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1 Introduction

Jacobi-Jordan algebras are commutative algebras satisfying the Jacobi identity. Their first interest is
motivated by the fact that they constitute an interesting sub-category of the well-referenced category
of Jordan algebras which were introduced to explain some aspects of physics [17]]. These algebras first
appeared in [30], where an example of infinite-dimensional solvable but not nilpotent Jacobi-Jordan
algebra was given. Since then, different names are used for these algebraic structures, indeed they are
called for the first time mock-Lie algebras in [12], where the corresponding operad appears in the list
of quadratic cyclic operads with one generator whereas the terms Jordan algebras of nil index 3 [27],
Lie-Jordan algebras [24] and finally Jacobi-Jordan algebras in the recent paper [6] are used. Thanks
to the approach of Eilenberg nicely described in [16], representations of Jacobi-Jordan algebras are
introduced in [31]] where many facts and conjectures about these algebras are made. As Pre-Lie
algebras (also called left-symmetric algebras, quasi-associative algebras, Vinberg algebras and so on),
left(resp. right)pre-Jacobi-Jordan algebras [11] are apparently first introduced in [3]] under the name
left skew-symmetric (resp. right skew-symmetric) algebras. The study of some relevant properties
such as bimodules, matched pairs is considered for these algebras [11]]. Moreover, a 2-dimensional
classification and some double constructions of these algebras are given. Observe that there is a close
relationship between pre-Jacobi-Jordan algebras and Jacobi-Jordan: a pre-Jacobi-Jordan algebra (4, -)
gives rise to a Jacobi-Jordan algebra (A, #) via the anticommutator multiplication, which is called the
subadjacent Jacobi-Jordan algebra. Furthermore, for a given pre-Jacobi-Jordan algebra (4, -),the map
L:A — gl(A), defined by L,y = x-y for all x,y € A, gives rise to a representation of its subadjacent
pre-Jacobi-Jordan algebra.

The theory of Hom-algebras was first initiated by D. Larsson, S. D. Silvestrov and J. T. Hartwig
[15]],[19]], [20] with the introduction of Hom-Lie algebras . It is known that any associative algebra
is Lie-admissible i.e., the commutator algebra of any associative algebra is a Lie algebra. To be in
adequacy with this fact in the theory of Hom-algebras, Hom-associative algebras were introduced
(23] and it was shown that the commutator Hom-algebra of any Hom-associative algebra is a Hom-Lie
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algebra. Since then, other types of Hom-algebras such as Hom-Novikov algebras, Hom-alternative
algebras, Hom-Jordan algebras or Hom-Malcev algebras are defined and discussed in [22]], [28]], [29].

The main objective of this paper is the study of representations of Hom-(pre)-Jacobi-Jordan alge-
bras (see [1]], [2], [8]], [26] for the study of representations of other Hom-algebras) as well as the one
of O-operators, also known as relative or generalized Rota-Baxter operators on these Hom-algebras.
First introduced in [4] by Baxter for associative algebras, Rota-Baxter operators have several appli-
cations in probability [4], combinatorics [7]],[14], [25] and quantum field theory [10]. Rota-Baxter
operators of weight 0 for Lie algebras [13] were introduced in terms of the classical Yang-Baxter
equation and later on, Kupershmidt [18] defined O-operators as generalized Rota-Baxter operators
to understand classical Yang-Baxter equations and related integrable systems.

The paper is organized as follows. Section 2 is devoted to reminders of fundamental concepts. In
Section 3, we introduce the notion of Hom-Jacobi-Jordan algebra, provide some properties and define
the notion of a representation, O-operators and matched pairs of a Hom-Jacobi-Jordan algebra. We
prove that any Hom-Jacobi-Jordan algebra is a Hom-Jordan algebra. Moreover, we develop some con-
structions theorems about representations, O-operators and matched pairs for these Hom-algebras.
Finally, the last section contains many relevant results. First, we introduce Hom-pre-Jacobi-Jordan
algebras and prove that the anticommutator of a Hom-pre-Jacobi-Jordan algebra is a Hom-Jacobi-
Jordan algebra. Next, we introduce the notion of a representation of a left Hom-pre-Jacobi-Jordan
algebra and develop some constructions theorems. The notion of matched pairs and O-operators of
such Hom-algebras have also been introduced and interesting results have been obtained.

Throughout this paper, all vector spaces and algebras are meant over a ground field KK of charac-
teristic 0.

2 Basic results on Hom-(pre)-Jacobi-Jordan algebras

This section is devoted to some definitions which are a very useful for next sections. Some elementary
results are also proven.

Definition 2.1. A Hom-module is a pair (A, ayy) consisting of a IK-module A and a linear self-map a , :
A — A. A morphism f : (A, as) — (B, ag) of Hom-modules is a linear map f : A— B such that foa, =

ap Of.

Definition 2.2. A Hom-algebra is a triple (A, y, «) in which (A, ) is a Hom-module, y : A®? 5 A s
a linear map. The Hom-algebra (A, p, ) is said to be multiplicative if a o u = p o a®?. A morphism f :
(A, up, ay) — (B, up, ag) of Hom-algebras is a morphism of the underlying Hom-modules such that fou, =

ppo f
Definition 2.3. Let (A, u, ) be a Hom-algebra and A € IK. Let P be a linear map satisfying
#(P(x), P(y)) = P(u(P(x),9) + p(x, P(y)) + Apu(x,9)), Vx,9 € A (1)

Then, P is called a Rota-Baxter operator of weight A and (A, y, a, P) is called a Rota-Baxter Hom-algebra of
weight A.

In the sequel, to unify our terminologies by a Rota-Baxter operator (resp. a Rota-Baxter Hom-
algebra), we mean a Rota-Baxter operator (resp. a Rota-Baxter Hom-algebra) of weight A = 0.

Definition 2.4. [23] A Hom-associative algebra is a multiplicative Hom-algebra (A, u, o) satisfying the
Hom-associativity condition i.e.,

a54(x,9,2) 1= p(p(x,9),4(2) — pla(x), u(y,2)) = 0 for all x,9,z € A (2)
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Definition 2.5. [29]] A Hom-Jordan algebra is a multiplicative Hom-algebra (A, *, &) such that the product

"n.on

+" is commutative i.e., x+y = y*x for all x,y € A and the following so-called Hom-Jordan identity holds

asa(x+x,a(y),a(x)) =0VYx,pe A (3)

3 Hom-Jacobi-Jordan algebras
Definition 3.1. A Hom-Jacobi-Jordan algebra is a multiplicative Hom-algebra (A,*, a) such that

x+y =y =*x ( commutativity)

Ja(%,9,2) :=O(xy,z) (x*p)*a(2) = 0 (4)
where Oy, z) is the sum over cyclic permutation of x,y,z and ], is called the Hom-Jacobian.

Remark 3.2. If o = Id (identity map) in a Hom-Jacobi-Jordan algebra (A,*, ), then it reduces to a usual
Jacobi-Jordan algebra (A,+). It follows that the category of Hom-Jacobi-Jordan algebras contains the one of
Jacobi-Jordan algebras.

It is easy to prove the following:

Proposition 3.3. Let (A,* a) be a Hom-Jacobi-Jordan algebra and B be a self-morphism of (A, a). Then
Apn = (A, #gn:= B" o, f"a) is a Hom-Jacobi-Jordan algebra for each n € N.

Example 3.4. (i) Let (A,*) be a Jacobi-Jordan algebra and a be a self-morphism of (A,*). Then A, :=
(A, *y := a ox,a) is a Hom-Jacobi-Jordan algebra.

(ii) Consider the 4-dimensional Jacobi-Jordan algebra A := (A,*) [6l]] where non-zero products with re-
spect to a basis (ey,e,,e3,e4) are given by: e +ey :=ey; ey *eq = eg*eq := eq. Then, the linear map « defined
by aley) := —e; —e3; aley) :=aje; + ey +2ey; alez) :=e +axze, +e3;a(ey) :=ajge; —ep+asgez—eqisa
self-morphism of A for all scalars ay;,a,3,a14,a34. Hence, A, := (A%, = @ o, a) is a Hom-Jacobi-Jordan
algebra where non-zero products are: e;*, ey := ajpe1 +ey+2ey; 1%, e4 = 4%, ] == A14€] —€p+a34€3—€y4.

Proposition 3.5. Any Hom-Jacobi-Jordan algebra is a Hom-Jordan algebra.

Proof. Let (A,* a) be a Hom-Jacobi-Jordan algebra. Then, by (4) with z = x we obtain by the ommu-
tativity of *

(x*x)*a(y)+2a(x)*(x*y)=0forall x,y € A. (5)
Now, if one replaces x by a(x) in (5), we get by the multiplicativity of a with respect to
a(x*x)*a(y)+ 2a%(x) * (a(x) +y) =0 forall x,y € A. (6)

Replacing p by x*p in (6) yields by the multiplicativity of & with respect to =
alx+x)+(a(x) xa(y)) = 2a%(x)« (a(x)* (x+9)) = a2(x)+ - 2a(x)« (xx))
= a2(x)s((x+2)+a(y)) (by @) )

The Hom-Jordan identity follows by the commutativity of = O]

We know that the plus Hom-algebra of any Hom-associative algebra is a Hom-Jordan algebra i.e.,
any Hom-associative algebra is Hom-Jordan admissible [1]. In Hom-Jacobi-Jordan algebras case, this
is not true, indeed:
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Proposition 3.6. Let (A,-, a) be a Hom-associative algebra. Then (A, *, ) is a Hom-Jacobi-Jordan algebra
if and only if 2 O (yy,z) ((x v)-a(z)+(v-x)- a(z)) =0forall x,y,z€ A where x*y =x-9+7-x.

Proof. By straightforward computations for all x,v,z € 4,
Olxy,z) (xh )k a(z) = (x-9)-a(z) +(y-x)-a(z) +a(z)- (x-p) + a(2) - (y-x)

Hy-2)-a(x)+(z-9)-alx)+alx)-(y-2)+a(x)-(z y) (z-x)-a(y)+(x-2)-a(y)
+a(y)-(z-x)+a(y) (x-2) =2 Oy, (( -9)-a(z) ) ( by Hom-associativity ).

Now, we give the definition of representations of a Hom-Jacobi-Jordan algebra.

Definition 3.7. A representation of a Hom-Jacobi-Jordan algebra (A, «) is a triple (V,p, §) where V is
a vector space, ¢ € gl(V) and p : A — gl(V) is a linear map such that the following equalities hold for all
X,YEA:

Pp(x) = p(a(x)e; (7)
p(x*p)¢ = —pla(x)p®) - pla@)p(x) for all x,y € A (8)
Remark 3.8. If a =1dy, ¢ =1dy, then (V,p) is a representation of the Jacobi-Jordan algebra (A,-) [31]].
Hence, we get the following first example.

Example 3.9. Let (A,-) be a Jacobi-Jordan algebra and (V, p) be a representation of (A,-) in the usual sense.
Then (V,p,1dy) is a representation of the Hom-Jacobi-Jordan algebra A := (A, ,IdA)

To give other examples of representations of Hom-Jacobi-Jordan algebras, let prove the following:

Proposition 3.10. Let A; := (Ay,*1,a1) and A, := (Ay,*y,a;) be two Hom-Jacobi-Jordan algebras and

f : Ay = A, be a morphism of Hom-Jacobi-Jordan algebras. Then AJZ[ = (Ay,p,ay) is a representation of
Ay where p(a)b:= f(a)*, b for all (a,b) € Ay x A,.

Proof. First, we have for all (x,b) € Ay x Ay,

ax(p(x)b) = ar(f (x)) x2 az(b) = f(a1(x)) *2 az(b) = p(a; (x))az(b),

ie., ax(p(x)) = p(ay(x))a,. Next, for all (x,v) € A>1<2 and b € A,, since f is a morphism we have:

p(x*1y)as(b) = f(x*1y)*2 az(b) = (f(x)*2 f(¥)) %2 @2(b)

= (f() 2b)ma 2f( —(b*y f(x) 2 a2f (v) (by (4))

—fla1(x)) =2 (f(¥)*20) = f(a1(y)) *2 (f (x) ¥2 b) ( commutativity of *; )
—p(ay(x ))p(y> —p( 1(y))p(x)b-

Hence, p(x+; p)as = —p(a1(x))p(y) - pla1(y))p(x). 0
Now, using Proposition we obtain the following example as applications.

Example 3.11. 1. Let (A, a) be a Hom-Jacobi-Jordan algebra. Define a left multiplication L : A —
gl(A) by L(x)y := x =y for all x,y € A. Then (A, L, ) is a representation of (A,+ «), called a regular
representation
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2. Let (A,* a) be a Hom-Jacobi-Jordan algebra and (B, a) be a Hom-ideal of (A, *, «). Then (B, a) inherits
a structure of representation of (A,*, &) where p(a)b := a=b for all (a,b) € Ax B.
The following result can be proven easily.

Proposition 3.12. Let V :=(V,p, ¢) be a representation of a Hom-Jacobi-Jordan algebra A := (A, a) and
B be a self-morphism of A. Then Vgn =: (V,pgn := pp", @) is a representation of A for each n € IN. In
particularVon =: (V, pan 1= pa’, §) is a representation of A for each n € IN.

Corollary 3.13. Let (A,* a) be a Hom-Jacobi-Jordan algebra. For any integer n € IN, define L" : A — gl(A)
by

L*(x)y = a"(x) *y for all x,y € A.
Then (A,L", @) is a representation of the Hom-Jacobi-Jordan algebra (A, +, a).
Let us prove the following necessary result.

Proposition 3.14. Let (A,* ) be a Hom-Jacobi-Jordan algebra. Then (V,p,}) is a representation of
(A%, ) if and only if the direct sum of vector spaces A® V, turns into a Hom-Jacobi-Jordan algebra with
the multiplication and the linear map defined by

(x+u)o(y+v):=x+y+(p(x)v+p(y)u) (9)
(a®P)(x+u):=a(x)+p(u) (10)

This Hom-Jacobi-Jordan algebra is called the semi-direct product of A with V and is denoted by Ax V.

Proof. It is clear that ¢ is commutative and its multiplicativity with respect to a & ¢ is equivalent to
Condition (7)) and the multiplicativity of = with respect to a. Next, for all x,y,z€ A, u,v,w e V, we
have by straightforward computations

Otesugsnzsn) (6 1) o (+ ) o a(2) + plw))
=O (xtu,p+v,2+w) ((x +y)*a(z)+p(x=p)p(w)+pla(z))p(x)v + p(a(Z))p(y)u)
=gy (649)xa(2)+ (p(xx p)blaw) + pla(xDply)w + pla(p)p(xw ) + (p(y *2) ()
+ola(p)p(E)u + p(a(2)p@)u )+ (p(+x)p(r) + plalz)p(x)o + pla(0)p(z)v ),
Hence, (@) holds for A= V if and only if (8) holds. 0
Let (A, a) be a Hom-Jacobi-Jordan algebra and (V, p,$) be a representation of (A, a) such that
¢ is invertible. Define p*: A — gI(V*) by (0*(x)(£), u) = (&, p(x)u), Vx € A, u € v,& € V*. Note that in
general p* is not a representation of A (see [5] for details). Define p*: A — gl(V*) by
PRIE) = p @)@ 2 () forall v A, E € V™ (1)
Now, we can prove

Theorem 3.15. Let (V,p, ¢) be a representation of a regular Hom-Jacobi-Jordan algebra (A, + a) such
that ¢ is invertible. Then p*: A — ¢l(V*) defined above by is a representation of (A,* a) on V*
with respect to (¢p1)".
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Proof. First, by and , we get forall xe A, £ e V7,

Hence, p*(x*p)(¢p~1)" = —p*(a(x))p*(y) — p*(a(v))p*(x). Therefore, p* is a representation of (4,* a) on
V* with respect to (¢1)*. O

Corollary 3.16. Let (A,* «) be a regular Hom-Jacobi-Jordan algebra. Then ad* : A — gl(A*) defined by

adi& = ad;(x)(a—z)*(g)for allx € A, & € A* (12)

is a representation of the reqular Hom-Jacobi-Jordan algebra (A,+ a) on A* with respect to (a™')*, which is
called the coadjoint representation.

also, we get:

Corollary 3.17. Let (A,* «) be a regular Hom-Jacobi-Jordan algebra. Then there is a natural Hom-Jacobi-
Jordan algebra (A®A*,o,a & (a~1)*), where the product ¢ is given by

(X1 + 51) o (Xz + 52) =X xXy + ad;1 52 + ﬂd;zél
=X *xp+ ad;(xl)(a_z)*(éz) + ad;(xz)(a_z)*(él)for all x1,x, € A, &1,E, €A™

Definition 3.18. A matched pair of Hom-Jacobi-Jordan algebras denoted by (A1, A,, p1,p2), consists of two
Hom-Jacobi-Jordan algebras Ay := (Ay,*,ay) and A, := (A,, 8, a,) together with representations py : A} —
gl(Ay) and py 1 Ay — gl(Ay) with respect to oy and ay respectively such that for all x,y € Ay, a,b € A,. the
following conditions hold

p1(ai(x))(aeb)+(p1(x)a) e az(b) + (p1(x)b) ® az(a)
+p1(p2(a)x)az(b) + p1(p2(b)x)az(a) = 0 (13)
p2(az(a))(x*y) + (p2(a)x) = a1 () + (p2(a)y) * ay (x)
+p2(p1(x)a)ar (v) + p2(p1(v)a)a; (x) = 0 (14)

Theorem 3.19. Let A; :=(A,* ;1) and A, := (A;, e, a,) be Hom-Jacobi-Jordan algebras. Then,
(A1,A,p1,p2), is a matched pair of Hom-Jacobi-Jordan algebras if and only if (A; ®A,, ¢, a1 ®ay)isa
Hom-Jacobi-Jordan algebra where

(x+b)o(y+D)

(a1 ®ay)(x +a)

(x*y+pa(a)y +pa(b)x) + (aeb+pi(x)b+p1(y)a) (15)
ay(x) + as(a)
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Proof. First, the commutativity of ¢ and its multiplicativity with respect to a; ® a, are equivalent to
the multiplicativity of » and e with respect to a; and a, respectively and Condition (7). Next, for all
x,9,2€ Ay and a,b,c € A, we compute

Otsagsbzre) ((+ D)o (p+1))o (@ @)z +0
=Ofsaybarel ((£29) (2 + (pa(@)p) # a1 (2) + (p2(b)3) a1 (2) + pla o bhay 2)
+P2(p1(x)b)ar(2) + pa(p1(p)a)ar(z) + palaz(c))(x*p) + pa(az(c) pa(a)y + pz(az(c))pz(b)X)
# Ofwapetizre) (a9 8) 0 @(0) + (1 (x)8) 0 @(c) + (1 (9)a) » ta(e) + p1 (x* )tz (c)
to1(p2(@))as(c) + pi(pa(b)x)asr(c) + pi(ai(2))(a e b) + i (a1 (2))p1 (x)b + p1 (a1 (2))py (y)u)
= Opupa) (22912 a1(2)) + (pala e blas(2) + pa(@a(@)pa(b)z + palar (B)patale
H{pa(b o )1 (1) + a(@2(B)pae)x + palaz(e)pa(b)x) + pa(c o @has(3) + palaz(cpa(aly
+pz(az(a)>pz(c)y)+ pa(aa(e))(x )+ (pa(c)x) * a1 (y) + (p2(c)y) * ar(x) + p2(p1 (x)c)ar ()
#p2(p1 (9)c)ar (1) + (p2(z b))z ) + (2(D)z) a1 (1) + (pa(b)x) 1 (2) + palpy (2)B)ar (3)
|
)

+p2(p1(x)b)ay (2) | + (92(012((1))(}) +2) +(p2(a)y) * a1(z) + (p2(a)z) * a1 () + p2(p1(¥)a) a1 (2)

+o1(pa(0)r)as (b)) (16)

Therefore, by and , we have

Owsapszre) ((x+0) 0 (v b)) o ar @az)(z+0)

=(pz(az(c))(x*yH(pz(c)X)*al(yH(pz(c)y)*al(x)wz(pl(x)) 1)+ pa(p1(p)e)a (X))
H{p2(ax(b)(z53) + (p2(0)2) a1 () + (p2(0)) a1 (2) + pa(p1 (I)as () + (i (x)b)ar (2))
H{pa@2(@)(p+2)+ (pa(ay) a1 (@) + (p2()z) 1 (8) + palpr (P)a)ar (2) + pa(pr (e 3)

+(Pl(a1(2))(ﬂ°b)+(pl(2)a)°az(b)+(pl(Z)b)°az(a)+pl(pz(a) Jaz (D) + p1(p2(b)z)a (a))
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+(P1(a1(l)))(c 0a)+(p1(y)c) e az(a)+ (p1(y)a) ® as(c) + pi(p2(c)y)az(a) + Pl(Pz(ﬂ)y)az(C))

H{p1(@1 ()b 06) + (p1(10B) 0 as(c) + (1 (x)6) » @ (b) + prp2(B1x)a(e) + pr (pa(Ir)a (b))

Hence, (4) is satisfied in A; ® A, if and only if and hold.
O

Definition 3.20. Let (V,p, ) be a representation of a Hom-Jacobi-Jordan algebra (A,+ «). A linear opera-
tor T : V. — A's called an O-operator of A associated to p if it satisfies
To=aT (17)
T(u)*T(v):T(p(T( u))v+p(T( )for allu,veV (18)
Observe that Rota-Baxter operators on Hom-Jacobi-Jordan algebras are O-operators with respect
to the regular representation.

Example 3.21. Let (A, «) be a Hom-Jacobi-Jordan algebra and (V, p, ) be a representation of (A,+ «a). It
is easy to verify that A®V is a representation of (A,* a) under the maps pagy : A — gl(A® V) defined by

Pagv(a)(b+v):=axb+p(a)v.

Define the linear map T : A®@V — A,a+v > a. Then T is an O-operator on A with respect to the
representation (A®V,pagy,a ® P).

Let give another example of O-operators of Hom-Jacobi-Jordan algebras. As Hom-associative al-
gebras case [9]], let give some characterizations of O-operators on Hom-Jacobi-Jordan algebras.

Proposition 3.22. A linear map T : V — A is an O-operator associated to a representation (V,p,P) of a
Hom-Jacobi-Jordan algebra (A,+ «) if and only if the graph of T,

GA(T)={(T(v),v),veV}
is a subalgebra of the semi-direct product algebra A< V.
The following result shows that an O-operator can be lifted up the Rota-Baxter operator.

Proposition 3.23. Let (A, a) be a Hom-Jacobi-Jordan algebra, (V,p, ) be a representation of A and
T:V — Abealinear map. Define T € End(A® V) by T(a+v):= Tv. Then T is an O-operator associated
to (V,p, ¢) if and only if T is a Rota-Baxter operator on A® V.

In order to give another characterization of O-operators, let introduce the following;:

Definition 3.24. Let (A,* a) be a Hom-Jacobi-Jordan algebra. A linear map N : A — A is said to be a
Nijenhuis operator if Na = aN and its Nijenhuis torsions vanish, i.e.,

N(x)*N(y) =N(N(x)*y+x*N(y)—N(x-p)), forall x,y € A,
Observe that the deformed multiplications N : A®A — A given by
x*ny = N(x)*p+x+N(y) - N(x=p),
gives rise to a new Hom-Jacobi-Jordan multiplication on A, and N becomes a morphism from the Hom-
Jacobi-Jordan algebra (A,*y, @) to the initial Hom-Jacobi-Jordan algebra (A, +, «).
Now, we can easily check the following result.

Proposition 3.25. Let A :=(A,* «a) be a Hom-Jacobi-Jordan algebra and V := (V,p, ) be a representation
0T ) _

of (A,x, ). A linear map T : V — A is an O-operator associated to V if and only if Nt := ( 0 0

A®V — A®V is a Nijenhuis operator on the Hom-Jordan algebra A® V.
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4 Hom-pre-Jacobi-Jordan algebras

In this section, we generalize the notion of left (resp. right) pre-Jacobi-Jordan algebra first introduced
in [3] as left-skew-symmetric (resp. right-skew-symmetric ) algebras to the Hom case and study
the relationships with Hom-Jacobi-Jordan algebras in terms of O-operators of Hom-Jacobi-Jordan
algebras.

4.1 Definition and basic properties

First let introduce the following;:

Definition 4.1. Let (A, -, &) be a Hom-algebra. The anti-Hom-associator of (A,-, ) is the map defined by
Aassoy(x,9,2) = (x-v)-a(z)+a(x)- (v-z) forall x,y,z € A. (19)

A multiplicative Hom-algebra (A, -, «) is said to be an anti-Hom-associative algebra is Aasso,(x,y,z) = 0
forall x,y,z€ A,

Clearly, any Hom-associative algebra is an anti-Hom-associative algebra.
Now, we give the definition of the main object of this subsection.

Definition 4.2. A left Hom-pre-Jacobi-Jordan algebra is a multiplicative Hom-algebra (A, -, a) satisfying
Aasso,(x,9,2) = —Aasso, (v, x,z) for all x,y,z € A. (20)
i.e., the anti-Hom-associator is left skew-symmetric. Actually, is Equivariant to
(x*p)-a(z) =—a(x) - (v-z)—a()-(x-z) forall x,y,z € A. (21)
where x*xy =x-y=y-x forall x,y € A.
If the anti-Hom-associator is right skew-symmetric i.e.,
Aasso,(x,y,2) = —Aasso,(x,2,y) (22)
or equivalently
a(x)-(yxz)=—(x-v) - a(z)—(x-z)-a(y) forall x,y,z € A,

then, the multiplicative Hom-algebra is said to be a right Hom-pre-Jacobi-Jordan algebra.

If & = Id( identity map) in (20| (resp. (22)), we obtain the identity defining the so-called left (resp.
right) pre-Jacobi-Jordan algebra. Hence, any pre-Jacobi-Jordan algebra is a pre-Hom-Jacobi-Jordan
algebra with Id as twisting map.

Remark 4.3. (i) Any anti-associative algebra is a left and right Hom-pre-Jacobi-Jordan algebra.

(ii) Observe that if (A,-, «) is a left Hom-pre-Jacobi-Jordan algebra, then, the Hom-algebra defined on the
same vector space A with "opposite” multiplication x 1 y :=y - x is a right Hom-pre-Jacobi-Jordan algebra
and vice-versa. Hence, all the statements for left Hom-pre-Jacobi-Jordan algebras have their corresponding
statements for left Hom-pre-Jacobi-Jordan algebras. Thus, we will only consider the left Hom-pre-Jacobi-
Jordan algebra case in this paper that we often call Hom-pre-Jacobi-Jordan algebra for short.

It is easy to prove the following.

Proposition 4.4. Let A:= (A, u, a) be a Hom-pre-Jacobi-Jordan algebra and p be a morphism of A. Then,
Apn = (A, pugn = B"u,p"a) is a Hom-pre-Jacobi-Jordan algebra for each n € IN. In particular, Ayn :=
(A, pon := apu, a"1) is a Hom-pre-Jacobi-Jordan algebra for each n € IN.
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Example 4.5. Let A := (A, p) be a pre-Jacobi-Jordan algebra and B be a morphism of A. Then, Ag: :=
(A, pgn := B"p, B") is a Hom-pre-Jacobi-Jordan algebra for each n € IN.

Proposition 4.6. Let (A,-, ) be a left Hom-pre-Jacobi-Jordan algebra. Then the product given by
XAY=X-Y+V-X (23)

defines a Hom-Jacobi-Jordan algebra structure on A, which is called the associated (or sub-adjacent) Hom-
Jacobi-Jordan algebra of (A,-, &) denoted by AC and (A,-, &) is also called a compatible left Hom-pre-Jacobi-
Jordan algebra structure on the Hom-Jacobi-Jordan algebra AC = (A%, ).

Proof. For all x,y,z € A, we prove as follows
Ja(x,9,2) :Q(x,y,z) (x*p)* a(z)
Oty ((¥9)-l2) + (9-x)- al2) + a(z)- (x-9) + a(2)- (v )

=O(x,,2) (Aassoa(x,y,z) +Aassoa(y,x,z)) =0 (by ).

As consequence, we get

Proposition 4.7. Let (A,-,a) be a Hom-algebra. Then (A,-, a) is a left Hom-pre-Jacobi-Jordan algebra if
and only if (A, %, a) defined by Egq. is a Hom-Jacobi-Jordan algebra and (A, L, a) is a representation of
(A, *, a), where L denotes the left multiplication operator on A.

Proof. Straightforward. O]

Proposition 4.8. Let (A,*, &) be a Hom-Jacobi-Jordan algebra and (V,p, ) be a representation. If T is an
O-operator associated to p, then (V,-, ) is a left Hom-pre-Jacobi-Jordan algebra, where

u-v:=p(T(u))v foru,veV. (24)

Therefore there exists an associated Hom-Jacobi-Jordan algebra structure on V given by Eq. and T is
a homomorphism of Hom-Jacobi-Jordan algebras. Moreover, T(V) :={T(v)lv € V} C A is a Hom-Jacobi-
Jordan subalgebra of (A,*, «) and there is an induced left Hom-pre-Jacobi-Jordan algebra structure on T (V)
given by

T(u)eT(v):=T(u*v)foru,veV. (25)

The corresponding associated Hom-Jacobi-Jordan algebra structure on T (V') given by Eq. is just a
Hom-Jacobi-Jordan subalgebra of (A,*,«) and T is a homomorphism of left Hom-pre-Jacobi-Jordan algebras.

Proof. Let u,v,w € V and put u*v = u-v+v-u. Note first that T(u*v) = T(u)+T(v). Then using (17),
we compute as follows

(ukv)-p(w) = p(T(u)* T(v)p(w) = p(TP(u))p(tv)w — p(T p(v))p(tu)w

= =) (v-w) =) (u-w).
Therefore, (V,-,¢) is a left Hom-pre-Jacobi-Jordan algebra. The other conclusions follow immedi-

ately. O]

An obvious consequence of Proposition [4.8]is the following construction of a left Hom-pre-Jacobi-
Jordan algebra in terms of a Rota-Baxter operator (of weight zero) of a Hom-Jacobi-Jordan algebra.
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Corollary 4.9. Let (A,* «) be a Hom-Jacobi-Jordan algebra and P be a Rota-Baxter operator (of weight
zero) on A. Then there is a left Hom-pre-Jacobi-Jordan algebra structure on A given by

x-y:=P(x)*yp forall x,y € A. (26)
Proof. Straightforward. O

Corollary 4.10. Let (A,* ) be a Hom-Jacobi-Jordan algebra. Then there exists a compatible left Hom-pre-
Jacobi- Jordan algebra structure on A if and only if there exists an invertible O-operator of (A,*, a).

Proof. Let (A,-, @) be a left Hom-pre-Jacobi-Jordan algebra and (A, *, a) be the associated Hom-Jacobi-
Jordan algebra. Then the identity map id : A — A is an invertible O-operator of (A,*, a) associated to
(A,ad,a).

Conversely, suppose that there exists an invertible O-operator T of (A,* «) associated to a repre-
sentation (V,p, ¢), then by Proposition there is a left Hom-pre-Jacobi-Jordan algebra structure
on T(V) = A given by

T(u)-T(v)=T(p(T(u))v), forall u,v e V.

If we set T(u) = x and T(v) =y, then we obtain
x-y=T(p(x)T ' (p)), for all x,p € A..

It is a compatible left Hom-pre-Jacobi-Jordan algebra structure on (A, + a). Indeed,

x-p+y-x=T(p(x) T (9)+p») T (x))
= T(T (%) * T(T }(v)) = x* .
O

Proposition 4.11. Let T : V — A be an O-operator on the Hom-Jacobi-Jordan algebra (A, *, o) with respect
to the representation (V,p, ). Let us define a map pr : V. — gl(A) given by

pr(u)x:=T(u)*x—T(p(x)u) for all (u,x) € Vx A

Then, the triplet (A, pr, ) is a representation of the sub-adjacent Hom-Jacobi-Jordan algebra V = (V, %, })
associated with the left Hom-pre-Jacobi-Jordan algebra (V,-, ¢) defined in Proposition

Proof. First, pick (u,x) € V x A. Then, the multiplicativity of & with respect to *, conditions and
in (V,p, ¢) give rise to for (A, pT,a) as follows

a(pr(u)x) =aT(u)+a(x)-aT(p =T(u)*alx) - T(p(a(x)p(u)) = pr(P(u))a(x).

Next, let u,v € V, x € A. Recall that u*v = p(Tu)v + p(Tv)u and T(u*v) = T(u) + T(v). Then, by
straightforward computations, we have

pr{uxv)a(x) = (T(w) s T(0)) »a(x) - T(pla()p(Tuv) - T(p(a(x)p(To)u )
Also, we compute
pr(@(u))pr(v)x = T(u) (T * )~ o) T(p(x)v) = T(p(Tw x 1)p(w)
+T(p<T(p<x>v>)¢<u)) = Tp(u)+ (Tv )= T(p(T$lu)p(x)v + p(T(plx)0))p(1))
~T(pTgwpx)u-+ p(a(x))p(Tv)u)+ T(p(T(p(x)0)p(a)) by (), () and @ )
= Tp(u)+ (Tv =)= T(p(Tp(u)p(x)v ) + T(p(T@()p(x)u )+ T(pla(x)p(To)u )

11
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Switching u# and v in the above equation, we come to

pr(@@)pr(u)x = To(w)* (Tux 1)~ T(p(To@Np(x)u ) + T(p(Tp(w)p(x)v )+ T(p(alx)p(Tu)v )
It follows by (4) that

—pr(¢p(u))pr(v)x —pr(Pp())pr(u)x = pr(u*xv)a(x),
i.e., (8) holds in (A, pr, a). O

4.2 Representations and O-operators

This subsection is devoted to the study of representations and O-operators of Hom-pre-Jacobi-Jordan
algebras. We first give the definition of representations of pre-Jacobi-Jordan algebras and then, gener-
alize this definition in the Hom-case. As mentioned, let first introduce the notion of a representation
of a left Jacobi-Jordan algebra.

Definition 4.12. A representation of a left pre-Jacobi-Jordan algebra (A,-) on a vector space V consists of
a pair (p, A), where p, A : A — gl(V) are linear maps satisfying:

p(xxy) =-p(x)p(y) - p(y)p(x) (27)
AP)A(x) + Ax-9) = =A(p)p(x) = p(x)A(Y) (28)
forall x,y € A where x*y:=x-9+yp-x.

Observe that, Condition means that (V, p) is a representation of the subadjacent Jacobi-Jordan
of (4,-). One can easily prove that (V,p, 1) is a representation of a left pre-Jacobi-Jordan algebra (A, -)
if and only if the direct sum A@® V of vector space turns into a left pre-Jacobi-Jordan algebra under
the product

(x+u)o(y+v):=x-v+(p(x)v+ A(y)u) forall x,ye Aand u,ve V.
This left pre-Jacobi-Jordan algebra is called a semi-direct product of A and V denoted by Ax V.

Remark 4.13. Our definition of representations of left pre-Jacobi-Jordan algebras given above is different
of those given in [11]].

Now, we can extend the notions of representations of pre-Jacobi-Jordan algebras in the Hom-case
as follows:

Definition 4.14. A representation of a left Hom-pre-Jacobi-Jordan algebra (A,-,a) on a vector space V
with respect to ¢ € gl(V') consists of a pair (p,A), where p : A — gl(V) is a representation of the sub-
adjacent Hom-Jacobi-Jordan algebra A on V with respect to ¢ € gl(V), and A: A — gl(V) is a linear map
satisfying:

PA(x) = Ma(x))p (29)
Ma(@)A(x) + AMx-p)p = —Aa(y))p(x) - pla(x))A(y) (30)

Remark 4.15. If @ =1dy, ¢ =1dy, then (V,p, A) is a representation of the pre-Jacobi-Jordan algebra (A, -)
(see Definition [4.12above).

Hence, we obtain
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Example 4.16. Let (A,) be a left pre-Jacobi-Jordan algebra and (V, p, A) be a representation of (A,-) in the
usual sense. Then (V,p, A, 1dy ) is a representation of the left Hom-pre-Jacobi-Jordan algebra A := (A, L 1dy).

To give other examples of representations of Hom-Jacobi-Jordan algebras, let prove the following:

Proposition 4.17. Let Ay := (Ay,-,ay) and A, := (A,, 1,a,) be two left Hom-pre-Jacobi-Jordan algebras

and f : Ay — A, be a morphism of left pre-Hom-Jacobi-Jordan algebras. Then AJzr = (Ay,p A ap) isa
representation of Ay where p(a)b := f(a) 1 b and AMa)b =0 1 f(a) for all (a,b) € Ay x A,.

Proof. First, it is clear that a,p(x) = p(a;(x))a; and ayA(x) = A(a;(x))a, for all x € A;. Next, set
XAYPI=X-P+Y X and b®c=bgc+ctbforall x,y € A) and b,c € A,. Then, one can show that
f(x*y)=f(x)® f(y). Hence, since f is a morphism, we have:

p(x*y)as(b) = f(x*p)as(b) = (f(x)® f(9)) T @2(b

=(f(x) 7 f®) T @2(b) + (f(x) T f(¥)) Torz(b)
=-arf(x) 7 (f(») 1b)~a2f () 1 (f(x) 7 b) ( by Condition[21]in A, )
= —p(a1(x)p(»)b —p(a1(y))p(x)b,

i.e., (8) is satisfied. Finally, using again f is a morphism, we obtain by straightforward computations

A (9)A(x)b + A(x - )y (b)
= (b1 f(x) 1 arf(x)+axb) 1 (f(x) 1 f(®)
=—(f(x) 1b) 1 arf () - azf (x) 7 (b 1 f(¥)) ( by Condition[20]in A, )

—A(al(y))p(X)b —plai(x)A(p)v.
Hence, we get also and the conclusion follows. O

Now, using Proposition we obtain the following examples as applications.

Example 4.18. 1. Let (A,-, ) be a left Hom-pre-Jacobi-Jordan algebra. Define a left and right multi-
plications L,R : A — gl(A) by L(x)y := x-y and R(x)y :=y-x for all x,y € A. Then (A,L,R,a) is a
representation of (A,* ), called a regular representation

2. Let (A,-, ) be a left Hom-pre-Jacobi-Jordan algebra and (B, @) be a two-sided-Hom-ideal of (A, -, ).
Then (B, ) inherits a structure of representation of (A,-, a) where p(a)b :=a-b and A(a)(b) =b-a for
all (a,b) € AxB.

Similarly, the following result can be proven.
Proposition 4.19. Let V := (V,p, A, ¢) be a representation of a left Hom-pre-Jacobi-Jordan algebra A :=
(A,-, ) and B be a self-morphism of A. Then Vﬁn =:(V, ppr = pp", /\ﬁn = AB", ¢) is a representation of A
for each n € IN. In particular, Vyn =: (V,pqn := pa™, Agn := A", @) is a representation of A for each n € IN.

Corollary 4.20. Let (A,-, @) be a left Hom-pre-Jacobi-Jordan algebra. For any integer n € IN, define L"",R" :
A —gl(A) by

L"(x)y = a"(x)-y,R"(x)y =y - a"(x) for all x,y € A.

Then (A,L",R", «) is a representation of the left Hom-pre-Jacobi-Jordan algebra (A, *, a).
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Proposition 4.21. Let (A,-, «) be a left Hom-pre-Jacobi-Jordan algebra, V be a vector space, p,A : A —
gl(V') be linear maps and ¢ € gl(V). Then (V,p, A, p) is a representation of A if and only if the direct sum
A @V (as vector space) turns into a left Hom-pre-Jacobi-Jordan algebra (the semidirect sum) by defining
the multiplication in A®V as

(x+u)o(v+v):=x-v+(p(x)v+ A(y)u) forall x,yc Aand u,ve V. (31)
We denote it by Ax V.

Proof. The multiplicativity of o with respect to a @ ¢ is equivalent to conditions (29), and the
multiplicativity of - with respect to a. Next, for all x,y,z€ A, u,v,w € V, we have by straightforward
computations

Aassogge(x+u,y+v,z+w) = (x-9)-a(z) +p(x-y)p(w) + Aa(z))p(x)v + Aa(z)) A(y)u
+a(x)-(v-2)+pla(x)p@)w+ p(a(x)A(z)v + My - 2)p(u) = Aasso,(x,v,z) + (p(x ‘y)Pp(w)
+pla()pp)w) + (Aa@Iplx)v + pla()AE )+ (MalEAm) + Ap-2)p(w)

Switching x + u and y + v in the expression above of Aassoae;(j,(x +u,9+7v,z+w), we get

Aassoa®¢(y +v,X+u,z+w)=Aasso,(x,v,2) + (p(x V)p(w) + p(a(x))p(y)w) + (/\(a(z))p(x)v
rpla(0)A) )+ (M@ + Ap-2)plw))

Hence, holds for A@ V if and only if (8) (with * =%) and hold. O

Proposition 4.22. Let (V,p, A, §) is a representation of a left Hom-pre-Jacobi-Jordan algebra (A, -, a) and
(A, %, ) be its associated Hom-Jacobi-Jordan algebra. Then (V,p + A, @) is a representation of (A, %, ),

Proof. By Proposition A=V is a left Hom-pre-Jacobi-Jordan algebra. Consider its associated
Hom-Jacobi-Jordan algebra (A® V,3,a + ¢), we have
(x+u)d(y+v)=(x+u)o(+v)+(y+v)o(x+u)
=x-v+(px)v+A@)u)+v-x+ (p(v)u + A(x)v)
=k y+ ((p+ N+ (p+ Dip)u )

Thanks to Proposition we deduce that (V,p + A, ¢) is a representation of (A,*, a). O

As Hom-Jacobi-Jordan algebras case, let (A,-, ) be a regular left Hom-pre-Jacobi-Jordan algebra
and (V,p, A, ¢) be a representation of (4, -, a) such that ¢ is invertible. Define p*,A*: A — gl(V") by
P*(x)(&),uy =(& p(x)u), and (A" (x)(&), u) = (&, Ax)u), Vx€ A, u €v,& € V*. Define p*, A" : A — gl(V")
by

P ()(&) = p"(@(x))((P)?)'(&)) forall x € A, E € V™. (32)
A (x)(&) := A (a(x)(p) )" (&) forall x e A, & € V™, (33)
Now, we can prove

Theorem 4.23. Let (V,p, A, ¢) be a representation of a regular left Hom-pre-Jacobi-Jordan algebra
(A,-, @) such that ¢ is invertible. Then (V,p* + A*,—1*,(¢~!)*) is a representation of (A,-, @) called the
dual representation of (4, -, «).
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Proof. First, since (V,p, A, ¢) is a representation of a left Hom-pre-Jacobi-Jordan algebra (4, a),
thanks to Proposition[4.22] we get that (V, p+1, ¢) is a representation of the sub-adjacent Hom-Jacobi-
Jordan A€ = (A, *,a). Hence, by Theorem we deduce that (V*,(p+ A)* = p* + A%, (¢71)*) is a rep-
resentation of the Hom-Jacobi-Jordan algebra AC. Next, by and , we get forall xe A, e V7,

which implies —A*(a(x)) o (1) = (¢p~1)* o (=A*(x)).

Finally, using (32/and [33), we compute for all x,y € A, £ € V*and u e V :

(A (x-9) (™) (&), u)y = (A (a(x) - a@)(P>) (), u) = () (E), Ma(x) - a(p)))

= (@72 (&), ~Ma’ () Ma(x)p ™" (u) - Ma>@))p(a(x)d~ (u) - p(a®(x)) AMa(y))d~ (1)) ( by (30) )
=((@~H(&), ~Ma> ) Ma®(x)u — A’ (p)pla’(x)u — pla’ (x) Aa®(p))u)

= (=A@ () A (@ @) (P4 (E) = p (@® (DA (@ @) (P~ (&) = A (@ (@))p" (@ (x)(p™H)* (&), u)

= (=AM (@(x) A (@)(E) = p (a(x) A (@)(E) = A (a?(p)p(x)(&), u)

Hence, A*(a(p))A*(x)=A*(x-9)(p~1)* = A*(a())(p*+A*)(x)+(p*+ A*)(a(x))A*(y). This ends the proof. [

Corollary 4.24. Let (A,-, &) be a regular left Hom-pre-Jacobi-Jordan algebra. Then (A,L* + R*,—R*,(a~')*)
is a representation of (A,-,a) where L*,R* : A — gl(A”) are defined by

Ly =Ly (a?)' (&) forall x € A, & € AY,
R.E := R;(x)(a_z)*(cf)for allxe A, € A*

This representation is called the coadjoint representation.
also, we get:

Corollary 4.25. Let (A,-,«) be a regular left Hom-pre-Jacobi-Jordan algebra. Then there is a natural left
Hom-pre-Jacobi-Jordan algebra (A® A*,o,a ® (a™1)*), where the product ¢ is given by

(Xl + 61) <& (x2 + 62) =X *Xy + L;lgz + R;] 62 _Rizél fOT all X1,Xy € A,é],gz e A"
Similarly as in [21]], the following result can be proved.

Proposition 4.26. Let (V,p, A, ) be a representation of a regular left Hom-pre-Jacobi-Jordan algebra
(A, @) such that ¢ is invertible. Then the dual representation of (V,p*, A*,(¢~1)*) is (V,p, A, ).

Fom Theorem and Proposition it follows easily

Proposition 4.27. Let (V,p, A, ) be a representation of a regular left Hom-pre-Jacobi-Jordan algebra
(A,-, a) such that ¢ is invertible. Then the following conditions are equivalent:

(1) (V,p+A,=A, Q) is a representation of the left Hom-pre-Jacobi-Jordan algebra (A, -, ),
(ii) (V,p", A%, (¢‘1)*) is a representation of of the left Hom-pre-Jacobi-Jordan algebra (A,-, a),

(ifi) (e (x)p(y) = pla(p))p(x) for all x,y € A.

15
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Definition 4.28. A matched pair of left Hom-pre-Jacobi-Jordan algebras denoted by (A1, Ay, p1, A1, 02, A2),
consists of two left Hom-pre-Jacobi-Jordan algebras Ay := (Ay,-,a1) and A, := (A,, T, a,) together with
representations py, py : Ay — gl(A,) and p,, pyp : Ay — gl(Ay) with respect to a, and oy respectively such
that for all x,y,z € Ay, a,b,c € A,. the following conditions hold

prlai(x))(@atb) = -pi(pa(a)x+ Az(a)x)az(b) - (p1(x)a+ Ai(x)a) T az(b)
—A1(A2(b)x)az(a) — az(a) 1 (p1(x)D) (34)
Mlap(x))(@a®@b) = -az(a) 7 (A1(x)b) — az(D) 1 (A1(x)a) — A1 (p2(a)x)ay(D)
—A1(p2(b)x)az(a) (35)
p2(az(@)(x-y) = —palpr(x)a+Ai(x)a)ay(y) - (p2(a)x + Az(a)x) - a1 (y)
-2 (A (y)a)ay(x) — ai(x) - (p2(a)y) (36)
Alaz(@))(x*y) = —a1(x)-(A2(a)y) - a1(y) - (Aa(a)x) = Aa(p1(x)a)ay (v)
—Aa(p1(v)a)ar (x) (37)

where % is a product of the sub-adjacent Hom-Jacobi-Jordan algebra AS and ® is a product of the sub-
adjacent Hom-Jacobi-Jordan algebra Ag.

Theorem 4.29. Let A; := (A{,-,a;) and A, := (A, T,a;) be left Hom-pre-Jacobi-Jordan algebras.
Then, (A1, Az, p1,A1,02, A7), is @ matched pair of left Hom-pre-Jacobi-Jordan algebras if and only if
(A1 ® A, 0,01 ®ay)is a left Hom-pre-Jacobi-Jordan algebra where

(x+a)o(y+b)
(a1 ®az)(x+a)

(x-y+pa(a)y + Aa(b)x) + (aTb+p1(x)b+ A1 (y)a) (38)
ay(x)+as(a)

Proof. First, the commutativity of ¢ and its multiplicativity with respect to a; @ a, is equivalent to
the multiplicativity of - and T with respect to a; and «, respectively and Condition (7). Next, let
x,9,z€ Ay and a,b, € A,, then by straightforward computations

Aassoq,@a, (X +a,y+b,z+c)

=((x+a)o(y+b))o(a1®ary)(z+c)+ (a1 @az)(x+a)o((y+b)o(z+c))

= (x-9)- a1(2) + (p2(a)y) - a1(2) + (A2(b)x) - a1(2) + p2(a 1 b)ay(2) + p2(p1(x)D)ay (2)
+p2(A1(¥)a)ar(z) + Az(az(c))(x - y) + Az(az(c))p2(a)y + Aa(az(c))A2(D)x + (a 1 b) T az(c)
+(p1(x)b) 1 a2(c) + (A1 (¥)a) 1 az(c) + p1(x - p)az(c) + p1(p2(a)y)aa(c) + p1(A2(b)x)as(c)
+A1(a1(2))(a 1)+ A(a1(2)p1(x)b + A (a1 (2)) A (¥)a+ ar(x) - (v - 2) + a1 (x) - (p2(b)2)
+ay(x) - (Aa(c)y) + pa(az(a)(y - 2) + pa(az(a))p2(b)z + pa(aa(a)) A2 (c)y + Ao (b 7 c)ay (x

+p1(a1(x)(b 1 ¢) + p1(ai(x)p1(y)e + p1(a(x))A1(2)b + Ay (¥ - z)az(a) + A1 (p2(b)z)az(a)

( (p
( ) T C)a(x)
+A2(p1(R)e)ar (x) + A2 (A1 (2)D)ay (x) + @z (a) 7 (b 1 ) + az(a) 1 (P1(p)e) + az(a) 1 (A1(2)D)
( (b)z
+A1(Az(c)y)az(a).

Switching x+a and y +b in the above expression of as, gq,(X+a,y+b,z+c), we obtain as, gq, (¥ +b,x+
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a,z+c). Next, after rearranging terms, we obtain

Aass0q,@a,(X+a,y +b,z+ )+ Aassoy,ga,(y +b,x+a,z+¢)

_ (Aassoal (x,9,2) + Aassog, (9, z))

+(Aassoa2(a, b,c) + Aassog, (b,a, c)) N (/\1 (@1 (2) A1 (9)a+ A (v - 2)aa(a) + A (1 (2))py (v)a

+o1 (@1 (A1) + (A1 (@1 EDA1 (0 + s (x-2)az(b) + As (s (2)pr (1 + pa (@ (<) s (206
#{Aalaa(DA2(b)x-+ Aa(b 7 €)ar (3) + o (@2(e))p(b)x + palaa () Aa()x) + +{ Aafaa (e Aa(aly

#Aa(at () + Aa(a2eNpa(@)y + pa(@a(@)Aa(ely )+ (p1 (xk p)az(e) + prlas (x)pr (v)e

+p1(@1(p)p1 (X)c )+ (p2(a @ b)as (2)+ pa(a2(a))pa(b)z-+ palaz (b)pa(a)z)

H{er(@ )@t )+ pr(pala)y + Aala)az(e) + (pr(p)a+ A1 () 7 aa(e)+ At (Aa(ely)aa()
+a2(a) 7 (1)) + (1 (a1 ()0 7€)+ pr(p2(b)x + A2(bIx)a(e) + (P (x)b+ A1 (1)D) T 2(c)
#A1(A(E10)az(6) + aa(b) 1 (1 (x)6))+ (A1 (@1 (2)(@ @) + az(a) 7 (1, (2)0) + @a(b) 1 (41 (2)a)
#11(p2(a)2)a(b)+ A1 (p2(D)z)az(a) )+ (p2(@2(@)(w -2)+ pa(pr (V)a+ A1 (V)a)ar (2

Hpala)y + A2(a)y) - a1(2) + A2 (@Da)ar () + a1 (3) - (p2(0)2) )+ (paa2(v)) -2

+02(p1 (000 + A1 (11D)as (2) + (pa(b)x + (b)) a1 (2) + Aa (g (2DB)ar (1) + a1 (1) (pa(0)2))

HAa@(e)rxp) + a1 () (ae)p) + ar(p) - (Aafe)x) + Az<p1<x>c>a1<y>+A2<p1<y>c>a1<x>).

Thanks to (§), (20) and (30), we obtain
AGSS0q, g0, (X + 8, + b, 2+ C) + AaSS0g e, (¥ + b, x + 4,2+ )
= (pr(@r @)@ 1 6+ prlpa(a)y + A2 (@)ar(e) + (o1 (p)a+ A1 (9)a) T a2(0)+ As(Aaep)as(a)
+a2(@) 7 (p1(3)0) )+ (1 (@1 (Db 7.0)+ pr(pa(b)x + Aa(B)0cr(e) + (pr (15 + Ay (x)b) 7 a2(c)
F1(2(O)a(B) + ax(b) 1 (01 (000)) + (A1 (1(2)a®b) + az(a) 1 (1(2)0) + ax(b) 1 (s (2))
#1(p2(@2)az(b) + A1 (p2(b))s(@)) + (p2(a2(a) (v 2) + pa(pr (a+ i () (2)
Hpalaly + Aa(a)y)- a1 () + Do (i 2)aas () + 1 3) - (p2(@)2) ) + (pa(a (D) x -2
F2(p1 (1D + A1 (11D)a s (2)+ (b + a()x) - 1 (2) + Aoy (2DB)ar () + a4 () (pa(B)2))

+(/12(a2(c))(x*y) +ai(x)- (Aa(c)y) + a1(y) - (Aa(c)x) + Aa(p1 (x)c)ay (v) + Az(Pl(V)C)al(x))

We deduce that holds in A; @ A, if and only (34), (35), and holds. O
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Proposition 4.30. Let (Ay,Aj, p1,A1,p2,A2) be a matched pair of left Hom-pre-Jacobi-Jordan algebras
Ay = (Ay,aq) and Ay == (Ay, T,ay). Then, (A1, Ay, p1 + A1, 02 + Ay) is a matched pair of sub-adjacent
Hom-Jacobi-Jordan algebras A := (A, %, a;) and Ag = (A,® a3).

Proof. Since (A1, p2, Ay, @1) and (A,, p1, A1, a,) are representations of left Hom-pre-Jacobi-Jordan alge-
bras (A,, 1,a;) and (Ay, -, a;) respectively, it follows by Proposmon“that (A, pp = p2+/\2, aq)and
(Ag, 1 := p1 + Ay, ap) are representations of sub-adjacent Hom-Jacobi-Jordan algebras A and AC re-
spectively. Next, let x,y € A} and a,b € A,. Then, by straightforward computations, after rearranging
terms we get:

p(a(x))(@®@b) + (p1(x)a) ® az(b) + (p1 (x)b) ® az(a) + pr (p2(a)x)az(b) + pr (p2(b)x)az(a)
= (pl(al(X))(ﬂ 7 b)+p1(p2(a)x + Ax(a)x)as (D) + (p1(x)a + Ay (x)a) 1 (D) + A1 (A(D)x)az(a)

+aa(a) 7 (p1(x)0)) + (1 (@1 ()6 1)+ p1 (pa(b)x + Ao(bpx)a(a) + (p1 (1b-+ Ay (x)b) 7 @2(a)
# A1 (Aa(ax)a2(b) + az(0) 7 (01 (110) ) + (As (@1 ()@ ® ) + a2(@) 1 (11 (4)D) + @2(b) 7 (1 (x)a)

A1 (p2(@)0)az (0) + A1 (pa(b)x)ac(@)) = 0 (by B, B3) )

Hence, we obtain (13). Similarly, we compute
pa(az(a))(x* p) + (p2(a)x) * ay (v) + (pa(a)y) * a1 (x) + po(p1(x)a)ar (p) + pa(p1 (y)a)ay (x)
= (pz(az(ﬂ))(x ")+ p2(p1(x)a+ Ay (x)a)ay (p) + (p2(a)x + Az(a)x) - a1 (y) + A2 (A1 ()a)ay (x)

ray () (palaly) )+ (pz<az< D))+ p2(p1()a-+ Ay (p)a)as (x) + (pa(a)y + Aa(aly) - 1 (x)

#Aa(h (Wa)ar () + a1 (9)- (p2(a)x) ) + (Aalaa @) ) + 1 (1) (Aala)y) + a1 (9)- (a(a)
+A5(p1(x)a)ay (v) + A2 (p1 (v)a)a; (x) ) = 0 ( by (36), (37) ).
Then, we get also (14). O

For the next result, we suppose that there is a left Hom-pre-Jacobi-Jordan algebra structure on A*
and we denote £ and R the corresponding operations. Now, we can prove

Proposition 4.31. Let (A,-,a) and (A%, 1,(a™!)*) be two left Hom-pre-Jacobi-Jordan algebras. Then,
(A/(A")C, L, L") is a matched pair of Hom-Jacobi Jordan algebras if and only if (A,A*,L* + R*,—R*,L* +
R*,—R*) is a matched pair of left pre-Hom-Jacobi-Jordan algebras.

Definition 4.32. Let (V,p, A, ¢) is a representation of a left Hom-pre-Jacobi-Jordan algebra (A,-, «). A
linear map T : V. — A is called an O-operator of (A, -, a) associated to (V,p, A, §) if

To=aT (39)
T(u)-T(v)= T(p(T( v+ AT )for allu,veV (40)
Example 4.33. Let (A,-, a) be a left Hom-pre-Jacobi-Jordan algebra and (V,p, A, ) be a representation of

(A,-, a). It is easy to verify that A® V is a representation of (A,-, &) under the maps pagy : A — gl(A®V)
defined by

Pasv(a)(b+v):=a-b+p(a)v.

Define the linear map T : A@V — A,a+v + a. Then T is an O-operator of A associated to the representation
(ABV,pagv, a® ).



Representations and O-operators of Hom-(pre)-Jacobi-Jordan algebras 19
Let give another example of O-operators of left Hom-pre-Jacobi-Jordan algebras. It is easy to
prove:

Proposition 4.34. If T is an O-operator of a left Hom-pre-Jacobi-Jordan (A,-, a) associated to a represen-
tation (V,p, A, @) then T is an O-operator of its associated Hom-Jacobi-Jordan (A,*,a) associated to the
representation (V,p+ A, §).

As Hom-associative algebras case [9]], let give some characterizations of O-operators on left Hom-
pre-Jacobi-Jordan algebras.

Proposition 4.35. A linear map T : V — A is an O-operator associated to a representation (V,p, A, ¢) of
a left Hom-pre-Jacobi-Jordan algebra (A, -, ) if and only if the graph of T,

G(T):={(T(v),v),veV)
is a subalgebra of the semi-direct product algebra A= V.
The following result shows that an O-operator can be lifted up the Rota-Baxter operator.

Proposition 4.36. Let (A,-, a) be a left Hom-pre-Jacobi-Jordan algebra, (V,p, A, §) be a representation of
Aand T : V — A be a linear map. Define T € End(A@ V) by T(a+v) := T(v). Then T is an O-operator
associated to (V,p, ) if and only if T is a Rota-Baxter operator on A® V.

In the sequel, let give some results about O-operators.

Proposition 4.37. Let T be an O-operator on a left Hom-pre-Jacobi-Jordan algebra (A, -, ) with respect to
a representation (V,p, A, ¢). If define a map o by

utv:=p(T(u))v+MTW))u for all (u,v)€ V*?

then, (V, 1, ) is a left Hom-pre-Jacobi-Jordan algebra. Moreover, T is a morphism from the left Hom-pre-
Jacobi-Jordan algebra (V, 1, ) to the initial left Hom-pre-Jacobi-Jordan algebra (A, -, «).

Proof. For all u,v,w € V, rearranging terms after straightforward computations, we obtain

Aass%(u,v,w) + Aass%(v, u,w)
=(urv)ro(w)+P(u) T (W Tw)+@Tu)rP(W)+d() 7 (UTW)
= (P(T(M) ‘T)p(w) +p(T(v)- T(u))p(w)+p(T(Pp(u)))p(T(v))w + P(T(¢(v)))P(T(M))w)

(/\(T(¢(W)))/\(T(V))u +MT(v)- T(w)p(u) + MT(Pp(w)))p(T (v))u + P(T(fi)(V)))é\(T(W))u)

+(A(T(¢(w)))/\(T(u))v + AT (u)- T(w))p(v) + MT(Pp(w)))p(T (u))v + P(T(¢(u)))/\(T(w))v)
=0 ( by (39), (8) and (30).

Hence, (V, 1, ¢) is a left Hom-pre-Jacobi-Jordan algebra. The second assertion follows from and
the definition of T. O

+

In order to give another characterization of O-operators, let introduce the following;:

Definition 4.38. Let (A,-, @) be a left Hom-pre-Jacobi-Jordan algebra. A linear map N : A — A is said to
be a Nijenhuis operator if Nao = aN and its Nijenhuis torsions vanish, i.e.,

N(x)-N(y)=N(N(x)-y+x-N(v)-N(x-v)), forall x,y € A,
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Observe that the deformed multiplications N : A®A — A given by
xNy:=N(x)-v+x-N(y)-N(x-p),

gives rise to a new left Hom-pre-Jacobi-Jordan multiplication on A, and N becomes a morphism from the
left Hom-pre-Jacobi-Jordan algebra (A,-N, ) to the initial left Hom-pre-Jacobi-Jordan algebra (A,-, «).

Now, we can easily check the following result.

Proposition 4.39. Let A := (A,-, ) be a left Hom-pre-Jacobi-Jordan algebra and V := (V,p, A, ¢) be a
representation of (A,-, a). A linear map T : V — A is an O-operator on A with respect to the V if and only if

Nrp:= ( 8 z; ) :A®V — A®V is a Nijenhuis operator on the left Hom-pre-Jacobi-Jordan algebra A® V.

Proposition 4.40. If N is a Nijenhuis operator on a left Hom-pre-Jacobi-Jordan algebra (A,-, ), then N is
a Nijenhuis operator on the sub-adjacent Hom-Jacobi-Jordan algebra A°.

Proof. Since N is a Nijenhuis operator on (4, «), we have Na = aN. For all x,y € A, by Definition

we obtain

N(x)*N(y)=N(x)-N(y)+N(y)-N(x)
x):y+x-N(y)=N(x-p)+(N(») - x+y-N(x)-N(y-x))
x)*ky+y*x N(x)—N(x*p)).
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