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Abstract. A near ring is a non-empty set A with two binary operations + and -, where (A, +) forms a group, (4,-) is a
semigroup, and at least one distributive law holds. Near-rings generalize rings by relaxing distributive properties, and
(m, n)-near rings further extend this framework to multi-ary operations.

In this work, we recall the basic properties of (m,n)-near rings and their ideals, and we introduce intuitionistic fuzzy
ideals in this setting. We investigate their structural properties, including the intuitionistic fuzzy nilradical and Jacobson
radical, and define intuitionistic fuzzy n-ideals, J-ideals, and maximal J-ideals. Key results highlight their algebraic signif-
icance and interrelations. This study provides a unified framework for intuitionistic fuzzy structures in (m, n)-near rings
and lays the foundation for future research in fuzzy algebra.
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1 Introduction

The notion of an (m, n)-near ring extends the classical concept of a near ring to a multi-ary frame-
work. Such structures allow the study of generalized distributive laws and interactions between
multi-parameter operations, and include ordinary near rings as particular cases. They also provide
algebraic models for systems where multi-ary operations naturally arise, such as fuzzy systems, au-
tomata theory, and information processing structures.

Recent works in commutative algebra have focused on various generalizations of prime and J-type
ideals; in particular, El Khalfi studied ¢-(n, J)-ideals, and related notions such as ¢-1-absorbing pri-
mary submodules have also been investigated, motivating further extensions to intuitionistic fuzzy
J-ideals and quasi J-ideals in (m,n)-near rings [8} [16]]. Quasi J-ideals of commutative rings are de-
fined as ideals whose radical is a J-ideal, providing a natural generalization of J-ideals via the radical
operation [9].

In this paper, we recall the fundamental concepts and properties of (1, n)-near rings and their ide-
als, and we develop the theory of intuitionistic fuzzy ideals within this framework. We study their
structural aspects, including the intuitionistic fuzzy nilradical and the intuitionistic fuzzy Jacobson
radical, and introduce the notions of intuitionistic fuzzy n-ideals, J-ideals, and maximal J-ideals.
Our main results emphasize the algebraic significance of these concepts and clarify the relationships
among them. This work establishes a coherent framework for the study of intuitionistic fuzzy struc-
tures in (m, n)-near rings and provides a basis for further developments in fuzzy algebra. Throughout
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this paper, we denote an i-(m, n)-near ring simply by an (m, n)-near ring. We now present some basic
concepts.

A function p: R — [0,1] defined on a set R is called a fuzzy set. Let Im(u) denote the image of p.
For a fuzzy set y in R and any « € [0, 1], the subset

Po ={x € R| p(x) > a}
is called the a-level subset (or a-cut) of p.

Definition 1.1 ([1]]). An intuitionistic fuzzy set Q in a set R is defined as

Q={(s,u(s),n(s)) s € R},

where
p:R—1[0,1], n:R—[0,1], with 0 < pu(s)+#(s)<1forall seR.

Here, pu(s) and #(s) represent, respectively, the degrees of membership and non-membership of the
element s in the set Q.

Every fuzzy set corresponds to an intuitionistic fuzzy set defined by

S ={(s,u(s), 1 —p(s))|s € R}.

Example 1.2. Let IN be the set of natural numbers and A = {< N, p(s),7(s) > | s € X} where p(s) = 5=,
n(s) = 55 +2 Then A is an intuitionistic fuzzy set.

Definition 1.3. [1]] Let D = {< s, u(s),1(s) > | s € R} and E = {< 5,4'(s),57’(s) > | s € R} be any two
intuitionistic fuzzy set of set R. Then we say that

(1) D CE if and only if u(s) < p/(s) and 7(s) > #’(s) for all s € R.
(2) D =E if and only if u(s) = u’(s) and 7(s) = 1’(s) for all s € R.

(3) DNE={<s,(uny’)(s),(nNn’)(s) > | s € R}, where (N p’)(s) = minf{u(s), u'(s)} = p(s) A p’(s) and
(n N n’)(s) =max{n(s),n’(s)} = n(s) v n'(s)

(4) DUE ={<s,(pUp')(s),(1Un’)(s) > | s € R}, where (pU p’)(s) = max{pu(s), p’(s)} = p(s) V p(s) and
(nUn’)(s) = min{r(s),n’(s)} = 1(s) A1y’ (s)

Definition 1.4. [12]] An intuitionistic fuzzy set A = {<s, u(s),#(s) > | s € R} of an m-ary group (R, f) is
called an intuitionistic fuzzy subgroup of R if

(1) for all wy,w,,...,w,, €R, y(f(wl,wz,..., wm)) > min{p(w ), p(wy), ..., W(wy,)},

(2) forallal’,b € Rand 1 <i < mthereis x; € Rso that f( al Uxj,a 1) =band pu(x;) > min{u(a,), p(az),..., p(a;i_1), |

(3) for all wy,w,,...,w,; €R, n(f(wl,w?_,..., wm)) <max{n(wy), n(wy),... (W)},
(4) forallw{’,b e Rand 1 <i < mthereis x; € Rso that f( Ux;, wit,) = band 5(x;) < max{n(w), n(wy),..., n(w;.

Example 1.5. Let Z be the set of integer numbers and h be an m-ary operation on Z defined for each
01,03...,0,, € Z as follows:

h(01,09,...,0,;) = 01 + 03 + ... + 0.
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Then (Z, h) is an m-group.

0.8 ifwe2Z
pw) = .
0.2 ifwe?2Z,

0.1 ifwe2Z
n(w) = .
0.7 ifwe?2Z.

(1) for all wy, wy,.., wy, € Z, if h(wy,wy,...,wy,) € 2Z, then there is j € {1,2,...,m} such that w; ¢ 2Z

50 p(h(wy, W), .., wy,)) = mindpu(wy), p(ws), . plwyy)},

(2) forall ai’,b € Z and 1 <i < m there is x; € Z so that h(a1 ,Xj,a;;,) = b and if x; € 2Z, then there
i5 j € (1,2,...,m) that w; € 2Z or b & 2Z 50 u(x;) > min{ju(ay ), (@), s (@71, (@111, i), p(0)),

(3) for all wl,wz,...,wm € Z, if h(wy,wy,..., wy,) € 2Z, then there is j € {1,2,...,m} that w; € 2Z so

(w1, wa, . wy) ) < max{y(wy), (W), e 7 (Wya)),
(4) for all wi",b € Z and 1 < i < m there is x; € Z so that h(w] ,xl,wi"}rl) = b and if x; ¢ 2Z, then
thereis j€{1,2,..,m} that w; € 2Z or b ¢ 2Z, so

1(x;) < max{n(wy), §(w2), ., N(Wiz1), 1 (Wi1), oo (W), 7 (D)}
Therefore A = {< w, u(w),77(w) > | w € Z} is an intuitionistic fuzzy subgroup of m-group (Z, h).

Definition 1.6. [13] Let R be a non-empty set and f, g be m-ary and n-ary operations on S, respec-
tively. Then (R, f,g) is called an i-(m, n)-near ring, if the following conditions hold:

(1) (R, f)is an m-ary group (not necessarily abelian);

(2) (R, g)is an n-ary semigroup;

(3) The n-ary operation g is i-distributive with respect to the m-ary operation f,
where the definition of i-distributive condition is as follows:

for every of, wi' € R, if i = n, then

-1 -1

g0y f(wi o, wp)) = £(g(0] ™, w1),8(07 7 w3), s g(07 7, wiy)).

If i =1, then
g(f(wy, wy, ..., wy),05) = f(g(wy,0%), g(wr,0%), ..., g(wy,, 05)).
If 1 <i<mn,then
g(oi‘l,f(wl,wz,..., W), 07 1) = f(g(o‘fl,wl,o;’ﬂ),g(oi‘l,wz, 0;:1),...,g(oi Lw,, 0/ 1))

Ifforallie{1,2,..,n}, (R, f,g)is an i-(m,n) near ring and (R, f) is commutative group, then (R, f, g)
is called an (m, n)-ring. Every (m, n)-ring [7] is an (m, n)-near ring. Further background on near rings
can be found in [4,6],10, [17], while [13}[14] provides additional information on (m, n)-near rings.

Example 1.7. Let Z be the set of integer numbers and h,k be m-ary and n-ary operations on Z,
respectively, which are defined below. Then (Z, h, k) is an (m, n)-near ring. For all 0’1”,]'11 eZ

h(Ol,Oz,..., Om) =01+0y+..+0y, k(jlljZ""!jn) = jn'

It is clear that (Z, h) is an m-ary group. We prove that (Z, k) is an n-ary semigroup; if 1 <i <n, then
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kG ki Jists oo it ) fusis o J2no1) = jan-1

if i = n, then

k(j{l_l’k(jnljn+ll ---;jZn—l )) = k(jn:jn+1: "'fj2n—1) = j2n—1 .
We prove that the n-ary operation k is n-distributive with respect to the m-ary operation h.
o ' k(]'lljb"w'jn—l;17(01:02:"';0111?) :‘h(ol.fOZl"vOm)/
h(k(j1sj2r s Ju-1,01)K(j1s j2swver fu=1502)s s K(j1s j2r ves o1, 0m)) = B(01, 095 ..., 01 ).

Therefore

k(jl:jZf ---ljn—lf h(Ol, 02,y Om)) = h(k(jllj2l "'fjn—ll 01 )1 k(jl)jZl "'ljn—ll 02)! ooy k(jlljZl "'1jn—1f Om))-

If (R, f,g) is an (m,n)-near ring and (R, g) is commutative, then R is called a commutative (m, n)-near
ring.

Definition 1.8. Let (R, f,g) be an (m,n)-near ring. Then a subgroup (J, f) of an m-ary group (R, f)
with g(/,],...,J) €] is called an (m, n)-sub near ring of (R, f,g), it is denoted by ] < R.

~——
n

Example 1.9. In Example (2Z,h) is a subgroup of Z and k(2Z,27Z,...,27Z) = 2Z C 27Z, so (2Z,h, k)
| —
n

is an (m, n)-sub near ring of (Z, h, k).

For further details on fuzzy (m,n)-subnear rings, see [15]. The remainder of the paper is orga-
nized as follows. In Section 2, we introduce intuitionistic fuzzy (m, n)-subnear rings and investigate
their basic properties. Section 3 is devoted to intuitionistic fuzzy J-ideals of (m,n)-near rings. We
then study quasi J-ideals of (m, n)-near rings and analyze their main structural features. The paper
concludes with a section of conclusions and directions for future research.

2 Intuitionistic fuzzy (m, n)-sub near ring

The theory of fuzzy sets, introduced by Zadeh, has found widespread applications across many areas
of science and engineering. Among the various higher-order extensions of fuzzy sets, intuitionistic
fuzzy sets, introduced by Atanassov [1}3[2], provide an effective framework for modeling uncertainty
and vagueness in algebraic structures.

Definition 2.1. [12]] Let (R, f,g) be an (m, n)-near ring and A = {< j, u(j),(j) > | j € R} be an intu-
itionistic fuzzy set of R. Then A is called an intuitionistic fuzzy (m, n)-sub near ring of R, if

(1) forall ji,jp,.r jm €R,
(£ (G j2ror jon)) 2 minpa(is ), p(ia) oo )},
(2) forall ji",be Rand 1 <i < m thereis x; € R so that
FGT i j) = b, plx) = mindp(iy), pl(j2)s o izt ) 1Gist ) BGim), (0},
(3) for all wy,w,,...,w, €R,

(8w, wa, . wy)) = minfp(w)), pwy), .., w(wy)),
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(4) for all Iy,1,,...,1,, €R,
1(f (L Ly oo L)) < max{n(1y), (L), e (L)},
(5) forall d",b e Rand 1 <i < m there is x; € R so that
flitxi, dly) = b, n(xi) < max{y(dy), 7(da), o 1(dica), 1(dir), s (), (D)),

(6) for all hy,hy, ..., h, € R,

n(g(h, by 1)) < max(ng(hy), (), .., (hy)).
Example 2.2. In Example consider

(w) 0.7 ifweZ

w) =

¥ 0.2 ifweZ,
(w) = 0.2 ifweZ

T =09 ifwez

(1) for all wy,wy,..,wy, € Z, if h(wy,wy,...,w,,) € 2Z, then there is j € {1,2,...,m} that w; € 2Z so

u(h(wy,w, . ,wm>) > min{p(w; ), p(wy), .., p(wy)),

(2) for all ai’,b € Z and 1 <i < m there is x; € Z so that h(a1 ,Xi,a;,) =band if x; € 2Z, then there
is j €{1,2,...,m} that w; € 2Z or b & 27Z so p(x;) > min{u(ay), u(az), ..., #(ai-1), (@is1), - pl@pn), p(b)}

(3) for all I}, 1,,...,1, e Z,

(kL)) = p(h) = min{pu(ly), (L), (1)),
(4) for all wy, wy, .., wy, € Z, if h(wy, wy, ..., wy) € 2Z, then there is j € {1,2,...,m} so that w; € 2Z so

(w1, wa, ey W) ) < maxfy(wr), 7 (ws), e (wi)),
(5)forallw!",b € Zand 1 <i < mthereis x; € R so that h(wll‘l,xi,wlﬂ) b and if x; ¢ 27Z, then there

isjef{l,2,..,m}sothat w; € 2Z or b & 2Z so 1(x;) < max{n(wy), n(w2), ... n(w;_1), 1(Wis1), .., 1 (W), 1(b)}.
(6) for all I}, 1,,...,1,, € Z

W(k(lll 127 ey ln)) = W(ln) < max{r](ll ), 77<12)7 ey ’/I(Zn)}l
so A ={<w,pu(w),n(w)> | w e Z}is an intuitionistic fuzzy sub near ring of (m, n)-near ring (Z, h, k)

Definition 2.3. [15]] Let A be a non-empty subset of an (m, n)-near ring (R, f,g). Then A is called an
ideal of S if

(1) Aisanormal subgroup of the m-ary group (R, f),

(2) for all 0y,09,...,0,, €R, g( L'Ao CA,

z+1)

_ i—1 .
(3) for every rf l,r,:’il,wjl ,wh eRand 1<k <m,deA,thereis o€ A so that

j+1
j-1 k-1
gl F(Ad )l )
j j-1 j-1 j-1
:f(g(w{ rllw]+1)g(w1 r2:w]+1) 58wy rrk—lrw;l+1)10;g(w1 1 Th+1s

j—1
w}ﬂl),..-,g(wl rrm'wj+1))'

A is called an i-ideal of R if it satisfies conditions (1) and (2). A is called a j-ideal of R, for j =,
if it satisfies conditions (1) and (3).
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Example 2.4. In Example subset 2Z is an n-ideal of (Z, h, k) because (2Z, h) is a normal subgroup
of m-ary group (Z,h), (2Z,h) is an m-ary group and for all sy,s,,...,5,1 € Z, k(s{™1,2Z) =22 C2Z

If O is an i-ideal for every 1 <i <, then O is called an ideal of (m,n)-near ring (R, f, g).

Definition 2.5. [12] Let (R, f,g) be an i-(m,n)-near ring and A = {< x, u(x),7(x) > | x € R} be an
intuitionistic fuzzy set of R. Then A is called an intuitionistic fuzzy ideal of R, if

(1) forall Iy,1,,...,1, €R,
(1l L) ) 2 minfp(ly), (1) (L)),
(2) forall I{",b € Rand 1 <i < m there is x; € R so that
FUY 2, 1) = b, p(x;) = min{p(ly), p(lp)s e pliza )y (i) oos (L), (D)),

(3) forall w’i_l,w?frl,w € Rand 1 <j <m, there is a € R that

i—1 i—
f(W{ W, w]r'ril) = f(wl ,a,wiH), ,u(a) 2 ,l/l(w),
(4) for all wy,w,,...,w, €ER,
Ii(g(wl; W2y wn)) 2 mln{,u(wl )’ V(WZ)' ey I’l(wn)}l

(5) forallwj,we Rand 1<i<mn,

ue@i ™ wwl ) = pw),

(6) forall k#i,1 <k <m, di’l,dﬁrl,w;” € R and wy € R there is hj € R so that

g(di!, flwi,wyy ey wy), dl ) = F(g(d wy, dlL ), g(di T wo,d ), g(dl

n

wi_1,d},1), hk,g(di_llwk+1xdf+1)x---'g(d{_l'wm,df+1)) and p(hy) > p(wy).
(7) for all I, 1y,...,1,, € R,
1(f (L Ly oo L)) < max{n(1y), (L), e (L)},
(8) forall d",b e Rand 1 <i < m there is w; € R so that
fldi wi,dft)) = b, n(w;) <max{y(dy), n(da), . (di1),1(dig1), - (dy) 1 (b)),

(9) for all wi_l,wﬁl,w € Rand 1 <j <m, there is a € R that

f(wjl_l,w, w;.’frl) = f(wi_l,a,wﬁl), n(a) < n(w),
(10) for all wy,wy,...,w, €R,
n(g(w1,wy, . wy)) < maxfry(wi), n(ws), .., n(wy))},

(11) forall wf,weRand 1 <i <,
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-1

n(gwi™ww?, ) <nw),

(12) forallk=#i,1<k<m, dZ ! ,d', ,wi" € Rand wy € R there is h € R so that
g(di™ flwywy,ywy), dlt ) = f(8(di wy, dll ), g(di wo,dl ), g(diT
Wi, 42,0, o QY w2, 8wy, d7, ) and () < ().

Note that A is an intuitionistic fuzzy i-ideal of R if it satisfies 1, 2,...,5,7,....,11. A is an intuitionistic
fuzzy j-ideal, j # i, of R if it satisfies 1,2,3,4,6,...,10,12, 1 <i,j < n.

Example 2.6. In Example consider

0.8 ifwe2Z
p(w) = .
0.2 ifwe?2Z.

0.1 ifwe2Z
n(w) = .
0.7 ifwe?2Z

(1) for all wy,wy,..., wy, € Z, if h(wy,wy,...,wy) € 2Z, then there is j € {1,2,...,m} that w; € 2Z so

u(h(wy,wy, .y wyy) ) = min{p(wy), p(w3), .., plwy)},
(2) forall ai’,be Z and 1 <i < mthereis x; € Z so that f( “1 Ux;, aj’,) =band if x; € 2Z, then there
1 € 1 20cm) that wy € 27 01 b € 27 50 ) = min{(a1), ).l 1) a1 ) o ). (0

(3) for all wli ,wit,,w€Zand 1 <j <m, thereis a € Z so that

h(w{_l,w, w]’-’_il) = h(wi‘l,a, wil ), so w = a then pu(a) > p(w),
(4) for all I}, 1,,...,1, € Z,

(k1L 1)) = (1) 2 min{u(ly), (L), 1),

(5)forallw},weZand1<i<n,

u(hw)™w)) = p(w) = p(w),
(7) for all wy,wy,.., wy, € Z, if h(wy,wy,...,wy,) € 2Z, then there is j € {1,2,...,m} that w; € 2Z so

N(hwi, wa, . wy,)) < max{y(wy), ((ws), . 1 (W)},

(8) for all w{",b € Z and 1 <i < m there is x; € Z so that h(w1 ,xl,wi”}rl) = b and if x; ¢ 2Z, then

thereisj € {1,2,..,m}thatw; € 2Z or b ¢ 2Z so 11(x;) < max{n(wy),1(w2), ..., 1(wi_1), N (Wis1), -, N (Wi), (D)}
(9) for all wli ,wit,,w€Zand 1 < j <m, thereis a € Z that

h(w{_l,w, w}’il) = h(wi‘l,a,wﬁl), so w = a then n(a) < n(w),
(10) for all ll,lz,..., ln € Z,

(k1 1y e 1)) = 1(Ly) < max{y(ly), n(12), ., (1)},
(11) forall wj,weZand 1 <i<n,

n(k(w ™, w)) = n(w) < n(w),

so A ={<w,pu(w),n(w)> | w e Z} is an intuitionistic fuzzy n-ideal of (m, n)-near ring (Z, h, k).
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Lemma 2.7. Assume that A = {< w, u(w),n(w) > | w € R} is an intuitionistic fuzzy ideal of (m,n)-near
ring (R, f,g). Then p(w) < u(0) and n(w) > n(0) for all w € R.

Definition 2.8. Let A; = {< q,4;(9),1:(q) > | 9 € R} be an intuitionistic fuzzy ideal of (m, n)-near ring
(R, f,g) for all 1 <i < n. Define

8(A1, Ay, .., Ay)(9) = C(q), C=1{<q,Ci(q),Ca(9) > | g€ R}

9=8(q1,92,--+9x)

sup  {min{p(q1), p2(q2), - pu(q,)t}  if @ =g(q1,92,-,qn)
Cl(”]) =
0 otherwise.

inf {maX{TII(GIl)’ TIZ(qZ)r""T]n(qn)}} ifq: g(ql;qz,-..,qn)
Co(q) = { 978(a1.92,-+9)
1 otherwise.

Definition 2.9. Let P be an intuitionistic fuzzy ideal of an (m, n)-near ring (R, f, g).Then P is called
an intuitionistic fuzzy prime ideal if for any intuitionistic fuzzy ideals of R W; = {(q, #i(9),:(q)) | g € R},
i=1,2,...,n, the following implication holds:

gWy,W,,...,W,)CP = W;CPorW,CPor...or W,CP.

In [11]}, it is proved that a fuzzy maximal ideal p of R cannot be defined as a fuzzy ideal A = Ay
such that, for any fuzzy ideal # of R satisfying y C # C A, we have 1 = Ag.

1 ifqeR
0 otherwise.

A(R)(q) = {

0 ifqeR

1 otherwise.

A”(R)(q) = {

Definition 2.10. [11]] Let p be a fuzzy subset of (m, n)-near ring (R, f,g). Then we define
pe =19 € R| p(q) = p(0)}.
X(R) ={<q,Ar(9), A(q) > | g € R}.
If yuis a fuzzy i-ideal of R, then p, is an i-ideal of R.
Example 2.11. In Example|1.2) yi. = {g € R| u(q) = 0} = {0}, 1. = {g € R| 17(q) = 7(0) = g7 = 5} = {O}.

Example 2.12. In Example[2.6} . ={g € Z | u(q) = u(0)} ={g € Z | u(q) = 0.8} = 2Z,
n.={qa€Z|n(q)=n0)}={geZ|n(q)=01}=2Z

Lemma 2.13. [I1] Suppose that y and 7 are fuzzy i-ideals of (m, n)-near ring (R, f,g). Then
e V112 S (V1)

Proof. Assume that x € p, ()17, then p(x) = u(0) and 77(x) = #(0), this gives that (x(\1)(x) =
min{u(x),7(x)} = min{u(0),7(0)} = (#(n)(0), thus x € (u (7)., this implies that p, (V1. € (u(77).. [

Definition 2.14. Let y be a fuzzy i-ideal of (m, n)-near ring (R, f, g). Then y is called a fuzzy maximal
i-ideal of R if

(1) pisnot constant,
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(2) for any fuzzy i-ideal 77 of R, if u C 1 then either p, =1, or = Ag.

Let p be a fuzzy ideal of (m,n)-near ring (R, f,g). Then p is called a fuzzy maximal ideal of R if p
is not constant and for any fuzzy ideal 7 of R, if u C 1 then either p, =1, or 1 = Ag.

Definition 2.15. Let A = {< g, 1(q),1(q) > | q € R} be an intuitionistic fuzzy i-ideal of (1, n)-near ring
(R, f,g). Then A is called intuitionistic fuzzy maximal i-ideal of R if

(1) pand 5 are not constant,

(2) for any fuzzy ideal B ={< q,1(q),11(q) > | q € R} of R, if p C y; then either y, = py;, or u; = Ay
and if # C #; then either 1, = 1y, or 11y = Ay.

Let A={<q,u(q),1(q) > | g € R} be an intuitionistic fuzzy ideal of (m,n)-near ring (R, f,g). Then A
is called an intuitionistic fuzzy maximal ideal of R if y and 7 are not constant and for any fuzzy ideal
B={<q,p1(q),1m1(q) > | g € R} of R, if u C p; then either y, = py, or y; = Ag and if § C 1y then either
M« = 11, OF 71 = AR.

Definition 2.16. Let (R, f, g) be an (m, n)-near ring. The intersection of all the fuzzy maximal ideals
of S is called the Jacobson radical of R and denoted by Jac(R).

Definition 2.17. Let A be an fuzzy ideal of (m, n)-near ring (R, f, g) and
¢(A) ={B| Bis a fuzzy ideal of R such that g(B plk+1)n= k) C A for k € N}.

The fuzzy subset N(A) = sup {B}is called the nilradical of A.
Bep(A)

Definition 2.18. Let A = {< g,1(q),11(q) > | g € R} be an intuitionistic fuzzy ideal of (m, n)-near ring
(R, f,g) and

(1) = {B| B is a fuzzy ideal of R such that g(Bk+1)n=k) 4 for k € IN},
y g I3
$(17) = {A | Ais a fuzzy ideal of R such that g(A*+1)n=k) 4 for k € N}.

The fuzzy subset N(A) ={< g, sup B(g), inf A(q)> |q € R} is called the nilradical of A
Bep(p) Aed(n)

Definition 2.19. Let A = {< q,u(q),71(q) > | q € R} be an intuitionistic fuzzy ideal of (m, n)-near ring
(R, f,g). Then A is called an intuitionistic fuzzy N-ideal of R if for all intuitionistic fuzzy ideals

Wi ={<q,ui(q),ni(q) > | qe R}, ie{l,2,..,n}, g(W,W,,..,W,) CAand W’ 1 , W/, € N(R) implies
W; C A.

3 Intuitionistic fuzzy J-ideals of (1, n)-near rings

We begin with the following definition:

Definition 3.1. Suppose that (R, f,g) is an (m,n)-near ring and A = {{(q, #(q9),1(q)) | 9 € R} is an intu-
itionistic fuzzy ideal of R. Then A is called an intuitionistic fuzzy n-ideal if the following holds:

For all intuitionistic fuzzy ideals W; = {{q, p1;(q9),1i(q)) | g € R}, i€{l,2,...,n},
if g(Wi, Wy,...,W,) CAand Ann(W;) =0 forall j #1i, then W; CA where

Ann(s) = (W] W]ZICR|g<W{1sw;:1> 0,1<j<n).

Example 3.2. Let A = {< q,u(q),n(q) > | x € Z}, W; ={< q,pi(q),ni(q) > | g€ R} fori e{1,2,..,n}
be the intuitionistic fuzzy ideals of (Z, h,k) in Example Ann(W;) = 0 for 1 <j=#i<nand
(Wi, W,, ..., W,) € A. In this case g(W;, W,,..,W,) = W, C A so W, C A. Hence A is an intuition-
istic fuzzy n-ideal of (m,n)-near ring (Z, h, k).
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Definition 3.3. Let A = {(q,#(q),71(q)) | 9 € R} be an intuitionistic fuzzy ideal of an (m, n)-near ring
(R, f,g). Then A is called an intuitionistic fuzzy J-ideal if for all intuitionistic fuzzy ideals
Wi ={q,pi(q),1mi(g9)) g€ R}, i=1,2,...,n of R, the following statement holds:

If (Wi, W,,...,W,) CAand W/™, W ZJ(R), then W; C A.

i+1

Theorem 3.4. If A = {< q,1(q),11(q) > | q € R} is an intuitionistic fuzzy J-ideal of (m,n)-near ring
(R, f,g) and A # x(R), then A C J(R).

Proof. Assume that A is an intuitionistic fuzzy J-ideal, but A € J(R). Suppose that 4g(A~1), x(R), A""~1)) C
A implies x(R) € A, which would mean A = x(R). This is a contradiction. Therefore, we must have
A CJ(R). O

Definition 3.5. Let O be an intuitionistic fuzzy ideal of an (m, n)-near ring (R, f,g). For O # R, define
(O:R)={H | g(R("l),H,R(”_’)) C O, His an intuitionistic fuzzy subset of R}.
(O:R)={H | g(Wf‘l,H, W/,)CO, H, W‘l‘l,Win+1 are intuitionistic fuzzy subsets of R}

(O: Xiifl,X.” )=1{A] g(X{fl,A,X?1 ) € O, A is an intuitionistic fuzzy subset of R}.

i+1 i+1

Theorem 3.6. Let (R, f,g) be a commutative (1, n)-near ring and O be an intuitionistic fuzzy ideal of
R. Then the following statements are equivalent:

(1) Ois an intuitionistic fuzzy J-ideal of R.

(2) O=(0: AT AL ) forall Ai”' A ZJ(R).

i+1 i+1

(3) (O IAlfl,A’? ) CJ(R) for every Ali_l,A;?+1 Z 0.

i+1

Proof. (1) = (2) Suppose that O is an intuitionistic fuzzy J-ideal of R. For all A’f%A?H that are
intuitionistic fuzzy subsets of R, the inclusion O C (O : Ai_l,A:-’H) always holds. Let Ai‘l,A?+1 g

J(R) and B € (O : A", A},,), then g(A{™,B,A},|) € O. Because O is a J-ideal, B C O then O =
g(A™1,0,A" ).

i+1 .
(2) = (1) Suppose that O,All_l,A?H are intuitionistic fuzzy ideals of (m,n)-near ring (R, f,g). If
g(A1,Ay,..,A;) COand AL AT | ¢ J(R), then by (2), A; C(O: AT1, AY )= Oso Ois a J-ideal of R.

(1) = (3) Assume that A’f%A;‘H ZOand B=(0O: A’fl,A?H) then g(A’fl,B,A?H) C O. Because O is
a J-ideal, so B C J(R).
3) = (1) Suppose that Wi, W,,..., W, are intuitionistic fuzzy ideals of (m, n)-near ring (R, f,g) so
PP ‘ y & 4
that g(Wy, W,,.., W) € O with Wf‘l,Wi’frl Z J(R). If W;,W,,..., W, € O, then by (3), for all j = i,

W]- C(O: leil, an+1) C J(R), a contradiction. Therefore, W; C O and O is a J-ideal of R. O

Lemma 3.7. Assume that (R, f,g) is a commutative (m, n)-near ring and G is an intuitionistic fuzzy subset
of R and G # x(R). In this case if O is an intuitionistic fuzzy [-ideal of R with G € O, then (O : G) is an
intuitionistic fuzzy J-ideal of R.

Proof. If (O : G) = x(R), then g(G(i_l),)((R),G(”_i)) C O. This implies that G C O is a contradiction,
so (O : G) # x(R) is an intuitionistic fuzzy ideal in R. Assume that g(W;, W,,..., W,) C (O : G) and
Wll_l, W . Z J(R). Then we have g(Si_l,g(Wl, W,,..., W,),S" ) C O for every intuitionistic fuzzy sub-

Citl i+1
sets S;1, S | of G. Thus
g(S171 g(Wy, Wy, ., W), 1) = g(W 1, g(S17, Wi, S1L ), WL ) € O,
Since O is an intuitionistic fuzzy J-ideal of R, it follows that g(S{™!, W, S§i1) € O therefore
Wi - (O : G) ]

Definition 3.8. Let A = {< x, u(x),#(x) > | x € X} be an intuitionistic fuzzy J-ideal of (m, n)-near ring
(R, f,g). Then A is called intuitionistic fuzzy maximal J-ideal of R if
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(1) pand 5 are not constant,

(2) for any fuzzy J-ideal B = {< x, p1(x),11(x) > | x € R} of R, if A C B then A, = B, (p. = p1, and
1. =11,) or B=x(R) (p1 = Ag and 1y = A}).

Theorem 3.9. Suppose that O is an intuitionistic fuzzy maximal J-ideal of (m,n)-near ring (R, f,g),
in this case O is an intuitionistic fuzzy prime ideal. If O = J(R), then the converse is true.

Proof. Assume that O is an intuitionistic fuzzy maximal J-ideal and Ay, A,,...,A, are intuitionistic
fuzzy ideals of R so that g(A1,A,,...,A;) €O and A’fl,A;?H Z O. Thus (O : A’fl,A?H) is an intuitionis-
tic fuzzy J-ideal by Lemmaand O0c(O: Ail_l,A?H) and by maximality of O, A; C(O: A’fl,Afﬂ) =
O therefore O is an intuitionistic fuzzy prime ideal of R.

Now, assume that O = J(R) is an intuitionistic fuzzy prime ideal of R and A4, A,,..., A, are intu-
itionistic fuzzy ideals of R so that g(A;,A,,...,A,) € O and Alfl,A?H Z J(R). Thus A; CJ(R) =0 and
hence O is an intuitionistic fuzzy J-ideal. Moreover, O is an intuitionistic fuzzy maximal ideal by

Theorem O

Definition 3.10. Let (R, f,g) be an (m, n)-near ring and P be an intuitionistic fuzzy ideal of R. The
intersection of all intuitionistic fuzzy maximal ideals of R containing P is called the Jacobson radical
of P (denoted by J(P)).

The following properties can be easily verified for any intuitionistic fuzzy ideals O and Y of an
(m,n)-near ring (R, f, g):

(1) O CY implies that J(O) C J(Y).
(2) J(R)<J(O).
(3) JU(O)) =J(O).

Definition 3.11. Let O be an intuitionistic fuzzy ideal of an (m,n)-near ring (R, f,g). Then O is
called an intuitionistic fuzzy J-primary ideal if, for any intuitionistic fuzzy subsets O, 0O,,..., O, of R,
the inclusion g(Oq,0,,...,0,) C O implies that either for all i, O; C O or there exists | € {1,2,...,n},
such that O; C J(O).

Theorem 3.12. Assume that O is an intuitionistic fuzzy ideal of an (m, n)-near ring (R, f, g) so that
O C J(R). In this case O is an intuitionistic fuzzy J-ideal if and only if O is an intuitionistic fuzzy

J-primary.

Proof. = Suppose that R is an (m,n)-near ring, O # x(R) is an intuitionistic fuzzy ideal of R, O
is an intuitionistic fuzzy J-ideal of R and A;,A,,...,A,, are intuitionistic fuzzy subsets of R so that
g(A1,Ay,.., A,) € O with AL A 7 J(O). We have J(R) C J(O), hence A", A" | ¢ J(R). O is an
intuitionistic fuzzy J-ideal implies that A; C O thus, O is an intuitionistic fuzzy J-primary ideal of R.
& Assume that O is an intuitionistic fuzzy J-primary ideal of R and g(A1,A,,..., A;;) C O with
AL AL € J(R). O CJ(R) implies that J(O) C J(J(R)) = J(R). Hence A7, A, Z J(O) then A; C O
because O is an intuitionistic fuzzy J-primary. Thus, O is an intuitionistic fuzzy J-ideal. ]

Theorem 3.13. Suppose that (R, f,g) is an (m, n)-near ring and O is an intuitionistic fuzzy ideal of R
with O € J(R). Then the following hold.

(1) If I; and I, are intuitionistic fuzzy J-ideals of R with g(OU~1),I;,0("=1) = g(Ol=1), 1,, 0"y,
then Il = 12.

(2) If X is an intuitionistic fuzzy ideal so that g(OU~1), X, 0"~} is an intuitionistic fuzzy J-ideal,
then

11
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g(0l=1), x, 0=y = X.

Proof. (1) g(O=1,1,,00"=1)) = g(Ol=1),1,,0"=1)) C I,. Since I, is an intuitionistic fuzzy J-ideal, we
have I, C I} by Theorem Similarly, since I; is an intuitionistic fuzzy J-ideal, we have I C I, and
the equality holds.

(2) Since g(O'~1, X, 0"=1) is an intuitionistic fuzzy J-ideal, g(O!~1), X, 0"~1) c g(Ol~1), X, 0("=1))
and O ¢ J(H),so X C g(O(i‘l),X, O"=)). The other inclusion is trivial. O

Lemma 3.14. Suppose that (R, f,g) and (X, f’,g’) are two (m,n)-near rings. If | is an (m,n)-near ring
epimorphism from R onto X, then I(J(R)) C J(X).

Theorem 3.15. Suppose that I : (R, f,g) — (X, f’,¢’) is an (m, n)-near ring epimorphism, in this case
the following hold.

(1) If I is an intuitionistic fuzzy J-ideal of R with ker(/) C I, then I(I) is an intuitionistic fuzzy
J-ideal of X.

(2) If Y is an intuitionistic fuzzy J-ideal of X with ker(I) C J(R), then ["!(Y) is an intuitionistic
fuzzy J-ideal of R.

Proof. (1) Assume that Oy, 0,,...,0,, C X so that ¢’(O4, O,,...,0,,) CI(I) and Oi‘l,O?+1 Z J(X). Because
[ is an epimorphism, so there are Ay, A,,...,A,, € R so that O; = I(A;) for all i € {1,2,...,n}. Thus
2'(01,0,,..,0,) = 1(g(A1,Ay,...,A,)) € I(I). Since ker(l) C I, we conclude that g(Ay,A,,...,A,) C I.
Also, note that A’fl,Aﬁrl Z J(R) because otherwise if Ail_l,A;;l C J(R), then I(A;) = O; € J(X) for
jefl,..,i-1,i+1,..,n} by Lemma[3.14which is a contradiction. Because I is a J-ideal of R, s0o A; C I
and therefore O; = I(A;) C I(I).

(2) Assume that O;,0,,...,0, C R where g(0;,0,,...,0,) C I7(Y) and Oi‘l,Oﬁrl Z J(R). Thus
(1(01),1(Oy),....1(O,)) = 1(g(O4,0,,...,0,)) € Y. We prove that [(Oy),...,1(O;_1),1(O;;1),...1(O,) &
J(R). Assume that [(Oy),..., [(O0;_1),1(O;41),...,1(O,) € J(R) and M is a maximal ideal of R. Hence /(M)
is a maximal ideal of X because ker(l) C J(R) C M, then [(O),...,1(0;_1),1(Oi41),..., (O,,) C (M) and
thus O’fl,O?+1 C M as ker(I) € M. Hence Olfl, O!,, CJ(R) which is a contradiction. Because Y is a

J-ideal, [(O;) C Y therefore O; CI71(Y), it follows that I"1(Y) is a J-ideal of R. O

For a family of fuzzy sets {y;| i € A} in an (m, n)-near ring R, the union \/ y; of {y; | i € A} is defined
ieA
by
(V pi)(w) =sup{p;(w) | i € A}, for all w e R.
ieA
For a family of fuzzy sets {y;| i € A} in an (m, n)-near ring R, the intersection A p; of {y; | i € A}is

ieA
defined by

(A pi)(w)=inf{p;(w) | i € A}, for all w € R.

ieA
Theorem 3.16. Suppose that (R, f,g) is an (m,n)-near ring and {I; : j € 0} is a nonempty family of
intuitionistic fuzzy J-ideals of R. In this case /\ jc;I; is an intuitionistic fuzzy J-ideal of R.

Proof. Assume that Wi, W,,..., W, are intuitionistic fuzzy subsets of R so that g(W;, W,,..., W,) C
NjesIj and Wl’_l,Wl.’fFl Z J(R). Then g(Wy,W,,..,W,) C [; for all j € o since [; is an intuitionistic
fuzzy J-ideal for all j € 6 we conclude that W; C I; for all j € 6 and thus W; C A\ c;I;, therefore,
Ajes!j is an intuitionistic fuzzy J-ideal of R. O
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4 Quasi J-ideals of (m,n)-near rings

Suppose that (R, f,g) is an (m,n)-near ring. Let A denote the family of all fuzzy maximal ideals # of
R such that u C 7.

Definition 4.1. Suppose that (R, f,g) is an (m, n)-near ring and p is a fuzzy ideal of R. In this case the
fuzzy radical of R, denoted by /j, is defined as follows:

VE= Al 11 €A(p)

Definition 4.2. Suppose that (R, h, k) is a commutative (1, n)-near ring. In this case an intuitionistic
fuzzy ideal D # x(S) of R is named an intuitionistic fuzzy quasi J-ideal if VD is an intuitionistic fuzzy
J-ideal.

Theorem 4.3. Suppose that (R, f,g) is an (m, n)-near ring and H is an intuitionistic fuzzy quasi J-ideal
of R. In thlS case If Al , Al ; and Y are intuitionistic fuzzy ideals of R with gAY, A ) CH, then
AFL AT C orYg\/_.

1+1) < HandAl ! A:l+1 A
J(R). Since VH is an intuitionistic fuzzy J-ideal, VH = (\/_ A’1 1A Z+1) by Theorem |3.6, we have
YC(H:ATH AL C(VH: AL AT ) = VH. O

Proof. Suppose that H is an intuitionistic fuzzy quasi J-ideal of R, g(A|™1,Y, A”

Assume that O is an intuitionistic fuzzy ideal of an (m, n)-near ring (R, f, g). We denote by J(O) the
intersection of all intuitionistic fuzzy maximal ideals of R that contain O.

Theorem 4.4. Assume that Q is an intuitionistic fuzzy ideal of an (m,n)-near ring (R, f,g). In this
case the following statements are equivalent:

(1) Qs an intuitionistic fuzzy quasi J-ideal of R.

(2) QCJ(R) and if Ay, Ay,..., A, C Rwith g(A,Az,..,Ay) CQ, then A; CJ(Q) for je{l,2,..,i-1,i+
1,..,n}or A; CQ.

Proof. (1) = (2) Assume that Q is an intuitionistic fuzzy quasi ] ideal of R. Because VQ is an
intuitionistic fuzzy J-ideal, thus Q C \/_ Q CJ(R) by Theoremﬂ so (2) obtained because J(R) C J(Q).

(2) = (1) Assume that g(A;,A,,..,A,) CQand A}, Al Z](R). Because Q CJ(R), hence J(Q) C
J(J(R)) = J(R) thus AZ LA™  ZJ(Q). Therefore, A; C Q and Q is a quasi J-ideal of R. O

i+1
Suppose that (R, f,g) is an (m, n)-near ring, and let L(R) denote the set of all intuitionistic fuzzy
ideals of R. D. Zhao [19] introduced the concept of expansions of ideals of the ring R.

Definition 4.5. Suppose that (R, f,g) is an (m,n)-near ring. A function 6 : L(R) — L(R) named an
intuitionistic fuzzy ideal expansion if the following conditions are satisfied for any intuitionistic
fuzzy ideals W and Q of R :

(1) Wco(W),
(2) If W CQ, then 6(W) C 6(Q).

Example 4.6. Suppose that (R, f,g) is an (m, n)-near ring. In this case a function 9; : L(R) — L(R)
defined by 0, (W) = VW is an ideal expansion of an (m, n)-near ring R.

For an ideal expansion ¢ defined on a ring R, the class of 6-n-ideals has been recently defined and
studied [5].

13
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Definition 4.7. Suppose that (R, f,g) is an (m,n)-near ring and o : L(R) — L(R) is an intuition-
istic fuzzy ideal expansion. In this case an intuitionistic fuzzy ideal W # x(R) of R is named an
intuitionistic fuzzy o-n-ideal if Ay, A,.., A, C R with g(A1,Ay,..,A,;) € W and Ann(W;) = 0 for
j=1,.,i-1,i+1,.,nor A; Co(W).

If 6 = 6; defined by 0;(W) = VW for all W € L(R), then W is named an intuitionistic fuzzy quasi
n-ideal.
For example, every intuitionistic fuzzy n-ideal is also an intuitionistic fuzzy o-n-ideal.

5 Conclusions

This paper investigates (m, n)-near rings from the standpoint of intuitionistic fuzzy algebra. After
recalling the fundamental definitions and structural properties of (m, n)-near rings and their ideals,
intuitionistic fuzzy ideals are introduced and their basic behavior is analyzed. Special attention is
devoted to radical-type notions, including the intuitionistic fuzzy nilradical and the intuitionistic
fuzzy Jacobson radical. Furthermore, several new classes of ideals are defined and studied, such as
intuitionistic fuzzy n-ideals, intuitionistic fuzzy J-ideals, and maximal intuitionistic fuzzy J-ideals,
together with their relationships and characterizations.

Future research directions. Possible directions for further work include:

* Investigating fundamental relations and quotient constructions preserving intuitionistic fuzzy
properties, see [18]].

* Developing categorical links between intuitionistic fuzzy algebraic systems and hyperstruc-
tures.

* Analyzing topological structures induced by intuitionistic fuzzy spectra of (m,n)-near rings,
see [18].

* Exploring applications of intuitionistic fuzzy radicals to uncertainty modelling in algebraic
information systems.

This research provides a foundation for expanding the interplay between fuzzy algebra, hyperstruc-
tures, and near-ring theory, opening avenues for both theoretical developments and applied mathe-
matical contexts.
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