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1 Introduction

Throughout this paper, R is a nonzero associative ring with identity and all modules are unitary. We
write R-Mod (respectively, Mod-R) for the category of left (respectively, right) R-modules. For any
left R-module M, the character module Homy(M,Q/Z) is denoted by M*. R[x] always means the
polynomial ring over R in one indeterminate x, where x commutes with the coefficients in R.

The notion of duality pairs was introduced by Holm and Jegensen [6]]. Recall that a duality pair
over R is a pair (£,.A), where L is a class of left R-modules and A is a class of right R-modules, such
that (1) L € £ if and only if L* € A, (2) A is closed under direct summands and finite direct sums.
Since then, duality pairs have found many applications in the study of cotorsion pairs, approxima-
tion theory, etc. Let (£, A) be a duality pair. Then £ is closed under pure submodules, pure quotients,
and pure extensions. Recently, Mao explored duality pairs over formal triangular matrix rings [11].
Ma et al. further generalized duality pairs to Morita context rings with zero bimodule homomor-
phisms and constructed Gorenstein projective modules relative to complete duality pairs over them
(7.

Polynomial rings and modules over them have been extensively studied (see e.g. [8-10, 12]). Re-
cently, Mao gave an equivalent categories of the module categories over the polynomial rings R|[x]
[9] and investigated Gorenstein projective, injective, flat modules and dimensions over R[x] using
the equivalent categories of the module categories over R[x] [8]. We recall some basic facts about
modules over polynomial rings. Let E be the category: whose objects are couples (Y, f) with Y a left
R-module and f € Homg(Y,Y), and a morphism from (Y, f) to (M, g) is a morphism y € Homg(Y, M)
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such that the following diagram commutes:

V4
_—

Y M
P
Y—V>M.

From [9], the category E is an abelian category and the R[x]-Mod is isomorphic to category =Z. Note
that a sequence 0 — (Y3, f1) — (Y2, f») — (Y3, f3) — 0 in E is exact if and only if the sequence 0 — Y;
— Y, — Y3 — 0in R-Mod is exact.

There are some functors as follows.

The functor T : R-Mod — Z is given, for every object M € R-Mod, by T(M) = (M™), u) with pu(x;,
Xx,, ) = (0, X1, X, ---) and for morphisms by T(a) = a™),

The functor U: Z — R-Mod is given, for every object (Y, f) € E, by U(Y, f) = Y and for morphisms
by U(a) = a.

The functor Z : R-Mod — & is given, for every object M € R-Mod, by Z(M) = (M, 0) and for mor-
phisms by Z(«) =

The functor C : & — R-Mod is given, for every object (Y, f) € E, by C(Y, f) = coker(f) and for
morphisms by C(a) = the induced morphism.

The functor H: R-Mod — E is given, for every object M € R-Mod, by HM) = (MN, v) with v(x,,
X, X3, --+) = (X2, X3, X4, ---) and for morphisms by H(a) = a™.

The functor K: & — R-Mod is given, for every object (Y, f) € E, by K(Y, f) = ker(f) and for mor-
phisms by K(a) = the induced morphism.

From [9], functors U, Z, T and H are exact, C is right exact and K is left exact. (T,U), (U,H), (C,Z)
and (Z,K) are adjoint pairs with CT = idg_pjod4, UZ = idg_poq and KH = idR Mod-

Let M be a left R-module and x an indeterminate. Recall that M[x] = {Za x':a;e M, neN|=

R[x]®rM is a left R[x]-module. It is clear that the left R[x]-module M[x] corresponds to T(M) in E.
Note that R[x] = R™) as an R-module. In particular, the regular left R[x]-module R[x] corresponds
to T(R). Similarly, the left R[x]-module Homg(R[x], M) corresponds to H(M) in E.

Replacing the objects in E with right R-modules, we obtain the category 7. We have that the cat-
egory Y is abelian and Mod-R[x] is isomorphic to the category Y.

The main goal of this paper is to study duality pairs over polynomial rings using an equivalent cat-
egories of the module categories over the polynomial rings. In Section 2, we construct some duality
pairs over R[x] using duality pairs over R. Symmetric duality pairs and complete duality pairs over
polynomial rings are obtained. In Section 3, we construct Gorenstein projective modules relative to
complete duality pairs over polynomial rings.

We will identify R[x]-Mod with E and Mod-R[x] with Y in the rest of the paper.

2 Duality pairs over Polynomial Rings

Definition 2.1. Let £ be a class of left R-modules and A be a class of right R-modules. Recall that a
pair (£, A) is a duality pair [6] if the following two conditions hold:

(1) For a left R-module L, one has L € £ if and only if L € A.

(2) A is closed under direct summands and finite direct sums.

Let £( res p A) be a class of left(resp. right) R-modules. We write
L) ={T( )eR[x]Mod LeLl},
( = {H( eR[x]Mod LeLl},

={Z(

R[x]-Mod: L e L },
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UL = {(X,a) € R[x]-Mod: X € L},

CF = {(X,a) € R[x]-Mod: cokera € L},

KE = (X, a) € R[x]-Mod: kera € L}.

U4 ={(X,a) e Mod-R[x]: X € A},

C4 ={(X,a) € Mod-R[x]: cokera € A},

K4 ={(X,a) € Mod-R[x]: kera € A}.
Clearly, T(£) C C* and H(L) C K*.

Lemma 2.2. Let (X,a) be aleft R[x]-module and Y be a left R-module. Then
(1) (X, )" = (X*,a"), T(Y)" = H(Y™).
(2) If {(X;, pi)}ier is a family of left R[x]-modules, and A; : X; — ®;c1X; is the i-th injection, then

i A
®icr(Xis i) = (@i X, 1), where 1 : @1 X; — ®je1 X; is induced by the composition X; L) X; - ®;1 X;.

Proof. (1) This is obvious.

(2) By the universal property of the direct sums in R-Mod, there is a unique 71 : ®;c;X; = @ X;
such that A;pu; = nA; in R-Mod for any i € I. Thus, A; € Homp (X, pi), (®ie1Xi,17))-

Let (Y,0) € R[x]-Mod and y; € Hompy((Xj, i), (Y,0)) for any i € I. By the universal property of
the direct sums in R-Mod, there is a unique & : ®;c;X; — Y such that £A; = y; in R-Mod for any i €
I. Therefore, we have EnA; = EAjp; = yipi = Oy; = OEA;. So En = O&. Hence, & € Homp (@i X, 1),
(Y,0)). By the universal property of the direct sums in R[x]-Mod, we conclude that @;c(X;, p;) =
(Bier Xi,1)- [

Lemma 2.3. Let L (resp. A) be a class of left (resp. right) R-modules and X be a left R-module.
Then

(1) X e Lif and only if T(X) e C~.

(2) X e Lif and only i f H(X) € K.

(3) XeLif and only if Z(X) e U*.

(4) Xt e Aif and only if T(X)" € K4.

(5) Xt e Aif and only if Z(X)" e U 4.

Proof. (1) The “if " part is obvious, and the “ only if " part follows from T(L) CC
(2) The “if " part is obvious, and the “ only if " part follows from H(L) C K*.
(3) This is obvious.
(4) By Lemma 2.2(1), T(X)*" = H(X™). The assertion follows from the dual statement of (2).
(5)

5) This is obvious. O

Theorem 2.4. Let L be a class of left R-modules and A be a class of right R-modules. Then the
following statements are equivalent.

(1) (£, A) is a duality pair over R.

(2) (C%, K 4) is a duality pair over R[x].

(3) (U*, U 4) is a duality pair over R[x].

Proof. (1)=(2). (X,a) € C* if and only if coker(a) € £, which is equivalent to (coker(a))* = ker(a™)
€ A because (£, A) is a duality pair. This, in turn, is equivalent to (X, a)* = (X*,a*) € K4 by Lemma
2.2(1).

Next, we show that K 4 is closed under direct summands and finite direct sums.

Let (X1, a1)®(X,, ay) € K 4. There is split exact sequence in Mod-R[x]: 0 — (X1, aq) 4 (X1, a1)®(Xs, ap)
i (X5,a7) — 0 where 61 is an embedding, and 7, is a projection. Note that (Xi,a1)®(X,, a;) =
(X; ® Xy, a) with a = (¢ 0 a ) Leti= (f) s ker(a) > X0 X,, 1; ker(al) — Xj, and i, : ker(ay) — Xs.

By Snake lemma, there is an exact sequence in Mod-R : 0 — ker(a;) i ker(a) L ker(ay), fT1 =13,
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and g = i,p,. We have the following commutative diagram

0 0 0
0 ——ker(ay) — 1, ker(a) — = = ker(a,)
i i i
0 X X, @X, X, 0
ay o as
0 Xq X180 X, X5 0.

Similarly, there is a split exact sequence in Mod-R[x]: 0 — (X5, @) it (Xq, a1)®(X,, ay) i (Xy,aq)
— 0 where ¢; is an embedding, and 7y is a projection. By Snake lemma, there is an exact sequence in

Mod-R : 0 — ker(ay) Y ker(a) La ker(ay), f =i;p; and i, = g7,. We have the following commutative
diagram

0 0 0
0 —— ker(ay) — 2, ker(a)— = = ker(a)
i i i
0 X, X1®X, X4 0
a, a a
0 X, X1®X, X1 0.

We have ijpi1 = f1; = i; and i,p,1, = g7 = ip. Thus, p17; = idier(a,) and 2Ty = idker(qa,)- It
follows that ker(aq)®ker(a,) = ker(a) € A. Since A is closed under direct summands, ker(a;) € A
and ker(a,) € A. Therefore, K 4 is closed under direct summands.

Conversely, suppose that (Xi,ay), (X, a) € K4. There is an exact sequence in Mod-R : 0 —
ker(aq)®ker(a,) — XX, 5 X 0X, with a = (061 0? ). Since A is closed under finite direct sums,
ker(a) = ker(a;)dker(a,) € A. Thus, (X1, a;1)®(X,, ay) = (X; @ X5, a) € K 4. Therefore, K 4 is closed
under finite direct sums.

(2)=(1). X € L if and only if T(X) € C* by Lemma 2.3(1), if and only if T(X)* € K 4 since (C*, K4)
is a duality pair, if and only if X* € A by Lemma 2.3(4).

Next, we prove that A is closed under direct summands and finite direct sums.

Note that H is an exact functor, X;®X, € A if and only if H(X;)®H(X,) = H(X;®X;) € K4 by
Lemma 2.3(2), if and only if H(X; ), H(X,) € K 4 since K 4 is closed under direct summands and finite
direct sums, if and only if X;, X, € A by Lemma 2.3(2).

(1)=(3). (X, a) € U* if and only if X € £, if and only if X* € A by (L, A) being a duality pair, if and
only if (X,a)" = (X*,a™) e i 4 by Lemma 2.2(1).

Next, we prove that 4 is closed under direct summands and finite direct sums.

(X1, a1)8(Xp, ap) € U 4 if and only if X ;@X, € A, if and only if X;, X, € A since (£, A) is a duality
pair, if and only if (X1, a1), (X5, a3) € U 4.

(3)=(1). X € L if and only if Z(X) € U* by Lemma 2.3(3), if and only if Z(X)* € U 4 since (U, U 4)
is a duality pair, and if and only if X € A by Lemma 2.3(5).
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Next, we prove that A is closed under direct summands and finite direct sums.

Note that Z is an exact functor, X;®X, € A if and only if Z(X ®X,) = Z(X,)®Z(X;) € U 4 by Lemma
2.3(3), and if and only if Z(X;), Z(X,) € U 4 since U 4 is closed under direct summands and finite
direct sums, and if and only if X;, X, € A by Lemma 2.3(3). O

A duality pair (£, A) over R is said to be symmetric [6] if both (£, A) and (A, £) are duality pairs.

Recall that an exact sequence of left R-modules e : 0 > A — B — C — 0 is pure exact [3]], if
sequence M ® € is exact for any right R-module M. In this case, A is said to be pure submodule of B.

Recall that a left R-module E is pure injective [3]], if sequence Homg(e, E) is exact for any pure
exact sequence of left R-modulese: 0 - A —-B—C — 0.

Corollary 2.5. Let L be a class of left R-modules and A be a class of right R-modules. Then the
following statements are equivalent.

(1) (£, A) is a symmetric duality pair over R.

(2) (U~, U 4) is a symmetric duality pair over R[x].

Moreover, if Ais closed under pure submodules and L contains all pure injective modules, then
the above statements are equivalent to

(3) (C*, K 4) is a symmetric duality pair over R[x].

Proof. (1)&(2). This is immediately from Theorem 2.4 and its dual statement.

(1)=(3). By Theorem 2.4, (C*, K 4) and (C 4, K¥) are duality pairs over R[x].

(X, @) € K 4 if and only if ker(a) € A, which is equivalent to coker(a™) = (kera)* € £ because (A, £)
is a duality pair. This, in turn, is equivalent to (X, a)* = (X*,a*) € C* by Lemma 2.2(1).

Next, we show that C* is closed under direct summands and finite direct sums.

Let (X3, a1), (X5, @) be left R[x]-modules. Note that (X;, a1)®(X,, ay) = (X;©X,, a) with a = () (32 ).
By Lemma 2.1, (X; ® X,,a) € C* if and only if (X; ® Xo, @) = (X{ @ XJ,a%) = (X, a])®(X],af) € K4
because (C£, K7) is a duality pairs over R[x], which is equivalent to (X{,a]), (X5,a3) € K 4 because
K 4 is closed under direct summands and finite direct sums. This, in turn, is equivalent to (X1, a1),
(X,,a,) € C* because (CF, K 4) is a duality pairs over R[x].

Thus, (K4, CX) is a duality pairs over R[x]. Therefore, (C*, K4) is a symmetric duality pair over
R[x].

(3)=(1). By Theorem 2.4, (£, A) is a duality pair over R.

Let X € A. X" is a pure injective left R-module by 3, Proposition 5.3.7]. Thus, X* € L.

Conversely, let X* € £. X** € A because (£, A) is a duality pair over R. Thus, X € A because X is a
pure submodules of X** by [3, Proposition 5.3.9].

Next, we prove that £ is closed under direct summands and finite direct sums.

Let X;, X, be lefe R-modules. Note that X;®X, € £ if and only if T(X;®X,) € C* by Lemma 2.3(1),
if and only if T(X;)®T(X,) € C%, and if and only if T(X;), T(X;) € C* since C* is closed under direct
summands and finite direct sums, and if and only if X;, X, € £ by Lemma 2.3(1).

Thus, (A, £) is a duality pair over R. Therefore, (£, A) is a symmetric duality pair over R. O

Lemma 2.6. Let L be aclass of left R-modules.
(1) L is closed under direct sums if and only if U is closed under direct sums.
(2) L is closed under extensions i f and only i f U* is closed under extensions.
(3) L is closed under direct sums if and only if C* is closed under direct sums.
(4) If C* is closed under extensions, then L is closed under extensions.

Proof. (1) Let {(X;,a;)}ic; be a family of left R[x]-modules with (X;,a;) € U~ for any i € I. By the
lemma 2.2(2), ®;c1(X;, ;) = (®;e1 Xi, ®icr ;). Since ®;c1 X; € L, ®;c1(X;, a;) € Ur.
Conversely, let {X;};c; be a family of left R-modules with X; € £ for any i € I. Z(X;) € 4~ by Lemma
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2.3(3). Since U~ is closed under direct sums, Z(®;c; X;) € U*. Thus ®;c; X; € L.

(2) Let 0 — (A, a) — (B, p) — (C,¥) — 0 be an exact sequence in R[x]-Mod with (A, @), (C,y) € U*.
This induces the exact sequence in R-Mod : 0 > A — B — C — 0 with A, C € L. Since £ is closed
under extensions, B € L. It follows that (B, ) € U*.

Conversely, let 0 > A — B — C — 0 be an exact sequence in R-Mod with A, C € £, which induces
the exact sequence in R[x]-Mod : 0 — Z(A) — Z(B) — Z(C) — 0 with Z(A), Z(C) € U* by Lemma
2.3(3). Since U* is closed under extensions, Z(B) € U*. Thus B € £ by Lemma 2.3(3).

(3) The proof is similar to that of (1).

(4) The proof is similar to that of (2). O

A duality pair (£,.A) over R is said to be perfect [6] if £ contains the regular module gR, and is
closed under direct sums and extensions.

Theorem 2.7. Let L be a class of left R-modules and A be a class of right R-modules. Then the
following statements are equivalent.

(1) (£, A) is a perfect duality pair over R.

(2) (UF, U 4) is a per fect duality pair over R[x].

Moreover, if Torlf[x](Z(RR), C*) = 0, then the above statements are equivalent to

(3) (C%, K 4) is a per fect duality pair over R[x].

Proof. (1)&(2). For left R[x]-module R[x] = T(gR) € U* if and only if zR € L because (£, .A) is a
duality pair over R. The assertion follows from Lemma 2.6(1) and (2), and Theorem 2.4.

(1)&(3). For left R[x]-module R[x] = T(gR) € C* if and only if gxR € £ since T(L) C C~.
Let 0 — (A,a) — (B, p) — (C,¥) — 0 be an exact sequence in R[x]-Mod with (4, a), (C,y) € C*. This
induces the exact sequence in R-Mod : 0 — coker(a) — coker(f) — coker(y) — 0 with coker(a),
coker(y) € £ by [8, Lemma 1.1(2)] and Torlf[x](Z(RR), CL) = 0. Since £ is closed under extensions,
coker(p) € L. Thus, (B,p) € CL. Therefore, the assertion follows from Lemma 2.6(3) and (4), and
Theorem 2.4. O

A duality pair (£, A) is said to be complete [6] if (£, A) is symmetric and perfect. The following
result can be obtained immediately from Corollary 2.5 and Theorem 2.7.

Corollary 2.8. Let L be a class of left R-modules and A be a class of right R-modules. Then the
following statements are equivalent.

(1) (L, A)is acomplete duality pair over R.

(2) (UF, U ) is a complete duality pair over R[x].
Moreover, if A is closed under pure submodules and L contains all pure injective modules, and
Torlf[x] (Z(rR), CL) = 0, then the above statements are equivalent to

(3) (C*, K 4) is a complete duality pair over R[x].

3 Application

Definition 3.1. Let £ be a class of left R-modules and A be a class of right R-modules such that (£, A)
is a complete duality pair over R. A left R-module X is Gorenstein (L, A)-projective [4] if there exists
an exact sequence of projective left R-modules

4 50 d
P:... > P — PY > Pt — ...

such that X = ker(d?), Homg(IP, L) is exact for any L € L.
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Proposition 3.2. Let £ be a class of left R-modules and A be a class of right R-modules.

(1) Let A is closed under pure submodules and L contains all pure injective modules. If (C*, K 4)
is a complete duality pair over R[x|, and (X,a) is a Gorenstein (C*, K 4)-projective left R-module,
then a is a monomorphism and coker(a) is a Gorenstein (L, A)-projective left R-module.

(2) Let Torlf[x](Z(RR), ct)=o. If (L, A)isacomplete duality pair over R, and (X, a) is a Gorenstein
(C*, K 4)-projective left R-module, then « is a monomorphism and coker(a) is a Gorenstein (L, A)-
projective left R-module.

(3)If (L, A) is a complete duality pair over R, and (X, a) is a Gorenstein (U, U 4)-projective left
R-module, then a is a monomorphism and coker(a) is a Gorenstein (L, A)-projective left R-module.

Proof. (1) By Corollary 2.8, (£, A) is a complete duality pair over R. There is an exact sequence in
R[x]-Mod :

¢!
)

P:--- - (P LpH> (Po,ﬁo)g—(J)(Pl,/sl) ..

with (P?, ') projective left R[x]-modules and (X, a) = ker(g°).
Consider the following commutative diagram with exact rows

0—=X—->pO0

-l

0——=X——>PY,

Since B is a monomorphism by [9, Proposition 2.6(1)], & is a monomorphism.

Note that pdg(4(Z(R)) < 1 by [8, Corollary 2.7(1) and 9, Lemma 2.8]. Thus Z(R)®g[yP is exact by
[2, Lemma 2.3]. Since Z(R)®R[x](Pi, ') = coker(B’) by [8, Lemma 1.1(2)], we obtain an exact sequence
of projective left R-modules :

-1 0
C(P): - — coker(81) % ' coker(8%) & coker(p!) — ---
with coker(a) = ker(C(g")) by [9, Proposition 2.6(1)].
Let Y € £. Z(Y) € C*. Then Homg(C(IP), Y) = Homp((IP, Z(Y)) is exact because Z(Y) € C* and
(C,Z) is an adjoint pair. Thus, coker(a) is a Gorenstein (L, A)-projective left R-module.
(2) (C*, K 4) is a complete duality pair over R[x] by Corollary 2.8. The assertion is similar to (1).
(3) (U”, U,) is a complete duality pair over R[x] by Corollary 2.8. The assertion is similar to
(1). O

Corollary 3.3. Let L be aclass of left R-modules and A be a class of right R-modules. If (L, A)isa
complete duality pair over R, then X is a Gorenstein (L, A)-projective left R-module if and only if
T(X) is a Gorenstein (U, U 4)-projective left R[x]-module.

Proof. Assume that X is a Gorenstein (£, A)-projective left R-module. There exists an exact sequence
of projective left R-modules

AZ"'—)P71 —)P()&)Pl —)Pz—)
with X = ker(f). This induces an exact sequence of projective left R[x]-modules

T(A): -+ = T(P.1) = T(Py) 25 T(P) = T(Py) — -
with T(X) = ker(T(fy)) by [9, Corollary 2.7(1)].
For any (Y, &) e 4%, since (T, U) is an adjoint pair by [9, Theorem 2.1], we have Hompg,(T(A), (Y, a))
= Homg(A, Y), which is exact. Thus, T(X) is a Gorenstein (U*, U 4)-projective left R[x]-module.
Conversely, if T(X) is a Gorenstein (U*, U 4)-projective left R[x]-module, then X is a Gorenstein
(£, A)-projective left R-module by Proposition 3.2(2). O]
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