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1 Introduction

Throughout this paper the algebras are nonzero and considered over any field of zero characteristic.
The algebras are not assumed to be associative, finite-dimensional, or unital.

Let A be an algebra with product (x,y) — xy. Given elements a,b,c in A, we set (a,b,c) := (ab)c —
a(bc) for the associator of a, b and c; [a, b] := ab—ba for the commutator of a and b; and aeb := %(abera)
for the symmetrized product of a and b.

Let a be an element in A. We will denote by L, (respectively, R,) the operator of left (respectively,
right) multiplication by a on A. If we consider on A the symmetrized product e, and if L} (respec-
tively, R}) denotes the operator of left (respectively, right) multiplication by a on (A, ), then it is clear
that L = RS = 5(L, + R,).

The algebra A is said to be power-associative whenever, for each element x of A, the subalgebra

A(x) of A generated by x is associative. A well-known Albert’s result [1, Theorem 2] asserts that A is
power-associative if and only if A satisfies the identities

(x,%,x)=0 and (x*,x,x)=0.

Algebras satisfying the identity (x,x,x) = 0 are called third-power associative algebras. It is clear
that every third-power associative algebra satisfies the identity (x?,x2,x?) = 0. Moreover, it is also
well known that every third-power associative algebra satisfies the identity (x,x%x) = 0 (see, for
example, [4, Lemma 2.1]).

Following [4] we say an identity (xP,x4,x") = 0 with p,q,r € {1,2} is symmetric when p = r, and
asymmetric otherwise. Thus the asymmetric identities are

(x%,x%,x)=0, (xxx?)=0, (x>,x%,x)=0, and (x,xx%) =0.
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Recall also that an element x of A is said to be a divisor of zero in A if there exists y € A\ {0} such
that xy = 0 or yx = 0, and that x is said to be a joint divisor of zero in A if there is y € A\ {0} such that
xy =0and yx =0.

By definition, an absolute-valued algebra is an algebra A over IK(= R or C) endowed with an absolute
value, i.e. a norm ||-|| on the vector space of A satisfying ||xy|| = ||x||||y|| for all x,y € A. Clearly absolute-
valued real algebras have no nonzero divisor of zero, and hence have no nonzero joint divisor of zero.
Every absolute-valued real unital algebra is isomorphic to either R, C, H (Hamilton’s quaternions)
or O (Cayley’s octonions) [11]]. These algebras are precisely the third-power associative absolute-valued
real algebras satisfying an asymmetric identity [2, Corollary 3.1].

Let A be a finite-dimensional absolute-valued algebra. If dim(A) < 4, then the two identities
(x,x,x) = 0, (x,x?,x) = 0 are equivalent [6, Proposition 3.1 and Theorem 3.24].

Let A € {C,H,O}. We recall that “A and A* are obtained by endowing the normed space A with
the products x -y = x*y, and x -y = xy”, respectively, where x - x* means the standard involution.
These algebras satisfy the identity (x?,x2,x?) = 0. However, none of these algebras is third-power

associative.

Cabrera and Rodriguez show the presence of a nonzero idempotent in any third-power associative
absolute-valued algebra [J5, Proposition 2.8.85].

The algebra A is called flexible if (x,y,x) = 0 for all x,y € A. The absolute-valued real algebra of the
pseudo-octonions IP is flexible (8], so IP is third-power associative, and hence IP contains a nonzero
idempotent.

We recall that an idempotent e is called central (respectively, ﬂexible) if [e,x] =0 (respectively,

(e,x,e) = O) for all x in A. Every central idempotent is flexible. The reciprocal is false because every
nonzero idempotent of the pseudo-octonions algebra IP is flexible and IP does not contain a nonzero
central idempotent.

The opposite algebra A(?) of A is defined by endowing the vector space of A with the product
(a,b) — ba.
If we set (.,.,.)) to denote the associator in the algebra A%, then it is clear that

(x,y,z)(o) =—(z,v,x) forall x,y,z€A. (1)
Equality (1) implies that:
A satisfies (xP,xT,x") =0 A©  satisfies (x",x7,xP)(0) = 0. (2)

By the sake of convenience, in what follows we will say that an algebra is (121)-power associative
when it verifies the identity (x,x?,x) = 0, and we will say that it is (121) and (222)-power associative
when it verifies the identities (x,x%,x) = 0 and (x?, x%,x?) = 0.

The present work is inspired by [2]] and [4]. We have provided a generalization of [2, Proposition
2.3] and an extension of [2, Theorem 1.1] to (121) and (222)-power associative algebras.

Section 2 is reserved for establishing the preliminary results useful for the continuation of the
work.

In section 3, we give a Peirce decomposition relative to a nonzero flexible idempotent for any
(121)-power associative algebra with no nonzero joint divisor of zero, and satisfying an asymmetric
identity (Theorem [3.1). We also prove our main result, which reads as follows:
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Theorem 1.1. Let A be an (121) and (222)-power associative algebra with no nonzero joint divisor of
zero, containing a nonzero flexible idempotent, and satisfying an asymmetric identity. Then A is a unital
power-associative algebra.

As a first consequence, we derive that if A is an algebra with no nonzero joint divisor of zero,
satisfying an asymmetric identity and containing a nonzero flexible idempotent, then following as-
sertions are equivalent:

(i) Ais a third-power associative algebra,

(ii) Aisan (121)and (222)-power associative algebra (Corollary 3.8).

As a second consequence, we derive that R, C, IH, and O are the unique (121) and (222)-power as-
sociative absolute-valued algebras containing a nonzero flexible idempotent, and satisfying an asym-
metric identity (Corollary|3.9).

2 Preliminary results

Lemma 2.1. Let A be an (121)-power associative algebra with a nonzero flexible idempotent e. Then, for
every x € A, we have:

(i) (e,e,x)+(x,e,e)=0.
(ii) [e,x—2xee] =0.
(iii) [e,(x—2xee)e] = 0.
Proof. (i) A linearization of (x,x?,x) = 0 gives that
(x,x2,1) + (x, 2x 0 1, x) + (v, x%,x) = 0. (3)

Putting x = e, y = x in (3)) and keeping in mind that (¢, z,e) = 0, we have

0=1(e,e,x)+(e,2cex,e)+(x,e,e) =(e,ex)+(x,ece).

(ii) We have

0 = (eex)+(xee)
= (ee,x)+(e,x,e)+(x,ee)
= ex—e(ex)+ (ex)e—e(xe)+ (xe)e —xe
= e(x—ex—xe)—(x—ex—xe)e
= e(x—2xee)—(x—2xe¢)e,
which concludes the proof (ii).

(iii) Keeping in mind that e commute with x —2x e e and e is flexible, we have

((x—Zxoe)e)e = (e(x—Zxoe))e
= e((x—Zxoe)e),

and hence [e,(x —2x e e)e] = 0. O]
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Lemma 2.2. If A is an (121)-power associative algebra with no nonzero joint divisor of zero, containing a
nonzero flexible idempotent e, and satisfying an asymmetric identity, then
e(x—2eex)=(x—2cex)e=x—2eex forevery xe€A. (4)
Proof. The first equality in (4) follows from in Lemma ii).
Suppose that A satisfies the identity (x2,x,x) = 0. Then, linearizing we obtain the identity
(2x @y, x,x) + (x%,,x) + (x%, x,9) = 0. (5)
Taking x = e and y = x in (5], we obtain
0 = (2xeeee)+ (e x,e)+ (e ex)
= ((2x ° e)e)e —(2x e e)e + (ex)e —e(xe) + ex — e(ex)
= e(x—xe—ex)+((2xoe)e—2xoe+ex)e
= e(x—xe—ex)+ ((xe)e + (ex)e —ex — xe + ex)e
= e(x—xe—ex)+ ((xe)e + (ex)e — xe)e
= e(x—xe—ex)+ ((xe +ex—x)e )e

= e(x—2xee)—((x—2xe¢) )

I
= (x—2xee)e (x 2x ee) )
(

((x 2xee)—(x—2xee)e )
Now, keeping in mind Lemma ii)-(iii), we have
e((x—Zxoe)—(x—2xoe)e) = ((x—2xoe)—(x—2xoe)e)e =0. (6)

Since e # 0 and A has no nonzero joint divisor of zero, the second equality in (4) follows from (6).

Suppose that A satisfies the identity (x2,x?,x) = 0. By linearizing (x2,x?,x) = 0, we obtain

(Zxoy,xz,x)+(x2, 2xoy,x)+(x2,x2,y) =0. (7)

Putting x = e and y = x in (7)) we have (2e e x,e,e) + (¢,2¢ @ x,¢) + (¢,e,x) = 0,50 (2e @ x,¢,e) + (e,6,Xx) = 0,
and hence
(e,e,x) = —(2e®x,e,¢). (8)

Combining Lemma i) and (8), we find (x,e,e) = (2e @ x,¢,¢), and so

0

(x—2eex,ee)

((x— 2¢ce x)e)e —(x—2ecex)e

((x— 2eex)e—(x—2ce x))e.
Now, keeping in mind Lemma [2.1{ii)-(iii), we have

e((x—2xoe)—(x—2xoe)e):((x—2xoe)—(x—2xoe)e)e:0. (9)
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Since e # 0 and A has no nonzero joint divisor of zero, the second equality in (4) follows from (9).

If A satisfies (x, x,x%) = 0 or (x,x%,x2) = 0, then A satisfies respectively (x2,x,x)(® = 0 or (x?,x%,x)() =

0. Since e is a nonzero flexible idempotent in A(®) and A®) is an (121)-power associative algebra, the
two paragraphs above complete the proof. O

The following result can be derived from the proof of [2, Proposition 2.3]. Nevertheless, for the
sake of completeness, we give here a proof.

Lemma 2.3. Let A be an (121)-power associative algebra with no nonzero joint divisor of zero, containing
a nonzero flexible idempotent e, and satisfying the asymmetric identity (x?,x?,x) = 0. Suppose in addition
that

(i) A:AleaA%, where Ay := {xeA:eox:kx}fork_l,é,

(i) Aj ={xeA:ex=xe=x}

(iii) ex? = x%e=cex? and e(ex?) = (x%e)e = %(3eox —x?) for every x € Ay (k = 1,%).

Then x> € A, for every x € A; UAL
Proof. Suppose that A satisfies the identity (x%x?,x) = 0. Then, linearizing (7) we obtain the identity

2(x%,x 0y, 1) + (x%, 1%, x) + 2(x 0 1, x%, V)

10
+4(xoy,xoy,x)+(y2,x2,x) =0. (10}

Taking x = e and replacing y with x € A in we obtain
2(e,x,x) + (e,x%, ) + 2(x, e, x) + 4(x, x, ) + (x%,e,€) = 0.

Keeping in mind that (e, x,¢) = 0 and (x,¢,x) = 0 (by (ii)), we have
0=2(e,x,x)+ 4(x,x,€) + (x%, ¢, )

) 2x2 = 2ex? + 4x%e — 4x% + (x%e)e — x2e

) —2x% + x%e + (x%e)e

1
() —2x’ +eex’+ §(3eox2 - x?)

5
= E(—x2 +eex?).

Therefore ¢ # x?> = x?, and so x*> € A;.

Taking x = e and replacing y with x € A% in we obtain

(e,x,x)+ (e,x%,€) + (x,e,x) + (x,x,e) + (x*,e,e) = 0.
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Since (e,xz,e) =0, we get

0=1(e,x,x)+(x,6,x)+ (x,x,e) + (xz, e, e)

2

= (ex)x — ex? + (xe)x — x(ex) + x%e — x(xe) + (x%e)e — x%e

x —ex? + (xe)x — x(ex) — x(xe) + (x%e)e

(ex

(e @ x)x —ex? — 2x(e @ x) + (x?e)e

[e @ x,x]—ex? + (x%e)e

1
= 2[§x,x] —ex? +(x%e)e

2

Therefore e ® x*> = x?, and hence x? € A;. O

3 Main results and consequences

The following result provides us with a Peirce decomposition (relative to a nonzero flexible idempo-
tent) for any (121)-power associative algebra with no nonzero joint divisor of zero, and satisfying an
asymmetric identity.

Theorem 3.1. Let A be an (121)-power associative algebra with no nonzero joint divisor of zero, containing
a nonzero flexible idempotent e, and satisfying an asymmetric identity. Then we have:

(i) A:AleaA%,whereAk::{xeA:eox:kx}fork:1,%.
(i) Aj ={xeA:ex=xe=x}.

(ili) A; @A, C A

(iv) AL e AL CA;.

v) The projections P from A onto Ay (k = 1,1) corresponding to the decomposition A = A ®@ A1 are
proj p) P g P 1
given by
P=203-1 and P =2(I-L),

where I stands for the identity mapping on A.

Proof. It follows from (4) that L,(I —2L3) = R,(I —2L?) =1-2L?, hence L3(I —2L3) =1—-2L?, and so
1
2(Ls -1I)(L: - EI) =—(Ls-I)(I-2L%)=-Ls(I-2L3)+I1-2L; =0.

Therefore (Lg —I)(L? — %I) = 0, and hence assertions (i) and (v) follow from [5, Proposition 1.3.3],
which also gives that Ag:={xc€ A:eex=0}=0.

For x € A; we have the equality x = 2e e x — x, so by Lemma ii), [e,x] = [e,2e @ x —x] = 0, and
hence ex = xe = ¢ @ x = x, and assertion (ii) follows.
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In order to prove (iii) and (iv), we will first prove that
[x%,e] =0 forevery xeAj (k= 1,%).
A linearization of (3) gives that
(x,2x 01, 1) + (x, 1% %) + (1,X%,9) + (v, 2x 0 9, x) = 0.
By setting x = e in and keeping in mind that e is flexible, we have
(e,2¢c09,p)+(,e,y)+(y,2¢0y,¢)=0
By putting y = x € A in (13), we have

0

(e,2xee,x)+ (x,e,x)+ (x,2x @ ¢,¢)
= 2(e,x,x)+(x,e,x)+2(x,x,e)
= 2(ex)x —2ex® + (xe)x — x(ex) + 2x%e — 2x(xe)

2

= 2x%—2ex?+x?—x?+2x%e - 2x?

= 2(x%e—ex?),

and so [x?,e] = 0 for every x € A;.

Takingy =x € A% in and keeping in mind that ez = z — ze for every z € A%, we get

0 = (e,2xee,x)+(x,e,x)+(x,2x0¢,¢)

(e
(e, x

= (ex )x ex? + (xe)x — x(ex) + x%e — x(xe)

e, x,x)+ (x,e,x)+ (x,x,e)

= (x—xe)x—ex’ + (xe)x — x(x — xe) + x’e — x(xe)
= x°- (xe)x—ex + (xe)x — x2 + x(xe) + x%e — x(xe)

= —ex?+x%e,

and hence [x?,¢] = 0 for every x € Al Thus is proved.
We realize that

1
x?e=ex? = cex? for every x € Ay (kzl,z).

On the other hand, keeping in mind (4) and (14), we obtain for every x € Ay (k=1,3)

2

1 1 1
e(ex?) = e(e @ x?) = Ee(x2 —(x%*=2e .xz)) = Sex - E(x2 —2cex?)

1 1 1
= —coex’—=x>+ecex’=—(3cex’—x?),
2 2 2
and 1 1 1
(x%e)e = (e @ x*)e = E(x2 —(x*-2e oxz))e = Exze— E(x2 —2cex?)
1 1 1
= Eeox2—§x2+eox2 = E(Seoxz—xz).
Therefore

e(ex?) = (x%e)e = %(36 ox?>—x?) for every xe€Ay (k=1, %),
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and hence, at this point, we know that A satisfies assumptions (i), (ii) and (iii) in Lemma|[2.3] Now, we
claim that the assumption that A satisfies an asymmetric identity yields x> € A; for all x € A; U Al

It is clear that the claim is true when A satisfies the identity (x?,x?,x) = 0 because of Lemma
Suppose that A satisfies the identity (x2,x,x) = 0. Then, linearizing (5) we obtain the identity
(2, %,%) + 2(x 0 1,7, X) + 2(x 01, X,9) + (x*,9,) = 0. (16)
Taking y = e in (16), we have
(e,x,x)+2(xoe,e,x)+2(x ee,x,e)+ (x%,e,e) = 0. (17)

For x€ A; in we obtain

(e,%, %)+ 2(x,e,x) + 2(x, x, ) + (x%,e,€) = 0.

Note that, by (ii), (x,e,x) = 0, and hence
0=(e,x,%)+2(x,x, ) + (x>, ¢,¢)

= (ex)x — ex? + 2x%e — 2x(xe) + (x2e) 2

( e—x"e
=x? —ex? +2x%e - 2x% + (x%e)e — x2e
(1)
—x? + (x%e)e
@)

1
—x?+ E(Se o x?—x?)
3
= E(e o x? —x?).

Therefore ¢ ® x> = x?, and hence x? € A;.

For x € A% in we obtain

(e,%,%)+ (x,e,x) + (x,x,€) + (x*,e,) = 0,

and hence
(ex)x — ex? + (xe)x — x(ex) + x%e — x(xe) + (x%e)e — x°e

= (ex)x —ex? + (xe)x — x(ex) —x(xe) + (x%e)e

2(e o X)x —ex? — 2x(e e x) + (x%e)e

0

2

(2]

2[eox x]—eeox®+(x%e)e

I

1
2[eox,x]—eox + 2(3eox2—x2)

1
:—eox2+§(3eox2—x2)

1
= 5(6 ox?—x?).
Therefore cex? = x?, and hence x? € A;. Thus the claim is true when A satisfies the identity (x?, x,x) =
0.
Suppose now that A satisfies (x,x,x2) = 0 or (x,x?,x?) = 0. Then the opposite algebra A®) satisfies
respectively (xz,x,x)(o) =0or (x2 x2, x)( ) =0, and so, taking into account that A; = A(lo) and A% = A(lo),

2

it follows from the paragraphs above that x> € A; for every x € A; U Al

Now that we know that the claim is true in all cases, (iii) and (iv) follow from the equality x ey =
Hx+9? = (x=)). -
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Lemma 3.2. If A is an (121)-power associative algebra with no nonzero joint divisor of zero, containing a

nonzero flexible idempotent e, and satisfying an asymmetric identity, then
(xx?)e +2(x,x,x) —e(x*x) = 0 for every xe€ Al.

Proof. Indeed, by taking x € A% and y = e in (3), we have that

2

0 )+ (x,2x e¢e,x)+ (e,x7,x)

x,x%e
x,x%,e) + (x,x,%) + (e,x%, x)

3.

—_
—

N xx%)e — xx? + (x, %, x) + x°x — e(x%x)

(
(
(xx?)e — x(x%e) + (x, x, x) + (ex?)x — e(x*x)
(
( 2

xx%)e + 2(x, x, x) — e(x%x),

as desired.

(18)

O]

Lemma 3.3. If Aisan (121) and (222)-power associative algebra with no nonzero divisor of zero, contain-

ing a nonzero flexible idempotent e, and satisfying an asymmetric identity, then
(x’x)e = e(xx?) for every XxE€ A%.

2

Proof. By linearizing three times (x?,x%,x2) = 0, we obtain respectively

2(x%,x%, x 0 p) + 2(x%, x 0 9, x%) + 2(x 0 9, x%,x?) = 0,

(xz,xz,yz)+4(x2,xoy,xoy)+(x Y 2 x )+4(xoy,x2,xoy)
+4(xey,xey, xz) + (yz,xz,xz) =0,

and
2(x e y,x2,y2) +2(x%xe y,yz) + 2(x2,y2,x o))+ 2(xe y,yzyxz)
+2(v%x 0y, x%) +2(v%,x%,xep) +8(x ey, X0y, xO) =

(19)

(22)

By setting x € A1 and y = e in (22) and (3) and keeping in mind that 2x e e = x, we get respectively

(x,x2, e)+ (xz,x, e)+ (x2, e,x)+(x, e,xz)

+(e,x,x%) + (e,x%,x) + (x,x,x) = 0,

and

(x,x2%,€) + (x,x,x) + (e,x%,x) = 0.

By subtracting from we obtain

(xz,x, e)+ (xz, e, x)+(x, e,xz) + (e,x,xz) =0,

SO

0 = (x%xe)+(x%e,x)+(x,e,x%) + (e, x,x7)

= (x®x)e—x%(xe) + (x%e)x — x%(ex) + (xe)x

2

2
—x(ex?) + (ex)x? — e(xx?)

= (x%x)e—x%(xe+ex) + x°x + (xe + ex)x? — xx? — e(xx?)
= (x%x)e —x2x + x%x + xx% — xx? — e(xx?)

= (x%x)e—e(xx?).

(23)
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Lemma 3.4. If A is an (121)-power associative algebra with no nonzero divisor of zero, containing a
nonzero flexible idempotent e, and satisfying the identity (x?,x,x) = 0, then

(x,%,%)+ (x’x)e=0 for every Xx€ A%. (26)
Proof. Suppose that A satisfies the asymmetric identity (x2,x,x) = 0. Taking y = ¢ and x € A% in

and keeping in mind that x> € A; and xee = %x we obtain

0 = (2xeex,x)+(x%ex)+(x% x,e)
+ (xze)x x%(ex) + (x>x)e — x%(xe)
2

X,
+x%x—x (ex+xe)+(x X)e

X, X

(
(x,x,x)

= (%,xx)
(x,%,%) + x%x — x*x + (x%x)e
( X;X)

X, + (x%x)e.

O]

Proposition 3.5. Let A be an (121) and (222)-power associative algebra with no nonzero joint divisor of
zero, and satisfying the identity (x?,x,x) = 0 or (x,x,x%) = 0. If A contains a nonzero flexible idempotent e,
then A is a unital power-associative algebra.

Proof. Suppose that A satisfies the asymmetric identity (x?,x,x) = 0. Let x € A%. By combining

and we obtain
(x,%,%) + e(xx?) = 0. (27)

On the other hand, setting x =eand y = xx? in , we have

0 = (eexx?)+(e,2ee(xx?),e)+ (xx% e e)
= (e,e,xx%)+ (xx?,¢,¢)
= e(xx?) (e )+ ((xxz)e)e —(xx?)e
e(xx?) e(e ) 2(x, x,x)e + e(x%x)e — (xx?)e
& —(x, %, x) + e(x, x, x) — 2(x, x, X)e + e(x%x)e — (xx?)e
@ —(x, %, %) + e(x, x, x) — 2(x, x, X)e — e(x, x, x) — (xx?)e
= —(x,x,x)—2(x,x,x)e— (xx°)e
= —(x,xx)=2(x>x)e + 2(xx?)e — (xx%)e
= —(x,x,x)—-2(x*x)e + (xx?)e
H —(x,x,x) + 2(x, x, x) + (xx2)e
and so
(x,%,%) + (xx%)e = 0. (28)
By combining (26)), and (28), we obtain
(xx?)e = e(xx?) = (x*x)e. (29)

By subtracting from we have

(x,x,x) —e(x%x) = 0, (30)
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and implies that
(x’x)e = —e(x*x). (31)

On the other hand, setting x = e and y = x%x in (3) and keeping in mind that (x?x)e = —e(x?x), we
have

0 = (eex%x)+(e,2ee(x°x),e)+ (xx,¢e,¢)
= (ee,x%x)+ (x X, e,e)
= e(e ) )+ ( xzx)e)e — (x*x)e
&) e(e )) + ((xzx)e)e
L e(x,x,x)+ ((xzx)e)e

IS

e(x,x,x)—(x,x,x)e

= e(x%x)—e(xx?) = (x*x)e + (xx?)e
2 e(x%x) — (x%x)e
&) -2(x*x)e.

Keeping in mind (29) and (31), we obtain (xx?)e = e(xx? ) 0 and (x?x)e = e(x?>x) = 0. Since e # 0 and
A has no nonzero joint d1V1sor of zero, we have x?x = xx?> = 0, s0o x = 0, and hence AL =0. We realize
that A = A; and e is a nonzero central idempotent. Therefore, by [4, Theorem 1.2 or Corollary 3.1],
A is a unital power-associative algebra.

Finally, suppose that A satisfies the asymmetric identity (x,x,x%) = 0. So A(?) is an (121) and (222)-
power associative algebra with no nonzero joint divisor of zero and A satisfies (x?,x,x)(®) = 0. Since
e is a nonzero flexible idempotent in A(%), the paragraphs above prove that A(?) is a unital power-
associative algebra, and hence A is a unital power-associative algebra. O

Lemma 3.6. If A is an (121)-power associative algebra with no nonzero joint divisor of zero, containing a
nonzero flexible idempotent e, and satisfying the identity (x*,x%,x) = 0, then

(x’x)e=0 for every Xx€ A%. (32)

As a consequence,
(xzx - e(xzx))e =0 forevery xe A%. (33)

Proof. Let x € Al Taking y = ¢ in (I0) and keeping in mind that xee = 1x and x* € A, we get

0 = 2(x*%,xeee)+(x%,e,x)+2(xee,x,e)+4(xee,xeex)+(e,x%,X)

= (x%,x,e)+ (x%,e,x)+ (x,x%, ) + (x, %, %) + (e, x%, x)

= (x*x)e—x%(xe) + (x%e)x — x%(ex) + (xx2)e — x(x%e)
+(x, %, x) + (ex?)x — e(x*x)
= (x%x)e—x?(xe + ex) + x2x + (xx2)e — xx? + (x, X, X) + x*x — e(x*x)

= (x®x)e—x2x + x°x + (xx?)e + (x, X, X) + (x, X, X) — e(x*x),

and so

2

(x%x)e + (xx?)e + 2(x, x, x) — e(x%x) = 0. (34)

11



12 Moroccan Journal of Algebra and Geometry with Applications/ A. Diouf

By subtracting from we obtain (x?x)e = 0. As a consequence, we see that

(xzx - e(xzx))e = (x%x)e — (e, x%x, ) — e((xzx)e) =0.

O]

Proposition 3.7. Let A be an (121) and (222)-power associative algebra with no nonzero joint divisor of
zero, and satisfying the identity (x?,x2,x) = 0 or (x,x2,x?) = 0. If A contains a nonzero flexible idempotent

e, then A is a unital power-associative algebra.

Proof. Suppose that A satisfies the asymmetric identity (x?,x%,x) = 0. Let x € Al
Putting x = e and y = x?x in (3) and keeping in mind the equality (32), we have

0 = (eex’x)+ (e, 2ce (xzx),e)+ (x’x,e,e)
= (ee,x%x)+ (x%x,e,¢)
= e(x’x) - e(e(xzx)) + ((xzx)e)e —(x*x)e
= e(x*x)- e(e(xzx))

We realize that e((xzx) - e(xzx)) = 0. This equality together with yields

e(xzx - e(xzx)) = (xzx - e(xzx))e =0,

so x%x —e(x*x) = 0 because e # 0 and A has no nonzero joint divisor of zero, and hence x

Keeping in mind and (32), we have

2 2

x = e(x°x).

0 = (xz,x,e)+(x2,e,x)+(x,e,x2)+(e,x,x2)

= (x%x)e—x%(xe) + (x%e)x — x%(ex) + (xe)x

2

2

—x(ex?) + (ex)x? — e(xx?)

= —x%(xe)+x%x — x*(ex) + (xe)x® — xx? + (ex)x? — e(xx?)
= —x*(xe+ex)+x%x + (xe + ex)x? — xx? — e(xx?)
= —x’(2xee)+x%x + (2x @ e)x? — xx? — e(xx?)

= —x?x+x%x 4+ xx? —xx? — e(xx?)

= —e(xx?).

Multiplying on the left by ¢, and keeping in mind that x%x = e(x*x) and e(xx?) = 0, we obtain

o
I

e(xx?)e + 2e(x, x, x) — e(e(xzx))

= (e(xxz))e + 2e(x, x,x) — x°x

= 2e(x,x,x)—x°x
= 2e(x*x) - 2e(xx?) - x%x
= 2x%x—x%x

= x2x.
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Putting y = e in (7) and keeping in mind that x> € A;, we get

0 = (2xee,x?x)+(x%2xee,x)+(x%x%e)
= (x,x%,x)+(x%x,x)+ (x%,x%,€)
= (x%xx)+ (% x%e)
= (x% %)+ (x%)%e— x*(x2e)
= (x%,x%,x)+(x%)? - (x?)%> because (x*)?€A,;
= (x%x,x)
= (x%x)x—(x%)?
= —(x*)?> because x%x=0.

Since A has no nonzero joint divisor of zero and (x?)? = 0, so x> = 0. This implies also that x = 0, and
hence AL =0. We deduce that A = A; and e is a nonzero central idempotent in A. The result follows
from of [4, Theorem 1.2 or Corollary 3.1].

Finally, suppose that A satisfies the asymmetric identity (x, x2,x?) = 0. Then A% satisfies (x2,x?,x){?) =
0. Since e is a nonzero flexible idempotent in A(®) and A(%) is an (121) and (222)-power associative
algebra with no nonzero joint divisor of zero, the paragraphs above prove that A(?) is a unital power-
associative algebra, and hence A is a unital power-associative algebra. O

As a result, combining Propositions[3.5/and [3.7] we obtain Theorem

The first consequence follows from of Theorem [1.1and [2, Theorem 1.1].

Corollary 3.8. Let A be an algebra with no nonzero joint divisor of zero and satisfying an asymmetric
identity. If A contains a nonzero flexible idempotent, then following assertions are equivalent:

(i) A is third-power associative,
(ii) A is (121) and (222)-power associative.

Under these conditions A is a unital power-associative algebra.

The algebras R, C, H and O are precisely the only power-associative absolute-valued real algebras
[7] (see also [5], Proposition 2.6.27]). Combining this result and Theorem[1.1]we obtain the following.

Corollary 3.9. Let A be an (121) and (222)-power associative absolute-valued real algebra satisfying an
asymmetric identity. If A contains a nonzero flexible idempotent, then A is power-associative, and hence A
is isomorphic to R, C, H or O.

An algebra A is called algebraic if, for every x € A, the subalgebra A(x) of A generated by x is finite-
dimensional. The algebra A is called quadratic if it is unital and, for every x € A, x? lies in the linear
hull of {1, x}.

In [5, Proposition 2.5.10], Cabrera and Rodriguez show that every algebraic power-associative real
algebra with no nonzero joint divisor of zero is a quadratic algebra. Combining this result or [4,
Corollary 3.4], and Theorem [I.1]we obtain the following.

Corollary 3.10. Let A be an algebraic (121) and (222)-power associative real algebra with no nonzero
divisor of zero and satisfying an asymmetric identity. If A contains a nonzero flexible idempotent, then A
is a quadratic algebra.
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A normed algebra is an algebra A over K(= IR or C) endowed with a norm ||.|| such that ||xyp|| < ||x]| ||y]|
forallx,y € A.Let S(A) = {x € A : ||x|| = 1} be the unit-sphere of the normed algebra (A, ||.||). An element
a of A is said to be a joint topological divisor of zero if there exists a sequence (x,),~( in S(A) such that

lim ax, = lim x,a=0.

n—oo n—-oo
Clearly every joint divisor of zero in A is a joint topological divisor of zero in A. By [4, Corollary
3.5], every normed (121)-power associative real algebra with no nonzero joint topological divisor of zero,
satisfying an asymmetric identity, and containing a nonzero central idempotent, is a quadratic algebra.
Combining this result with Theorem [1.I|we obtain the following.

Corollary 3.11. Let A be a normed (121) and (222)-power associative real algebra with no nonzero topo-
logical divisor of zero and satisfying an asymmetric identity. If A contains a nonzero flexible idempotent,
then A is a quadratic algebra.

Recall that an algebra A is said to be a quasi-division algebra in the sense of [9] (see [5, Definition
2.5.35 and Theorem 2.7.7]) if, for every nonzero element x of A, at least one of the operators L, R,
is bijective. Clearly quasi-division algebras have no nonzero joint divisor of zero. By [4, Corollary
3.6], every complete normed third-power associative quasi-division real algebra, satisfying an asymmetric
identity, and containing a nonzero central idempotent, is a quadratic algebra. Combining this result with
Theorem [I.1]we obtain the following.

Corollary 3.12. Let A be a complete normed (121) and (222)-power associative quasi-division real algebra
satisfying an asymmetric identity. If A contains a nonzero flexible idempotent, then A is a quadratic algebra.
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