for some nonunits a,b € S and x € M. By Theorem 3.5} we have
abelorxelIM.SoabM CIM or x € IM. Hence ab € (IM :g M) or x € IM. Therefore, (1) holds. O

Corollary 3.7. Suppose that M is an M C multiplication S-semimodule and N is subtractive. Then

(1) N is a weakly 1-absorbing prime subsemimodule of M if and only if (N :g¢ M) is a weakly 1-absorbing
prime ideal of S.

(2) N is a weakly 1-absorbing prime subsemimodule of M if and only if N = IM for some weakly 1-
absorbing prime ideal I of S.

Proposition 3.8. Let T be a nonempty multiplicatively closed subset of S. If T"'N = T"'M and N is a
weakly 1-absorbing prime in M, then T™'N is a weakly 1-absorbing prime in T~ M.

Proof. Suppose that 0 # ‘;tb/tm,, € T~!'N for some nonunits ‘t’,f, €T !'Sand % e T"'M. So 0 = “b:'f/ €

T-!N. As in the proof of Proposmon uabm € N for some u € T. Since fﬁ?}, = 0, then uabm = 0.
a

So we have 0 # uabm € N. But since 7 and % are nonunits in T~!S, a and b are nonunits in S.
By hypothesis, ab € (N :g M) or um € N. Thus %tk = f—tb, e TN (N :g M) C(T7'N :pag T7'M) or

m = 1 ¢ T-'N. Therefore, T"!N is a weakly 1-absorbing prime in T~'M. O

Proposition 3.9. Suppose that x € M, (0 :5 x) C (Sx :g M), and Sx is subtractive. Then Sx is a weakly
1-absorbing prime subsemimodule of M if and only if it is 1-absorbing prime.

Proof. Suppose that Sx is a weakly 1-absorbing prime subsemimodule of M and suppose abm € Sx
for some nonunits a,b € S and some m € M. If abm = 0, then either ab € (Sx :g M) or m € Sx since Sx is
weakly 1-absorbing prime. If abm = 0, then ab(x + m) = abx € Sx. Either ab(x+m) = 0 or ab(x+m) = 0.
If ab(x+m) = 0, then since Sx is weakly 1-absorbing prime, we have either ab € (Sx :g M)or x+m e Sx.
But Sx is subtractive, so ab € (Sx :g M) or m € Sx. If ab(x + m) = 0, then abx = 0 (since abm = 0). So
abe (0:5x) C(Sx:g M). Therefore, Sx is 1-absorbing prime. The converse is clear. O

Definition 3.10. Let N be a weakly 1-absorbing prime subsemimodule of M. Let a,b € S be nonunits
and m € M. We say that (a,b, m) is a triple-zero of N if abm =0, ab & (N :g M), and m ¢ N.

Example 3.11. Let S =Z°, M =Z;p, and N = {0}. Then (2,2,5) is a triple-zero of N since 2-2-5=0,
2.2=4¢(N:gM),and 5¢N.

Remark 3.12. If N is a weakly 1-absorbing prime subsemimodule of M that is not 1-absorbing prime,
then N has a triple-zero (a, b, m) for some nonunits a,b € S and m € M.

Theorem 3.13. Let S be a local semiring. If N is a weakly 1-absorbing prime subtractive subsemi-
module of M and (a,b,m) is a triple-zero of N for some nonunits a,b € S and m € M, then

(1) abN =a(N :s M)m =b(N :¢ M)m = 0.
(2) a(N :g M)N =b(N :g M)N = (N :g M)?m = 0.

Proof. First, note that since (a,b,m) is a triple-zero of L, then abm =0, ab ¢ (N :g M), and m ¢ N.

(1) Suppose that abN = 0. So there exists n € N such that abn = 0. Now, since abm = 0, we have
ab(m +n) = abm + abn = abn = 0. So 0 # ab(m + n) € N but since N is a weakly 1-absorbing prime
subsemimodule, so ab € (N :g M) or m+n € N. But N is subtractive, so ab e (N :¢ M)or me N, a
contradiction since (a,b,m) is a triple-zero of N. Hence abN = 0. Next, assume that a(N :g¢ M)m = 0.
Then there exists t € (N :g M) such that atm = 0. So a(t + b)m = atm + abm = atm+ 0 = atm = 0.
So 0 #a(t+b)m =atm € atM C aN C N. Since S is a local semiring and t,b are nonunits, then
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t + b is a nonunit. But N is a weakly 1-absorbing prime subsemimodule, so a(t + b) € (N :g M) or
m € N. Since N is subtractive, then by [6, Lemma 3 (i)], (N :g M) is subtractive but at € (N :3 M) and
at +ab € (N :g M), so ab € (N :¢ M). Hence ab € (N :g M) or m € N, a contradiction since (a,b,m) is a
triple-zero of N. Thus a(L :g¢ M)m = 0. Similarly, we have b(L :¢ M)m = 0.

(2) Suppose that a(N :g¢ M)N = 0. Then there exist t € (N :¢ M) and n € N such that atn = 0. By (1),
abN = a(N :g M)m =0, so abn = atm = 0. Thus a(b+t)(m+n) = abm+abn+atm+atn = atn = 0. We have
0#a(b+t)(m+n)=atne N. But b+t is a nonunit (since S is local) and N is weakly 1-absorbing prime,
soa(b+t) e (N :g M)or m+n e N. But N is subtractive implies ab € (N :g¢ M) or m € N, a contradiction
since (a,b, m) is a triple-zero of N. Thus a(N :¢ M)N = 0. Similarly, we have b(N :¢ M)N = 0. Finally,
we show that (N :g M)?>m = 0. Suppose that (N :¢ M)?>m = 0. Then there exist s,t € (N :g M) such
that stm = 0. By above, we have (a+s)(b+t)m =stm=0and 0= (a+s)(b+t)m e N. Since S is a local
semiring, we have a+s and b+t are nonunits. Hence (a+s)(b+1t) € (N :¢ M) or m € N. Since (N :g M)
is subtractive, we have ab € (N :¢ M) or m € N, a contradiction since (a,b,m) is a triple-zero of N.
Therefore, (N :g M)?>m = 0. O

Theorem 3.14. Let S be a local semiring. If N is a weakly 1-absorbing prime subtractive subsemi-
module of M that is not 1-absorbing prime, then (N :¢ M)?N = 0.

Proof. Assume that N is a weakly 1-absorbing prime subtractive subsemimodule of M that is not
1-absorbing prime. So by Remark N has a triple-zero (a,b, m) for some nonunits a,b € S and
m € M. Assume that (N :¢ M)2N # 0. Then stn = 0 for some s,t € (N :g M) and n € N. From Theorem
we have (a+5s)(b+t)(m+n)=stn=0.S0 0= (a+s)(b+t)(m+n)=stneN. But since N is weakly
1-absorbing prime, then (a+s)(b+t) € (N :g M) or m+n € N but N is subtractive implies ab € (N :g M)
or m € N, a contradiction since (a,b,m) is a triple-zero of N. Thus (N :g M)?N = 0. O

Corollary 3.15. Let S be a local semiring. If N is a weakly 1-absorbing prime subtractive subsemimodule
of M that is not 1-absorbing prime, then (N :g M)> C Ann(M).

Proof. Since (N :g M)M C N, then (N :3 M)3M = (N :g M)*(N :s M)M C (N :g M)?’N. But (N :g
M)?N = 0 by Theorem So (N :g M)3M = 0. Thus (N :g M)> C Ann(M). O

As in [4]], if Ny and N, are subsemimodules of a multiplication S-semimodule M with N; = | M
and N, = I, M for some ideals I; and I, of S, then the product of N; and N;, denoted by N;N,, is
defined by N1N2 = IIIQM.

Corollary 3.16. Let S be a local semiring and M a multiplication S-semimodule. If N is a weakly 1-
absorbing prime subtractive subsemimodule of M that is not 1-absorbing prime, then N = 0.

Proof. Since M is a multiplication S-semimodule, N = (N :¢ M)M. Thus

N3 =(N:s M)*M
= (N :g M)*(N :g M)M
= (N :g M)’N
= by Theorem
Therefore, N3 = 0. O

Theorem 3.17. Let S be a local semiring and M an MC multiplication S-semimodule. Let I be a
proper ideal of S such that I3 # 0 and IM is subtractive. Then the following statements are equiva-
lent:

(1) IM is a weakly 1-absorbing prime subsemimodule of M.
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(2) IM is a 1-absorbing prime subsemimodule of M.
(3) Iis a l-absorbing prime ideal of S.
(4) Iis a weakly 1-absorbing prime ideal of S.

Proof. (1) = (2). Since I® # 0, and M is faithful (since M is MC), then I*M = 0 and so (IM)3 = 0. So

by (1) and Corollary[3.16} (2) holds.
(2) = (3). Follows from Theorem [2.13]

(3) = (4). Clear.
(4) = (1). Follows from Theorem 3.6 O
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