
Moroccan Journal of Algebra
and Geometry with Applications
x (xx) (2026), 1–15
—————————————————————————————————————————————
Supported by Sidi Mohamed Ben Abdellah University, Fez, Morocco ISSN: 2820-7114

Intuitionistic fuzzy J-ideals in (m,n)-near rings

F. Mohammadi1, B. Davvaz2 and V. Leoreanu-Fotea3

1 Department of Mathematical Sciences, Yazd University, Yazd, Iran
e-mail: f1991mohammadi@gmail.com

2 Department of Mathematical Sciences, Yazd University, Yazd, Iran
e-mail: davvaz@yazd.ac.ir

3 Faculty of Mathematics, “Al.I. Cuza” University, Iaşi, Romania
e-mail: violeta.fotea@uaic.ro

Communicated by Ünsal Tekir
(Received 20 December 2025, Revised 25 February 2026, Accepted 01 March 2026)

Abstract. A near ring is a non-empty set A with two binary operations + and ·, where (A,+) forms a group, (A, ·) is a
semigroup, and at least one distributive law holds. Near-rings generalize rings by relaxing distributive properties, and
(m,n)-near rings further extend this framework to multi-ary operations.

In this work, we recall the basic properties of (m,n)-near rings and their ideals, and we introduce intuitionistic fuzzy

ideals in this setting. We investigate their structural properties, including the intuitionistic fuzzy nilradical and Jacobson

radical, and define intuitionistic fuzzy n-ideals, J-ideals, and maximal J-ideals. Key results highlight their algebraic signif-

icance and interrelations. This study provides a unified framework for intuitionistic fuzzy structures in (m,n)-near rings

and lays the foundation for future research in fuzzy algebra.
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1 Introduction

The notion of an (m,n)-near ring extends the classical concept of a near ring to a multi-ary frame-
work. Such structures allow the study of generalized distributive laws and interactions between
multi-parameter operations, and include ordinary near rings as particular cases. They also provide
algebraic models for systems where multi-ary operations naturally arise, such as fuzzy systems, au-
tomata theory, and information processing structures.

Recent works in commutative algebra have focused on various generalizations of prime and J-type
ideals; in particular, El Khalfi studied ϕ-(n,J)-ideals, and related notions such as ϕ-1-absorbing pri-
mary submodules have also been investigated, motivating further extensions to intuitionistic fuzzy
J-ideals and quasi J-ideals in (m,n)-near rings [8, 16]. Quasi J-ideals of commutative rings are de-
fined as ideals whose radical is a J-ideal, providing a natural generalization of J-ideals via the radical
operation [9].

In this paper, we recall the fundamental concepts and properties of (m,n)-near rings and their ide-
als, and we develop the theory of intuitionistic fuzzy ideals within this framework. We study their
structural aspects, including the intuitionistic fuzzy nilradical and the intuitionistic fuzzy Jacobson
radical, and introduce the notions of intuitionistic fuzzy n-ideals, J-ideals, and maximal J-ideals.
Our main results emphasize the algebraic significance of these concepts and clarify the relationships
among them. This work establishes a coherent framework for the study of intuitionistic fuzzy struc-
tures in (m,n)-near rings and provides a basis for further developments in fuzzy algebra. Throughout
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this paper, we denote an i-(m,n)-near ring simply by an (m,n)-near ring. We now present some basic
concepts.

A function µ : R −→ [0,1] defined on a set R is called a fuzzy set. Let Im(µ) denote the image of µ.
For a fuzzy set µ in R and any α ∈ [0,1], the subset

µα = {x ∈ R | µ(x) ≥ α}

is called the α-level subset (or α-cut) of µ.

Definition 1.1 ([1]). An intuitionistic fuzzy set Q in a set R is defined as

Q = {⟨s,µ(s),η(s)⟩ | s ∈ R},

where
µ : R −→ [0,1], η : R −→ [0,1], with 0 ≤ µ(s) + η(s) ≤ 1 for all s ∈ R.

Here, µ(s) and η(s) represent, respectively, the degrees of membership and non-membership of the
element s in the set Q.

Every fuzzy set corresponds to an intuitionistic fuzzy set defined by

FS = {⟨s,µ(s),1−µ(s)⟩ | s ∈ R}.

Example 1.2. Let N be the set of natural numbers and A = {<N,µ(s),η(s) > | s ∈ X}where µ(s) = s
2s+2 ,

η(s) = 1
2s+2 . Then A is an intuitionistic fuzzy set.

Definition 1.3. [1] Let D = {< s,µ(s),η(s) > | s ∈ R} and E = {< s,µ′(s),η′(s) > | s ∈ R} be any two
intuitionistic fuzzy set of set R. Then we say that

(1) D ⊆ E if and only if µ(s) ≤ µ′(s) and η(s) ≥ η′(s) for all s ∈ R.

(2) D = E if and only if µ(s) = µ′(s) and η(s) = η′(s) for all s ∈ R.

(3) D ∩E = {< s, (µ∩ µ′)(s), (η ∩ η′)(s) > | s ∈ R}, where (µ∩ µ′)(s) = min{µ(s),µ′(s)} = µ(s)∧ µ′(s) and
(η ∩ η′)(s) = max{η(s),η′(s)} = η(s)∨ η′(s)

(4) D ∪E = {< s, (µ∪µ′)(s), (η ∪ η′)(s) > | s ∈ R}, where (µ∪µ′)(s) = max{µ(s),µ′(s)} = µ(s)∨µ′(s) and
(η ∪ η′)(s) = min{η(s),η′(s)} = η(s)∧ η′(s)

Definition 1.4. [12] An intuitionistic fuzzy set A = {< s,µ(s),η(s) > | s ∈ R} of an m-ary group (R,f ) is
called an intuitionistic fuzzy subgroup of R if

(1) for all w1,w2, ...,wm ∈ R, µ
(
f (w1,w2, ...,wm)

)
≥min{µ(w1),µ(w2), ...,µ(wm)},

(2) for all am1 ,b ∈ R and 1 ≤ i ≤m there is xi ∈ R so that f (ai−1
1 ,xi , a

m
i+1) = b and µ(xi) ≥min{µ(a1),µ(a2), ...,µ(ai−1),µ(ai+1), ...,µ(am),µ(b)},

(3) for all w1,w2, ...,wm ∈ R, η
(
f (w1,w2, ...,wm)

)
≤max{η(w1),η(w2), ...,η(wm)},

(4) for all wm
1 ,b ∈ R and 1 ≤ i ≤m there is xi ∈ R so that f (wi−1

1 ,xi ,w
m
i+1) = b and η(xi) ≤max{η(w1),η(w2), ...,η(wi−1),η(wi+1), ...,η(wm),η(b)}.

Example 1.5. Let Z be the set of integer numbers and h be an m-ary operation on Z defined for each
o1, o2..., om ∈Z as follows:

h(o1, o2, ..., om) = o1 + o2 + ...+ om.
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Then (Z,h) is an m-group.

µ(w) =

0.8 if w ∈ 2Z

0.2 if w < 2Z,

η(w) =

0.1 if w ∈ 2Z

0.7 if w < 2Z.

(1) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} such that wj < 2Z

so µ
(
h(w1,w2, ...,wm)

)
≥min{µ(w1),µ(w2), ...,µ(wm)},

(2) for all am1 ,b ∈Z and 1 ≤ i ≤m there is xi ∈Z so that h(ai−1
1 ,xi , a

m
i+1) = b and if xi < 2Z, then there

is j ∈ {1,2, ...,m} that wj < 2Z or b < 2Z so µ(xi) ≥min{µ(a1),µ(a2), ...,µ(ai−1),µ(ai+1), ...,µ(am),µ(b)},
(3) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} that wj < 2Z so

η
(
h(w1,w2, ...,wm)

)
≤max{η(w1),η(w2), ...,η(wm)},

(4) for all wm
1 ,b ∈ Z and 1 ≤ i ≤ m there is xi ∈ Z so that h(wi−1

1 ,xi ,w
m
i+1) = b and if xi < 2Z, then

there is j ∈ {1,2, ...,m} that wj < 2Z or b < 2Z, so

η(xi) ≤max{η(w1),η(w2), ...,η(wi−1),η(wi+1), ...,η(wm),η(b)}.

Therefore A = {< w,µ(w),η(w) > | w ∈Z} is an intuitionistic fuzzy subgroup of m-group (Z,h).

Definition 1.6. [13] Let R be a non-empty set and f ,g be m-ary and n-ary operations on S, respec-
tively. Then (R,f ,g) is called an i-(m,n)-near ring, if the following conditions hold:

(1) (R,f ) is an m-ary group (not necessarily abelian);

(2) (R,g) is an n-ary semigroup;

(3) The n-ary operation g is i-distributive with respect to the m-ary operation f ,

where the definition of i-distributive condition is as follows:
for every on1 , wm

1 ∈ R, if i = n, then

g(on−1
1 , f (w1,w2, ...,wm)) = f (g(on−1

1 ,w1), g(on−1
1 ,w2), ..., g(on−1

1 ,wm)).

If i = 1, then
g(f (w1,w2, ...,wm), on2) = f (g(w1, o

n
2), g(w2, o

n
2), ..., g(wm, o

n
2)).

If 1 < i < n, then

g(oi−1
1 , f (w1,w2, ...,wm), oni+1) = f (g(oi−1

1 ,w1, o
n
i+1), g(oi−1

1 ,w2, o
n
i+1), ..., g(oi−1

1 ,wm, o
n
i+1)).

If for all i ∈ {1,2, ...,n}, (R,f ,g) is an i-(m,n) near ring and (R,f ) is commutative group, then (R,f ,g)
is called an (m,n)-ring. Every (m,n)-ring [7] is an (m,n)-near ring. Further background on near rings
can be found in [4, 6, 10, 17], while [13, 14] provides additional information on (m,n)-near rings.

Example 1.7. Let Z be the set of integer numbers and h,k be m-ary and n-ary operations on Z,
respectively, which are defined below. Then (Z,h,k) is an (m,n)-near ring. For all om1 , jn1 ∈Z

h(o1, o2, ..., om) = o1 + o2 + ...+ om, k(j1, j2, ..., jn) = jn.

It is clear that (Z,h) is an m-ary group. We prove that (Z, k) is an n-ary semigroup; if 1 ≤ i < n, then
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k(j i−1
1 , k(ji , ji+1, ..., jn+i−1), jn+i , ..., j2n−1) = j2n−1

if i = n, then

k(jn−1
1 , k(jn, jn+1, ..., j2n−1)) = k(jn, jn+1, ..., j2n−1) = j2n−1.

We prove that the n-ary operation k is n-distributive with respect to the m-ary operation h.

k(j1, j2, ..., jn−1,h(o1, o2, ..., om)) = h(o1, o2, ..., om),
h(k(j1, j2, ..., jn−1, o1), k(j1, j2, ..., jn−1, o2), ..., k(j1, j2, ..., jn−1, om)) = h(o1, o2, ..., om)).

Therefore

k(j1, j2, ..., jn−1,h(o1, o2, ..., om)) = h(k(j1, j2, ..., jn−1, o1), k(j1, j2, ..., jn−1, o2), ..., k(j1, j2, ..., jn−1, om)).

If (R,f ,g) is an (m,n)-near ring and (R,g) is commutative, then R is called a commutative (m,n)-near
ring.

Definition 1.8. Let (R,f ,g) be an (m,n)-near ring. Then a subgroup (J, f ) of an m-ary group (R,f )
with g(J, J, ..., J︸  ︷︷  ︸

n

) ⊆ J is called an (m,n)-sub near ring of (R,f ,g), it is denoted by J ⩽ R.

Example 1.9. In Example 1.7, (2Z,h) is a subgroup of Z and k(2Z,2Z, ...,2Z︸          ︷︷          ︸
n

) = 2Z ⊆ 2Z, so (2Z,h,k)

is an (m,n)-sub near ring of (Z,h,k).

For further details on fuzzy (m,n)-subnear rings, see [15]. The remainder of the paper is orga-
nized as follows. In Section 2, we introduce intuitionistic fuzzy (m,n)-subnear rings and investigate
their basic properties. Section 3 is devoted to intuitionistic fuzzy J-ideals of (m,n)-near rings. We
then study quasi J-ideals of (m,n)-near rings and analyze their main structural features. The paper
concludes with a section of conclusions and directions for future research.

2 Intuitionistic fuzzy (m,n)-sub near ring

The theory of fuzzy sets, introduced by Zadeh, has found widespread applications across many areas
of science and engineering. Among the various higher-order extensions of fuzzy sets, intuitionistic
fuzzy sets, introduced by Atanassov [1, 3, 2], provide an effective framework for modeling uncertainty
and vagueness in algebraic structures.

Definition 2.1. [12] Let (R,f ,g) be an (m,n)-near ring and A = {< j,µ(j),η(j) > | j ∈ R} be an intu-
itionistic fuzzy set of R. Then A is called an intuitionistic fuzzy (m,n)-sub near ring of R, if

(1) for all j1, j2, ..., jm ∈ R,

µ
(
f (j1, j2, ..., jm)

)
≥min{µ(j1),µ(j2), ...,µ(jm)},

(2) for all jm1 ,b ∈ R and 1 ≤ i ≤m there is xi ∈ R so that

f (j i−1
1 ,xi , j

m
i+1) = b, µ(xi) ≥min{µ(j1),µ(j2), ...,µ(ji−1),µ(ji+1), ...,µ(jm),µ(b)},

(3) for all w1,w2, ...,wn ∈ R,

µ
(
g(w1,w2, ...,wn)

)
≥min{µ(w1),µ(w2), ...,µ(wn)},
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(4) for all l1, l2, ..., lm ∈ R,

η
(
f (l1, l2, ..., lm)

)
≤max{η(l1),η(l2), ...,η(lm)},

(5) for all dm1 ,b ∈ R and 1 ≤ i ≤m there is xi ∈ R so that

f (di−1
1 ,xi ,d

m
i+1) = b, η(xi) ≤max{η(d1),η(d2), ...,η(di−1),η(di+1), ...,η(dm),η(b)},

(6) for all h1,h2, ...,hn ∈ R,

η
(
g(h1,h2, ...,hn)

)
≤max{η(h1),η(h2), ...,η(hn)}.

Example 2.2. In Example 1.7, consider

µ(w) =

0.7 if w ∈Z
0.2 if w <Z,

η(w) =

0.2 if w ∈Z
0.9 if w <Z,

(1) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} that wj < 2Z so

µ
(
h(w1,w2, ...,wm)

)
≥min{µ(w1),µ(w2), ...,µ(wm)},

(2) for all am1 ,b ∈Z and 1 ≤ i ≤m there is xi ∈Z so that h(ai−1
1 ,xi , a

m
i+1) = b and if xi < 2Z, then there

is j ∈ {1,2, ...,m} that wj < 2Z or b < 2Z so µ(xi) ≥min{µ(a1),µ(a2), ...,µ(ai−1),µ(ai+1), ...,µ(am),µ(b)}
(3) for all l1, l2, ..., ln ∈Z,

µ
(
k(l1, l2, ..., ln)

)
= µ(ln) ≥min{µ(l1),µ(l2), ...,µ(ln)},

(4) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} so that wj < 2Z so

η
(
h(w1,w2, ...,wm)

)
≤max{η(w1),η(w2), ...,η(wm)},

(5) for all wm
1 ,b ∈Z and 1 ≤ i ≤m there is xi ∈ R so that h(wi−1

1 ,xi ,w
m
i+1) = b and if xi < 2Z, then there

is j ∈ {1,2, ...,m} so that wj < 2Z or b < 2Z so η(xi) ≤max{η(w1),η(w2), ...,η(wi−1),η(wi+1), ...,η(wm),η(b)}.
(6) for all l1, l2, ..., ln ∈Z,

η
(
k(l1, l2, ..., ln)

)
= η(ln) ≤max{η(l1),η(l2), ...,η(ln)},

so A = {< w,µ(w),η(w) > | w ∈Z} is an intuitionistic fuzzy sub near ring of (m,n)-near ring (Z,h,k)

Definition 2.3. [15] Let A be a non-empty subset of an (m,n)-near ring (R,f ,g). Then A is called an
ideal of S if

(1) A is a normal subgroup of the m-ary group (R,f ),

(2) for all o1, o2, ..., on ∈ R, g(oi−1
1 ,A,oni+1) ⊆ A,

(3) for every rk−1
1 , rmk+1,w

j−1
1 ,wn

j+1 ∈ R and 1 ≤ k ≤m, d ∈ A, there is o ∈ A so that

g(wj−1
1 , f (rk−1

1 ,d, rmk+1),wn
j+1)

= f (g(wj−1
1 , r1,w

n
j+1), g(wj−1

1 , r2,w
n
j+1), ..., g(wj−1

1 , rk−1,w
n
j+1), o,g(wj−1

1 , rk+1,

wn
j+1), ..., g(wj−1

1 , rm,w
n
j+1)).

A is called an i-ideal of R if it satisfies conditions (1) and (2). A is called a j-ideal of R, for j , i,
if it satisfies conditions (1) and (3).
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Example 2.4. In Example 1.7, subset 2Z is an n-ideal of (Z,h,k) because (2Z,h) is a normal subgroup
of m-ary group (Z,h), (2Z,h) is an m-ary group and for all s1, s2, ..., sn−1 ∈Z, k(sn−1

1 ,2Z) = 2Z ⊆ 2Z

If O is an i-ideal for every 1 ≤ i ≤ n, then O is called an ideal of (m,n)-near ring (R,f ,g).

Definition 2.5. [12] Let (R,f ,g) be an i-(m,n)-near ring and A = {< x,µ(x),η(x) > | x ∈ R} be an
intuitionistic fuzzy set of R. Then A is called an intuitionistic fuzzy ideal of R, if

(1) for all l1, l2, ..., lm ∈ R,

µ
(
f (l1, l2, ..., lm)

)
≥min{µ(l1),µ(l2), ...,µ(lm)},

(2) for all lm1 ,b ∈ R and 1 ≤ i ≤m there is xi ∈ R so that

f (li−1
1 ,xi , l

m
i+1) = b, µ(xi) ≥min{µ(l1),µ(l2), ...,µ(li−1),µ(li+1), ...,µ(lm),µ(b)},

(3) for all wi−1
1 ,wm

i+1,w ∈ R and 1 ≤ j ≤m, there is a ∈ R that

f (wj−1
1 ,w,wm

j+1) = f (wi−1
1 , a,wm

i+1), µ(a) ≥ µ(w),

(4) for all w1,w2, ...,wn ∈ R,

µ
(
g(w1,w2, ...,wn)

)
≥min{µ(w1),µ(w2), ...,µ(wn)},

(5) for all wn
1 ,w ∈ R and 1 ≤ i ≤ n,

µ
(
g(wi−1

1 ,w,wn
i+1)

)
≥ µ(w),

(6) for all k , i, 1 ≤ k ≤m, di−1
1 ,dni+1,w

m
1 ∈ R and wk ∈ R there is hk ∈ R so that

g
(
di−1

1 , f (w1,w2, ...,wm),dni+1

)
= f

(
g(di−1

1 ,w1,d
n
i+1), g(di−1

1 ,w2,d
n
i+1), ..., g(di−1

1 ,

wk−1,d
n
i+1),hk , g(di−1

1 ,wk+1,d
n
i+1), ..., g(di−1

1 ,wm,d
n
i+1)

)
and µ(hk) ≥ µ(wk).

(7) for all l1, l2, ..., lm ∈ R,

η
(
f (l1, l2, ..., lm)

)
≤max{η(l1),η(l2), ...,η(lm)},

(8) for all dm1 ,b ∈ R and 1 ≤ i ≤m there is wi ∈ R so that

f (di−1
1 ,wi ,d

m
i+1) = b, η(wi) ≤max{η(d1),η(d2), ...,η(di−1),η(di+1), ...,η(dm),η(b)},

(9) for all wi−1
1 ,wm

i+1,w ∈ R and 1 ≤ j ≤m, there is a ∈ R that

f (wj−1
1 ,w,wm

j+1) = f (wi−1
1 , a,wm

i+1), η(a) ≤ η(w),

(10) for all w1,w2, ...,wn ∈ R,

η
(
g(w1,w2, ...,wn)

)
≤max{η(w1),η(w2), ...,η(wn)},

(11) for all wn
1 ,w ∈ R and 1 ≤ i ≤ n,
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η
(
g(wi−1

1 ,w,wn
i+1)

)
≤ η(w),

(12) for all k , i, 1 ≤ k ≤m, di−1
1 ,dni+1,w

m
1 ∈ R and wk ∈ R there is hk ∈ R so that

g
(
di−1

1 , f (w1,w2, ...,wm),dni+1

)
= f

(
g(di−1

1 ,w1,d
n
i+1), g(di−1

1 ,w2,d
n
i+1), ..., g(di−1

1 ,

wk−1,d
n
i+1),hk , g(di−1

1 ,wk+1,d
n
i+1), ..., g(di−1

1 ,wm,d
n
i+1)

)
and η(hk) ≤ η(wk).

Note that A is an intuitionistic fuzzy i-ideal of R if it satisfies 1,2, ...,5,7, ....,11. A is an intuitionistic
fuzzy j-ideal, j , i, of R if it satisfies 1,2,3,4,6, ...,10,12, 1 ≤ i, j ≤ n.

Example 2.6. In Example 1.7, consider

µ(w) =

0.8 if w ∈ 2Z

0.2 if w < 2Z.

η(w) =

0.1 if w ∈ 2Z

0.7 if w < 2Z.

(1) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} that wj < 2Z so

µ
(
h(w1,w2, ...,wm)

)
≥min{µ(w1),µ(w2), ...,µ(wm)},

(2) for all am1 ,b ∈Z and 1 ≤ i ≤m there is xi ∈Z so that f (ai−1
1 ,xi , a

m
i+1) = b and if xi < 2Z, then there

is j ∈ {1,2, ...,m} that wj < 2Z or b < 2Z so µ(xi) ≥min{µ(a1),µ(a2), ...,µ(ai−1),µ(ai+1), ...,µ(am),µ(b)}
(3) for all wi−1

1 ,wm
i+1,w ∈Z and 1 ≤ j ≤m, there is a ∈Z so that

h(wj−1
1 ,w,wm

j+1) = h(wi−1
1 , a,wm

i+1), so w = a then µ(a) ≥ µ(w),

(4) for all l1, l2, ..., ln ∈Z,

µ
(
k(l1, l2, ..., ln)

)
= µ(ln) ≥min{µ(l1),µ(l2), ...,µ(ln)},

(5) for all wn
1 ,w ∈Z and 1 ≤ i ≤ n,

µ
(
h(wn−1

1 ,w)
)

= µ(w) ≥ µ(w),

(7) for all w1,w2, ...,wm ∈ Z, if h(w1,w2, ...,wm) < 2Z, then there is j ∈ {1,2, ...,m} that wj < 2Z so

η
(
h(w1,w2, ...,wm)

)
≤max{η(w1),η(w2), ...,η(wm)},

(8) for all wm
1 ,b ∈ Z and 1 ≤ i ≤ m there is xi ∈ Z so that h(wi−1

1 ,xi ,w
m
i+1) = b and if xi < 2Z, then

there is j ∈ {1,2, ...,m} that wj < 2Z or b < 2Z so η(xi) ≤max{η(w1),η(w2), ...,η(wi−1),η(wi+1), ...,η(wm),η(b)}.
(9) for all wi−1

1 ,wm
i+1,w ∈Z and 1 ≤ j ≤m, there is a ∈Z that

h(wj−1
1 ,w,wm

j+1) = h(wi−1
1 , a,wm

i+1), so w = a then η(a) ≤ η(w),

(10) for all l1, l2, ..., ln ∈Z,

η
(
k(l1, l2, ..., ln)

)
= η(ln) ≤max{η(l1),η(l2), ...,η(ln)},

(11) for all wn
1 ,w ∈Z and 1 ≤ i ≤ n,

η
(
k(wn−1

1 ,w)
)

= η(w) ≤ η(w),

so A = {< w,µ(w),η(w) > | w ∈Z} is an intuitionistic fuzzy n-ideal of (m,n)-near ring (Z,h,k).



8 Moroccan Journal of Algebra and Geometry with Applications / F. Mohammadi, B. Davvaz and V. Leoreanu-Fotea

Lemma 2.7. Assume that A = {< w,µ(w),η(w) > | w ∈ R} is an intuitionistic fuzzy ideal of (m,n)-near
ring (R,f ,g). Then µ(w) ≤ µ(0) and η(w) ≥ η(0) for all w ∈ R.

Definition 2.8. Let Ai = {< q,µi(q),ηi(q) > | q ∈ R} be an intuitionistic fuzzy ideal of (m,n)-near ring
(R,f ,g) for all 1 ≤ i ≤ n. Define

g(A1,A2, ...,An)(q) = C(q), C = {< q,C1(q),C2(q) > | q ∈ R}

C1(q) =


sup

q=g(q1,q2,...,qn)
{min{µ1(q1),µ2(q2), ...,µn(qn)}} if q = g(q1,q2, ...,qn)

0 otherwise.

C2(q) =

 inf
q=g(q1,q2,...,qn)

{max{η1(q1),η2(q2), ...,ηn(qn)}} if q = g(q1,q2, ...,qn)

1 otherwise.

Definition 2.9. Let P be an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g).Then P is called
an intuitionistic fuzzy prime ideal if for any intuitionistic fuzzy ideals of RWi = {⟨q,µi(q),ηi(q)⟩ | q ∈ R},
i = 1,2, . . . ,n, the following implication holds:

g(W1,W2, . . . ,Wn) ⊆ P =⇒ W1 ⊆ P or W2 ⊆ P or . . . or Wn ⊆ P .

In [11], it is proved that a fuzzy maximal ideal µ of R cannot be defined as a fuzzy ideal A , λR

such that, for any fuzzy ideal η of R satisfying µ ⊂ η ⊆ λR, we have η = λR.

λ(R)(q) =

1 if q ∈ R

0 otherwise.

λ′′(R)(q) =

0 if q ∈ R

1 otherwise.

Definition 2.10. [11] Let µ be a fuzzy subset of (m,n)-near ring (R,f ,g). Then we define

µ∗ = {q ∈ R | µ(q) = µ(0)}.

χ(R) = {< q,λR(q),λ′′R(q) > | q ∈ R}.

If µ is a fuzzy i-ideal of R, then µ∗ is an i-ideal of R.

Example 2.11. In Example 1.2, µ∗ = {q ∈ R | µ(q) = 0} = {0}, η∗ = {q ∈ R | η(q) = η(0) = 1
0+2 = 1

2 } = {0}.

Example 2.12. In Example 2.6, µ∗ = {q ∈Z | µ(q) = µ(0)} = {q ∈Z | µ(q) = 0.8} = 2Z,
η∗ = {q ∈Z | η(q) = η(0)} = {q ∈Z | η(q) = 0.1} = 2Z

Lemma 2.13. [11] Suppose that µ and η are fuzzy i-ideals of (m,n)-near ring (R,f ,g). Then
µ∗

⋂
η∗ ⊆ (µ

⋂
η)∗.

Proof. Assume that x ∈ µ∗
⋂

η∗, then µ(x) = µ(0) and η(x) = η(0), this gives that (µ
⋂

η)(x) =
min{µ(x),η(x)} = min{µ(0),η(0)} = (µ

⋂
η)(0), thus x ∈ (µ

⋂
η)∗, this implies that µ∗

⋂
η∗ ⊆ (µ

⋂
η)∗.

Definition 2.14. Let µ be a fuzzy i-ideal of (m,n)-near ring (R,f ,g). Then µ is called a fuzzy maximal
i-ideal of R if

(1) µ is not constant,
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(2) for any fuzzy i-ideal η of R, if µ ⊆ η then either µ∗ = η∗ or η = λR.

Let µ be a fuzzy ideal of (m,n)-near ring (R,f ,g). Then µ is called a fuzzy maximal ideal of R if µ
is not constant and for any fuzzy ideal η of R, if µ ⊂ η then either µ∗ = η∗ or η = λR.

Definition 2.15. Let A = {< q,µ(q),η(q) > | q ∈ R} be an intuitionistic fuzzy i-ideal of (m,n)-near ring
(R,f ,g). Then A is called intuitionistic fuzzy maximal i-ideal of R if

(1) µ and η are not constant,

(2) for any fuzzy ideal B = {< q,µ1(q),η1(q) > | q ∈ R} of R, if µ ⊆ µ1 then either µ∗ = µ1∗ or µ1 = λR

and if η ⊆ η1 then either η∗ = η1∗ or η1 = λ′′R.

Let A = {< q,µ(q),η(q) > | q ∈ R} be an intuitionistic fuzzy ideal of (m,n)-near ring (R,f ,g). Then A
is called an intuitionistic fuzzy maximal ideal of R if µ and η are not constant and for any fuzzy ideal
B = {< q,µ1(q),η1(q) > | q ∈ R} of R, if µ ⊆ µ1 then either µ∗ = µ1∗ or µ1 = λR and if η ⊆ η1 then either
η∗ = η1∗ or η1 = λR.

Definition 2.16. Let (R,f ,g) be an (m,n)-near ring. The intersection of all the fuzzy maximal ideals
of S is called the Jacobson radical of R and denoted by Jac(R).

Definition 2.17. Let A be an fuzzy ideal of (m,n)-near ring (R,f ,g) and

φ(A) = {B | B is a fuzzy ideal of R such that g(B(k+1)n−k) ⊆ A for k ∈N}.

The fuzzy subset N (A) = sup
B∈φ(A)

{B} is called the nilradical of A.

Definition 2.18. Let A = {< q,µ(q),η(q) > | q ∈ R} be an intuitionistic fuzzy ideal of (m,n)-near ring
(R,f ,g) and

φ(µ) = {B | B is a fuzzy ideal of R such that g(B(k+1)n−k) ⊆ µ for k ∈N},
φ(η) = {A | A is a fuzzy ideal of R such that g(A(k+1)n−k) ⊆ η for k ∈N}.

The fuzzy subset N (A) = {< q, sup
B∈φ(µ)

B(q), inf
A∈φ(η)

A(q) > | q ∈ R} is called the nilradical of A

Definition 2.19. Let A = {< q,µ(q),η(q) > | q ∈ R} be an intuitionistic fuzzy ideal of (m,n)-near ring
(R,f ,g). Then A is called an intuitionistic fuzzy N -ideal of R if for all intuitionistic fuzzy ideals
Wi = {< q,µi(q),ηi(q) > | q ∈ R}, i ∈ {1,2, ...,n}, g(W1,W2, ...,Wn) ⊆ A and W i−1

1 ,W n
i+1 ⊈ N (R) implies

Wi ⊆ A.

3 Intuitionistic fuzzy J-ideals of (m,n)-near rings

We begin with the following definition:

Definition 3.1. Suppose that (R,f ,g) is an (m,n)-near ring and A = {⟨q,µ(q),η(q)⟩ | q ∈ R} is an intu-
itionistic fuzzy ideal of R. Then A is called an intuitionistic fuzzy n-ideal if the following holds:

For all intuitionistic fuzzy ideals Wi = {⟨q,µi(q),ηi(q)⟩ | q ∈ R}, i ∈ {1,2, . . . ,n},
if g(W1,W2, . . . ,Wn) ⊆ A and Ann(Wj ) = 0 for all j , i, then Wi ⊆ A, where

Ann(S) = {W j−1
1 ,W n

j+1 ⊆ R | g(W j−1
1 ,S,W n

j+1) = 0, 1 ≤ j ≤ n}.

Example 3.2. Let A = {< q,µ(q),η(q) > | x ∈ Z}, Wi = {< q,µi(q),ηi(q) > | q ∈ R} for i ∈ {1,2, ...,n}
be the intuitionistic fuzzy ideals of (Z,h,k) in Example 1.7, Ann(Wj ) = 0 for 1 ≤ j , i ≤ n and
g(W1,W2, ...,Wn) ⊆ A. In this case g(W1,W2, ...,Wn) = Wn ⊆ A so Wn ⊆ A. Hence A is an intuition-
istic fuzzy n-ideal of (m,n)-near ring (Z,h,k).
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Definition 3.3. Let A = {⟨q,µ(q),η(q)⟩ | q ∈ R} be an intuitionistic fuzzy ideal of an (m,n)-near ring
(R,f ,g). Then A is called an intuitionistic fuzzy J-ideal if for all intuitionistic fuzzy ideals
Wi = {⟨q,µi(q),ηi(q)⟩ | q ∈ R}, i = 1,2, . . . ,n, of R, the following statement holds:

If g(W1,W2, . . . ,Wn) ⊆ A and W i−1
1 ,W n

i+1 ⊈ J(R), then Wi ⊆ A.

Theorem 3.4. If A = {< q,µ(q),η(q) > | q ∈ R} is an intuitionistic fuzzy J-ideal of (m,n)-near ring
(R,f ,g) and A , χ(R), then A ⊆ J(R).

Proof. Assume that A is an intuitionistic fuzzy J-ideal, but A ⊈ J(R). Suppose that 4g(A(i−1),χ(R),A(n−i)) ⊆
A implies χ(R) ⊆ A, which would mean A = χ(R). This is a contradiction. Therefore, we must have
A ⊆ J(R).

Definition 3.5. Let O be an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g). For O , R, define
(O : R) = {H | g(R(i−1),H,R(n−i)) ⊆O, H is an intuitionistic fuzzy subset of R}.

(O : R) = {H | g(W i−1
1 ,H,W n

i+1) ⊆O, H,Wi−1
1 ,Wn

i+1 are intuitionistic fuzzy subsets of R}
(O : Xi−1

1 ,Xn
i+1) = {A | g(Xi−1

1 ,A,Xn
i+1) ⊆O, A is an intuitionistic fuzzy subset of R}.

Theorem 3.6. Let (R,f ,g) be a commutative (m,n)-near ring and O be an intuitionistic fuzzy ideal of
R. Then the following statements are equivalent:

(1) O is an intuitionistic fuzzy J-ideal of R.

(2) O = (O : Ai−1
1 ,An

i+1) for all Ai−1
1 ,An

i+1 ⊈ J(R).

(3) (O : Ai−1
1 ,An

i+1) ⊆ J(R) for every Ai−1
1 ,An

i+1 ⊈O.

Proof. (1) ⇒ (2) Suppose that O is an intuitionistic fuzzy J-ideal of R. For all Ai−1
1 ,An

i+1 that are
intuitionistic fuzzy subsets of R, the inclusion O ⊆ (O : Ai−1

1 ,An
i+1) always holds. Let Ai−1

1 ,An
i+1 ⊈

J(R) and B ⊆ (O : Ai−1
1 ,An

i+1), then g(Ai−1
1 ,B,An

i+1) ⊆ O. Because O is a J-ideal, B ⊆ O then O =
g(Ai−1

1 ,O,An
i+1).

(2) ⇒ (1) Suppose that O,Ai−1
1 ,An

i+1 are intuitionistic fuzzy ideals of (m,n)-near ring (R,f ,g). If
g(A1,A2, ...,An) ⊆O and Ai−1

1 ,An
i+1 ⊈ J(R), then by (2), Ai ⊆ (O : Ai−1

1 ,An
i+1) = O so O is a J-ideal of R.

(1)⇒ (3) Assume that Ai−1
1 ,An

i+1 ⊈O and B = (O : Ai−1
1 ,An

i+1) then g(Ai−1
1 ,B,An

i+1) ⊆O. Because O is
a J-ideal, so B ⊆ J(R).

(3)⇒ (1) Suppose that W1,W2, ...,Wn are intuitionistic fuzzy ideals of (m,n)-near ring (R,f ,g) so
that g(W1,W2, ...,Wn) ⊆ O with W i−1

1 ,W n
i+1 ⊈ J(R). If W1,W2, ...,Wn ⊈ O, then by (3), for all j , i,

Wj ⊆ (O : W j−1
1 ,W n

j+1) ⊆ J(R), a contradiction. Therefore, Wi ⊆O and O is a J-ideal of R.

Lemma 3.7. Assume that (R,f ,g) is a commutative (m,n)-near ring and G is an intuitionistic fuzzy subset
of R and G , χ(R). In this case if O is an intuitionistic fuzzy J-ideal of R with G ⊈ O, then (O : G) is an
intuitionistic fuzzy J-ideal of R.

Proof. If (O : G) = χ(R), then g(G(i−1),χ(R),G(n−i)) ⊆ O. This implies that G ⊆ O is a contradiction,
so (O : G) , χ(R) is an intuitionistic fuzzy ideal in R. Assume that g(W1,W2, ...,Wn) ⊆ (O : G) and
W i−1

1 ,W n
i+1 ⊈ J(R). Then we have g(S i−1

1 , g(W1,W2, ...,Wn),Sn
i+1) ⊆O for every intuitionistic fuzzy sub-

sets S i−1
1 ,Sn

i+1 of G. Thus
g(S i−1

1 , g(W1,W2, ...,Wn),Sn
i+1) = g(W i−1

1 , g(S i−1
1 ,Wi ,S

n
i+1),W n

i+1) ⊆O.
Since O is an intuitionistic fuzzy J-ideal of R, it follows that g(S i−1

1 ,Wi ,S
n
i+1) ⊆O therefore

Wi ⊆ (O : G).

Definition 3.8. Let A = {< x,µ(x),η(x) > | x ∈ X} be an intuitionistic fuzzy J-ideal of (m,n)-near ring
(R,f ,g). Then A is called intuitionistic fuzzy maximal J-ideal of R if
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(1) µ and η are not constant,

(2) for any fuzzy J-ideal B = {< x,µ1(x),η1(x) > | x ∈ R} of R, if A ⊆ B then A∗ = B∗ (µ∗ = µ1∗ and
η∗ = η1∗) or B = χ(R) (µ1 = λR and η1 = λ′′R).

Theorem 3.9. Suppose that O is an intuitionistic fuzzy maximal J-ideal of (m,n)-near ring (R,f ,g),
in this case O is an intuitionistic fuzzy prime ideal. If O = J(R), then the converse is true.

Proof. Assume that O is an intuitionistic fuzzy maximal J-ideal and A1,A2, ...,An are intuitionistic
fuzzy ideals of R so that g(A1,A2, ...,An) ⊆O and Ai−1

1 ,An
i+1 ⊈O. Thus (O : Ai−1

1 ,An
i+1) is an intuitionis-

tic fuzzy J-ideal by Lemma 3.7 and O ⊆ (O : Ai−1
1 ,An

i+1) and by maximality of O, Ai ⊆ (O : Ai−1
1 ,An

i+1) =
O therefore O is an intuitionistic fuzzy prime ideal of R.

Now, assume that O = J(R) is an intuitionistic fuzzy prime ideal of R and A1,A2, ...,An are intu-
itionistic fuzzy ideals of R so that g(A1,A2, ...,An) ⊆ O and Ai−1

1 ,An
i+1 ⊈ J(R). Thus Ai ⊆ J(R) = O and

hence O is an intuitionistic fuzzy J-ideal. Moreover, O is an intuitionistic fuzzy maximal ideal by
Theorem 3.4.

Definition 3.10. Let (R,f ,g) be an (m,n)-near ring and P be an intuitionistic fuzzy ideal of R. The
intersection of all intuitionistic fuzzy maximal ideals of R containing P is called the Jacobson radical
of P (denoted by J(P )).

The following properties can be easily verified for any intuitionistic fuzzy ideals O and Y of an
(m,n)-near ring (R,f ,g):

(1) O ⊆ Y implies that J(O) ⊆ J(Y ).

(2) J(R) ⊆ J(O).

(3) J(J(O)) = J(O).

Definition 3.11. Let O be an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g). Then O is
called an intuitionistic fuzzy J-primary ideal if, for any intuitionistic fuzzy subsets O1,O2, . . . ,On of R,
the inclusion g(O1,O2, . . . ,On) ⊆ O implies that either for all i, Oi ⊆ O or there exists l ∈ {1,2, . . . ,n},
such that Ol ⊆ J(O).

Theorem 3.12. Assume that O is an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g) so that
O ⊆ J(R). In this case O is an intuitionistic fuzzy J-ideal if and only if O is an intuitionistic fuzzy
J-primary.

Proof. ⇒ Suppose that R is an (m,n)-near ring, O , χ(R) is an intuitionistic fuzzy ideal of R, O
is an intuitionistic fuzzy J-ideal of R and A1,A2, ...,An are intuitionistic fuzzy subsets of R so that
g(A1,A2, ...,An) ⊆ O with Ai−1

1 ,An
i+1 ⊈ J(O). We have J(R) ⊆ J(O), hence Ai−1

1 ,An
i+1 ⊈ J(R). O is an

intuitionistic fuzzy J-ideal implies that Ai ⊆O thus, O is an intuitionistic fuzzy J-primary ideal of R.
⇐ Assume that O is an intuitionistic fuzzy J-primary ideal of R and g(A1,A2, ..., An) ⊆O with

Ai−1
1 ,An

i+1 ⊈ J(R). O ⊆ J(R) implies that J(O) ⊆ J(J(R)) = J(R). Hence Ai−1
1 ,An

i+1 ⊈ J(O) then Ai ⊆ O
because O is an intuitionistic fuzzy J-primary. Thus, O is an intuitionistic fuzzy J-ideal.

Theorem 3.13. Suppose that (R,f ,g) is an (m,n)-near ring and O is an intuitionistic fuzzy ideal of R
with O ⊈ J(R). Then the following hold.

(1) If I1 and I2 are intuitionistic fuzzy J-ideals of R with g(O(i−1), I1,O
(n−i)) = g(O(i−1), I2,O

(n−i)),
then I1 = I2.

(2) If X is an intuitionistic fuzzy ideal so that g(O(i−1),X,O(n−i)) is an intuitionistic fuzzy J-ideal,
then
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g(O(i−1),X,O(n−i)) = X.

Proof. (1) g(O(i−1), I2,O
(n−i)) = g(O(i−1), I1,O

(n−i)) ⊆ I1. Since I2 is an intuitionistic fuzzy J-ideal, we
have I2 ⊆ I1 by Theorem 3.6. Similarly, since I1 is an intuitionistic fuzzy J-ideal, we have I1 ⊆ I2 and
the equality holds.

(2) Since g(O(i−1),X,O(n−i)) is an intuitionistic fuzzy J-ideal, g(O(i−1),X,O(n−i)) ⊆ g(O(i−1),X,O(n−i))
and O ⊈ J(H), so X ⊆ g(O(i−1),X,O(n−i)). The other inclusion is trivial.

Lemma 3.14. Suppose that (R,f ,g) and (X,f ′ , g ′) are two (m,n)-near rings. If l is an (m,n)-near ring
epimorphism from R onto X, then l(J(R)) ⊆ J(X).

Theorem 3.15. Suppose that l : (R,f ,g)→ (X,f ′ , g ′) is an (m,n)-near ring epimorphism, in this case
the following hold.

(1) If I is an intuitionistic fuzzy J-ideal of R with ker(l) ⊆ I , then l(I) is an intuitionistic fuzzy
J-ideal of X.

(2) If Y is an intuitionistic fuzzy J-ideal of X with ker(l) ⊆ J(R), then l−1(Y ) is an intuitionistic
fuzzy J-ideal of R.

Proof. (1) Assume that O1,O2, ...,On ⊆ X so that g ′(O1,O2, ...,On) ⊆ l(I) and Oi−1
1 ,On

i+1 ⊈ J(X). Because
l is an epimorphism, so there are A1,A2, ...,An ⊆ R so that Oi = l(Ai) for all i ∈ {1,2, ...,n}. Thus
g ′(O1,O2, ...,On) = l(g(A1,A2, ...,An)) ⊆ l(I). Since ker(l) ⊆ I , we conclude that g(A1,A2, ...,An) ⊆ I .
Also, note that Ai−1

1 ,An
i+1 ⊈ J(R) because otherwise if Ai−1

1 ,An
i+1 ⊆ J(R), then l(Aj ) = Oj ⊆ J(X) for

j ∈ {1, ..., i −1, i + 1, ...,n} by Lemma 3.14 which is a contradiction. Because I is a J-ideal of R, so Ai ⊆ I
and therefore Oi = l(Ai) ⊆ l(I).

(2) Assume that O1,O2, ...,On ⊆ R where g(O1,O2, ...,On) ⊆ l−1(Y ) and Oi−1
1 ,On

i+1 ⊈ J(R). Thus
g ′(l(O1), l(O2), ..., l(On)) = l(g(O1,O2, ...,On)) ⊆ Y . We prove that l(O1), ..., l(Oi−1), l(Oi+1), ..., l(On) ⊈

J(R). Assume that l(O1), ..., l(Oi−1), l(Oi+1), ..., l(On) ⊆ J(R) and M is a maximal ideal of R. Hence l(M)
is a maximal ideal of X because ker(l) ⊆ J(R) ⊆M, then l(O1), ..., l(Oi−1), l(Oi+1), ..., l(On) ⊆ l(M) and
thus Oi−1

1 ,On
i+1 ⊆M as ker(l) ⊆M. Hence Oi−1

1 ,On
i+1 ⊆ J(R) which is a contradiction. Because Y is a

J-ideal, l(Oi) ⊆ Y therefore Oi ⊆ l−1(Y ), it follows that l−1(Y ) is a J-ideal of R.

For a family of fuzzy sets {µi | i ∈ ∆} in an (m,n)-near ring R, the union
∨
i∈∆

µi of {µi | i ∈ ∆} is defined

by

(
∨
i∈∆

µi)(w) = sup{µi(w) | i ∈ ∆}, for all w ∈ R.

For a family of fuzzy sets {µi | i ∈ ∆} in an (m,n)-near ring R, the intersection
∧
i∈∆

µi of {µi | i ∈ ∆} is

defined by

(
∧
i∈∆

µi)(w) = inf{µi(w) | i ∈ ∆}, for all w ∈ R.

Theorem 3.16. Suppose that (R,f ,g) is an (m,n)-near ring and {Ij : j ∈ δ} is a nonempty family of
intuitionistic fuzzy J-ideals of R. In this case

∧
j∈δ Ij is an intuitionistic fuzzy J-ideal of R.

Proof. Assume that W1,W2, ...,Wn are intuitionistic fuzzy subsets of R so that g(W1,W2, ...,Wn) ⊆∧
j∈δ Ij and W i−1

1 ,W n
i+1 ⊈ J(R). Then g(W1,W2, ...,Wn) ⊆ Ij for all j ∈ δ since Ij is an intuitionistic

fuzzy J-ideal for all j ∈ δ we conclude that Wi ⊆ Ij for all j ∈ δ and thus Wi ⊆
∧

j∈δ Ij , therefore,∧
j∈δ Ij is an intuitionistic fuzzy J-ideal of R.
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4 Quasi J-ideals of (m,n)-near rings

Suppose that (R,f ,g) is an (m,n)-near ring. Let ∆ denote the family of all fuzzy maximal ideals η of
R such that µ ⊆ η.

Definition 4.1. Suppose that (R,f ,g) is an (m,n)-near ring and µ is a fuzzy ideal of R. In this case the
fuzzy radical of R, denoted by

√
µ, is defined as follows:

√
µ =

∧
{η | η ∈ ∆(µ)}.

Definition 4.2. Suppose that (R,h,k) is a commutative (m,n)-near ring. In this case an intuitionistic
fuzzy ideal D , χ(S) of R is named an intuitionistic fuzzy quasi J-ideal if

√
D is an intuitionistic fuzzy

J-ideal.

Theorem 4.3. Suppose that (R,f ,g) is an (m,n)-near ring and H is an intuitionistic fuzzy quasi J-ideal
of R. In this case If Ai−1

1 ,An
i+1 and Y are intuitionistic fuzzy ideals of R with g(Ai−1

1 ,Y ,An
i+1) ⊆H , then

Ai−1
1 ,An

i+1 ⊆ J(R) or Y ⊆
√
H .

Proof. Suppose that H is an intuitionistic fuzzy quasi J-ideal of R, g(Ai−1
1 ,Y ,An

i+1)⊆H and Ai−1
1 ,An

i+1 ⊈

J(R). Since
√
H is an intuitionistic fuzzy J-ideal,

√
H = (

√
H : Ai−1

1 ,An
i+1) by Theorem 3.6, we have

Y ⊆ (H : Ai−1
1 ,An

i+1) ⊆ (
√
H : Ai−1

1 ,An
i+1) =

√
H .

Assume that O is an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g). We denote by J(O) the
intersection of all intuitionistic fuzzy maximal ideals of R that contain O.

Theorem 4.4. Assume that Q is an intuitionistic fuzzy ideal of an (m,n)-near ring (R,f ,g). In this
case the following statements are equivalent:

(1) Q is an intuitionistic fuzzy quasi J-ideal of R.

(2) Q ⊆ J(R) and if A1,A2, ...,An ⊆ R with g(A1,A2, ...,An) ⊆Q, then Aj ⊆ J(Q) for j ∈ {1,2, ..., i − 1, i +
1, ...,n} or Ai ⊆

√
Q.

Proof. (1) =⇒ (2) Assume that Q is an intuitionistic fuzzy quasi J-ideal of R. Because
√
Q is an

intuitionistic fuzzy J-ideal, thus Q ⊆
√
Q ⊆ J(R) by Theorem 3.4, so (2) obtained because J(R) ⊆ J(Q).

(2) =⇒ (1) Assume that g(A1,A2, ...,An) ⊆ Q and Ai−1
1 ,An

i+1 ⊈ J(R). Because Q ⊆ J(R), hence J(Q) ⊆
J(J(R)) = J(R) thus Ai−1

1 ,An
i+1 ⊈ J(Q). Therefore, Ai ⊆

√
Q and Q is a quasi J-ideal of R.

Suppose that (R,f ,g) is an (m,n)-near ring, and let L(R) denote the set of all intuitionistic fuzzy
ideals of R. D. Zhao [19] introduced the concept of expansions of ideals of the ring R.

Definition 4.5. Suppose that (R,f ,g) is an (m,n)-near ring. A function δ : L(R) −→ L(R) named an
intuitionistic fuzzy ideal expansion if the following conditions are satisfied for any intuitionistic
fuzzy ideals W and Q of R :

(1) W ⊆ δ(W ),

(2) If W ⊆Q, then δ(W ) ⊆ δ(Q).

Example 4.6. Suppose that (R,f ,g) is an (m,n)-near ring. In this case a function δ1 : L(R) −→ L(R)
defined by δ1(W ) =

√
W is an ideal expansion of an (m,n)-near ring R.

For an ideal expansion δ defined on a ring R, the class of δ-n-ideals has been recently defined and
studied [5].
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Definition 4.7. Suppose that (R,f ,g) is an (m,n)-near ring and δ : L(R) −→ L(R) is an intuition-
istic fuzzy ideal expansion. In this case an intuitionistic fuzzy ideal W , χ(R) of R is named an
intuitionistic fuzzy δ-n-ideal if A1,A2, ...,An ⊆ R with g(A1,A2, ...,An) ⊆ W and Ann(Wj ) = 0 for
j = 1, ..., i − 1, i + 1, ...,n or Ai ⊆ δ(W ).

If δ = δ1 defined by δ1(W ) =
√
W for all W ∈ L(R), then W is named an intuitionistic fuzzy quasi

n-ideal.
For example, every intuitionistic fuzzy n-ideal is also an intuitionistic fuzzy δ-n-ideal.

5 Conclusions

This paper investigates (m,n)-near rings from the standpoint of intuitionistic fuzzy algebra. After
recalling the fundamental definitions and structural properties of (m,n)-near rings and their ideals,
intuitionistic fuzzy ideals are introduced and their basic behavior is analyzed. Special attention is
devoted to radical–type notions, including the intuitionistic fuzzy nilradical and the intuitionistic
fuzzy Jacobson radical. Furthermore, several new classes of ideals are defined and studied, such as
intuitionistic fuzzy n-ideals, intuitionistic fuzzy J-ideals, and maximal intuitionistic fuzzy J-ideals,
together with their relationships and characterizations.

Future research directions. Possible directions for further work include:

• Investigating fundamental relations and quotient constructions preserving intuitionistic fuzzy
properties, see [18].

• Developing categorical links between intuitionistic fuzzy algebraic systems and hyperstruc-
tures.

• Analyzing topological structures induced by intuitionistic fuzzy spectra of (m,n)-near rings,
see [18].

• Exploring applications of intuitionistic fuzzy radicals to uncertainty modelling in algebraic
information systems.

This research provides a foundation for expanding the interplay between fuzzy algebra, hyperstruc-
tures, and near-ring theory, opening avenues for both theoretical developments and applied mathe-
matical contexts.
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