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1 Introduction

Throughout this paper, we let R denote a commutative ring with identity, and S a multiplicative
subset of R (not necessarily saturated). In [33], Querré demonstrated that if D is an integrally closed
domain and B is an integral ideal of D[X] with BN D = 0, then the divisorial closure of B coincides
with the divisorial closure of Ag[X], where Ag is the ideal in D generated by the coefficients of the
elements in B. Later, Anderson, Kwak, and Zafrullah [3] introduced the notions of almost finitely
generated ideals and agreeable domains as a framework to further study Querré’s characterization of
divisorial ideals.

Building on this, Anderson and Dumitrescu [4] extended these concepts to arbitrary ideals in a
commutative ring with identity. They introduced the ideas of S-finite ideals and S-Noetherian rings.
Specifically, for a given multiplicative subset S C R and an ideal I of R, the ideal I is said to be S-
finite if there exists an element s € S and a finitely generated ideal ] C R such that sI C ] CI. A ring
R is called S-Noetherian if every ideal of R is S-finite. Moreover, Anderson and Dumitrescu general-
ized several classical results from Noetherian ring theory, including the Eakin—-Nagata Theorem and
Hilbert’s Basis Theorem [4, Corollary 7, Proposition 10], to the S-Noetherian setting.

These ideas sparked a series of papers focusing on S-Noetherianity within specific classes of rings
and extending classical notions in multiplicative ideal theory to their S-analogs. For instance, Liu
[30] studied conditions under which generalized power series rings become S-Noetherian. Lim and
Oh [28, 29]] examined the behavior of the S-Noetherian property in amalgamated algebras along
ideals and in composite ring extensions. Kim, Kim, and Lim [27] introduced S-strong Mori domains
as an extension of strong Mori domains. Likewise, Hamed and Hizem [22]] generalized GCD-domains
to S-GCD-domains, a notion that was further studied by Anderson, Hamed, and Zafrullah [6].

In 2020, Hamed and Malek [21}, 23] introduced the concept of S-prime ideals as a natural general-
ization of prime ideals. Given a multiplicative subset S C R and an ideal I of R such that INS =0, the
ideal I is called an S-prime ideal if for all a,b € R, whenever ab € I, there exists s € S such that either
saelorsbel.

Among the various generalizations of prime ideals, n-absorbing ideals, introduced by Anderson
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and Badawi [5], have received significant attention. For a natural number n and an ideal I in a
commutative ring R, I is said to be an n-absorbing ideal if for any elements ay,...,a,,1 € R satisfying
ap---ay,1 €I, there exists an index j € {1,...,n+ 1} such that the product of the remaining n elements
lies in I, i.e., [[i<i<n+14; € I. The theory of n-absorbing ideals has since developed into a vibrant
1+

area of research (see the survey [10] and its references). Furthermore, I is called an (m, n)-absorbing
ideal of R as in [1] if whenever a;---a,, € I for some nonunits 4y,...,a,, € R, then there are n of
the a; ’s whose product is in I. In [I1], Badawi, El Khalfi, and Mahdou defined (m, n )-absorbing
prime ideals: a proper ideal I of R is called (m,n )-absorbing prime if, whenever nonunit elements
ai,...,a, € R satisfy a; ---a,, € I, then either a;---a, €I or a,,,1---a,, € I. They also introduced the
notion of AB-(m,n)-absorbing ideals, where a proper ideal I of R is called AB-(m,n)-absorbing if,
whenever a; ---a,, € I for some ay,...,a,, € R, there exist n of the a4; s whose product belongs to I.
Recently, Assalami, Kharbouch and Kim introduced the notions of S-(m, n)-absorbing ideals and S-
(m,n)-absorbing prime ideals [8]. An ideal I of a rings R is called an S-(m, n)-absorbing ideal of R
if there exists s € S such that, whenever nonunit elements ay,...,a,, € R satisfy a;---a,, € I, there
exist n distinct indices iy,...,i, € {1,...,m} such that sa; ---a; € I. Also I is said to be an S-(m,n)-
absorbing prime ideal of R if there exists s € S such that, whenever nonunit elements ay,...,a,, € R
satisfy a; ---a,, € I, then either sa; ---a,, € I or sa,,---a,, € I. Moreover, I is defined as an S-AB-(m, n)-
absorbing ideal of R if there exists s € S such that, whenever elements ay,...,a,, € Rsatisfya;---a,, €1,
there exist n distinct indices iy,...,i, € {1,...,m} such that sa; ---a; €1I.

In this paper, we present further results on S-AB-(m,n)-absorbing ideals. We also explore the
behavior of these ideals under quotient rings, trivial ring extensions, and amalgamation of rings.

2 Main Results

We start this section by the following proposition.

Proposition 2.1. Let R be a ring and let S be a multiplicative subset of R. Then the following assertions
hold.

(1) Let I be an ideal of R disjoint from S and let | be an ideal of R such that JNS = 0. If I is an
S-AB-(m,n)-absorbing ideal of R, then I] is an S-AB-(m, n)-absorbing ideal of R.

(2) Let T be a commutative ring with identity containing R and let | be an ideal of T disjoint from S. If
J is an S-AB-(m,n)-absorbing ideal of T, then ] N R is an S-AB-(m,n)-absorbing ideal of R.

(3) Let I be an ideal of R disjoint from S. If I is an S-AB-(m,n)-absorbing ideal of R, then VI is an
S-AB-(m, n)-absorbing ideal of R, and for each r € VI, there exists z € S such that zr" € I.

Proof. (1) Suppose that I is an S-AB-(m, n)-absorbing ideal of R for some s € S. AsJ NS =0, we can
pick an element b€ JNS. Let ay,...,a,, € Rwith a;---a,, € I]. Then a,---a,, € I, so we may assume
that sa; ---a, € I. Then sbay ---a, € I]. Thus I] is an S-AB-(m, n)-absorbing ideal of R.

(2) Suppose that J is an S-AB-(m, n)-absorbing ideal of T. Let ay,...,a,, € R with a;---a,, € N R.
Then we may assume that sa; ---a,, € ] for some s € S. Thus sa; ---a, € J N R, which means that JNR is
an S-AB-(m,n)-absorbing ideal of R.

(3) Suppose that I is an S-AB-(m, n)-absorbing ideal of R. Let ay,...,a,, € Rwitha;---a, € VI. Then
alf---afn € I for some p € N. Hence we may assume that sa’f---afz eI for somes €S, so (say---a,)P €l.
Hence say ---a, € VI, and thus VI is an S-AB-(m,n)-absorbing ideal of R. Now, let a € VI. Thena? €1
for some p € IN. If p < n, then we are done. Now, suppose that p > n. Then there exists w € IN such
that s¥r" € I. Since s¥ € S, the proof is done. O]
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Theorem 2.2. Let I be a radical ideal of a ring R. Then I is an S-AB-(m, n)-absorbing ideal of R if and
only if I is an S-n-absorbing ideal of R.

Proof. Let I be an S-AB-(m,n)-absorbing ideal of R. It suffices to show that I is an S-AB-(m —1,n)-
absorbing ideal of R.

Let I be aradicalidealof Rand ay---a,, 1 €I foray,...,a,_1 € R. Since I is an S-AB-(m, n)-absorbing
ideal of R and a%ag ---a,,_1 €1, either there are n of a;’s whose product with some s € S is in I or there
are n—2 of ay,...,a,_1 whose product with a% and some s € S is in I. If there are n of 4;’s whose
product with s is in I, then we are done. In the other case, there are n—2 of a,,...,a,,_; whose product
with a% and s is in I, we may assume that sa%az-nan,z €I, then saja,---a,_, € VI = I. Hence I is an
S-AB-(m—1,n)-absorbing ideal of R. O

Let R and T be rings, and let S be a multiplicative subset of R. If f : R — T is a ring homomor-
phism, then the image f(S) is a multiplicative subset of f(R).

Proposition 2.3. Let R and T be rings, S a multiplicative subset of R and f : R — T a homomorphism.

(1) Let I be an ideal of R disjoint from S with ker(f) CI. Then I is an S-AB-(m, n)-absorbing ideal of R
if and only if f(I) is an f(S)-AB-(m,n)-absorbing ideal of Im(f).

(2) Let ] be an ideal of Im(f) disjoint from f(S). Then ] is an f(S)-AB-(m,n)-absorbing ideal of Im(f)
if and only if f~1(J) is an S-AB-(m,n)-absorbing ideal of R.

Proof. (1) Suppose that I is an S-AB-(m, n)-absorbing ideal of R. First, we claim that f(I)N f(S) = 0.
Suppose to the contrary that there exists an element i € I such that f(i) € f(S). Hence i—s e ker(f) C I
for some s € S, so s € I. This is a contradiction since I NS = (. Therefore f(I) is disjoint from f(S).
Let f(ay),...,f(ay) € Im(f) such that f(a;)---f(a,,) € f(I). Then there exists an element i € I such
that a;---a,, —1 € ker(f) € I. Hence a;---a,, € I. Since I is an S-AB-(m, n)-absorbing ideal of R, we
may assume that there exists an element s € S such that sa; ---a, € I. Hence f(s)f(ay)--- f(a,) € f(I),
which means that f(I) is an f(S)-AB-(m, n)-absorbing ideal of Im(f). For the converse, suppose that
f(I)is an f(S)-AB-(m,n)-absorbing ideal of Im(f). It is clear that I NS = 0. Let ay,...,a,, € R with
ay---a, € I. Then f(ay)---f(a,) € f(I), so we may assume that there exists an element s € S such
that f(say---a,) = f(s)f(a1)---f(a,) € f(I). It follows that there exists an element i € I such that
say---a,—ic€ker(f)CI. Hence sa;---a, € I. Thus I is an S-AB-(m, n)-absorbing ideal of R.

(2) It is clear that J N f(S) = 0 if and only if f~1(J) NS = 0. Suppose that J is an f(S)-AB-(m, n)-
absorbing ideal of Im(f). Let ay,...,a,, € Rwith a; ---a,, € f~1(J). Then f(a;)--- f(a,,) = f(a;---a,) €],
so we may assume that f(sa;---a,) = f(s)f(a;) - f(a,) € ] for some s € S. Thus sa,---a, € f~(]).
Consequently, f~!(J) is an S-AB-(m,n)-absorbing ideal of R. The converse follows directly from (1).

O

By Proposition we obtain:

Corollary 2.4. Let R be a ring, S a multiplicative subset of R and f : R — T a homomorphism with
ker(f) NS = 0. Then there is a one-to-one order-preserving correspondence between the S-AB-(m,n)-
absorbing ideals of R containing ker(f) and the f(S)-AB-(m,n)-absorbing ideals of f(R).

Let R be a ring, I an ideal of R and S a multiplicative subset of R. Then S/I :={s+I|se S}isa
multiplicative subset of R/I.

Corollary 2.5. Let R be a ring, S a multiplicative subset of R, and I,] ideal of R such that I C | and
JNS =0. Then ] is an S-AB-(m, n)-absorbing ideal of R if and only if J/I is an S/I-AB-(m, n)-absorbing
ideal of R/I.
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Let R be a ring, S a multiplicative subset of R and I an ideal of R. Recall that (I : s) = {r € R|sr € I}
is an ideal of R. In the following, we examine the behavior of the ideal (I : s) under the assumption
that I is an S-AB-(m, n)-absorbing ideal. The next result can play a key role in studying S-AB-(m, n)-
absorbing ideals by making use of the properties of (1, n)-absorbing ideals.

Proposition 2.6. Let R be a ring, S a multiplicative subset of R and I an ideal of R disjoint from S. Then 1
is an S-AB-(m, n)-absorbing ideal of R if and only if (I : s) is an (m, n)-absorbing ideal of R for some s € S.

Proof. Suppose that I is an S-AB-(m, n)-absorbing ideal of R for some r € S. We claim that (I : r) is
an (m,n)-absorbing ideal of R. Let ay,...,a,, € R with a;---a,, € (I : ). Then (ra;)(ray)---(ra,) €I,
which means that r(ra; )---(ra; ) € I for some distinct indices iy,...,i, € {1,...,m}. This implies that
aj ---a; € (I:r™). Thus (I :s) is an (m, n)-absorbing ideal of R, where s =" € S.

Conversely, suppose that (I : s) is an (m, n)-absorbing ideal of R for some s € S and let ay,...,a,, € R
such that ay---a,, € I. Since a;---a,, € (I : 5), a; ---a; € (I : s) for some distinct indices iy,...,i, €
{1,...,m}. In other words, saj --a; €1 for some distinct indices iy,...,i, € {1,...,m}. Thus I is an
S-AB-(m, n)-absorbing ideal of R. O

Now, we examine the quotient extension of S-AB-(m, n)-absorbing ideals.

Proposition 2.7. Let R be a ring, S a multiplicative subset of R and I an ideal of R disjoint from S. If I is
an S-AB-(m,n)-absorbing ideal of R, then IRg is an (m,n)-absorbing ideal of Rs.

Proof. Suppose that I is an S—AB—(m n) absorbing ideal of R. Let ay,...,a,, € Rg such thata;---a,, €
IRs. Since for each 1 <i <m, a; = % for some r; € R and s; € S, we obtaln that rl r"‘ € IRg. Hence
there exist elements s € S such that 15r1 -1, €I. As I is an S-AB-(m, n)- absorbmg 1dea1 of R, there
exist t € S and some distinct indices iy,...,i, € {1,...,m} such that tr; ---r; € 1. so, ::—1 Sf" € IRg.

In

Thus IR is an (m, n)-absorbing ideal of Rg. O

Let R be a ring, m a positive integer, S a multiplicative subset of R and I an ideal of R disjoint
from S. Hence, if I is an S-AB-(m, k)-absorbing ideal for some k € IN, then there exists the minimal
positive integer n such that I is an S-AB-(m, n)-absorbing ideal. Such minimal integer n is denoted
by wg s,m(I) and we set wg s ,,(I) = oo if I is not an S-AB-(m, n)-absorbing ideal of R for any n € IN.

Proposition 2.8. Let Ry and R, be rings, and let Sy C Ry and S, C R, be multiplicative subsets. For
j=1,2,let I; be an ideal of R; such that I; N S; = 0. Define R = Ry xRy, S =81 XSy, and I =1y x I,. Then

WR 8, mm'(I) = wr, s, m(I1) + @R, 5, m(I2).

Proof. Assume that wp, s (I;) = n and wg,s,(I) = r. Then there exist elements ay,...,a, € R; and
by,...,b, € Ry such thatay---a, €l and by---b, €I, and forall 1 <i<m,1<j<mn,seS;,andt€S,,

we have
s ]_[ apel; and t H bp ¢ I,.
1<l<n 1<l<r
l#i l#]
Therefore,
[ [ (am)][ [ ] (ng)]u,l)---(l,l)=<a1---an,b1---br>eh xI,.
1<<n 1<l<r

However, forall 1 <i<mnand 1 <j<r, wehave:

(s, 1) ﬂ (ag, 1) []_[ (1,b5))ell><[2 and (s,t)[ ]_[ (ag,l)] ]_[ (1,b) | € I, x L.

1<l<n 1<l<r 1<l<n 1<l<r
C#i Iz
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This implies that n+ 7 < wr s i (I).
For the reverse inequality, let k = m + m’, and suppose that (ay,by),...,(ax, bx) € Ry X R, with

]_[ (ﬂg, bg) € 11 X 12.

1<t<k

Then there exist subsets {i,...,i,} and {ji,...,J,} of {1,...,k} such that for some (s1,5,) € S; X S,, we
have
s1aj,---a; €I and  sybj ---bj €.

Let K ={iy,...,1,} U{j1,...,j;}. Then

(51;52)H(ai;bi) €l x1I.

ieK

Since |K| < n +r, we conclude that wg g 4pm(I) <n+71.
Combining both directions, we have

Wr,s,mem (1) = wr,, 5, m(I1) + WR,,5,,m (I2)-

Finally, it is easy to adapt this argument to show that wg g ;. (I) = oo if and only if either n = co or
r = oo, completing the proof. O

Corollary 2.9. Let Ry,R;, be rings and let S1,S, be multiplicative subsets of Ry,R,, respectively. For
j =1,2, let I; be an ideal of R; disjoint from S;. If Iy is an Sy-AB-(m,n)-absorbing ideal of Ry and I is an
S,-AB-(m’,r)-absorbing ideal of R,, then Iy xI, is an (S1 xS,)-AB-(m+m’, n+r)-absorbing ideal of Ry X R,.

Let A be a ring and E an A-module. Then A < E, the trivial (ring) extension of A by E, is the ring
whose additive structure is that of the external direct sum A®E and whose multiplication is defined
by (a,e)(b, f) := (ab,af + be) for all a,b € A and all ¢,f € E. (This construction is also known by
other terminology and other notation, such as the idealization A(+)E.) The basic properties of trivial
ring extensions are summarized in the books [20], [19]. Trivial ring extensions have been studied or
generalized extensively, often because of their usefulness in constructing new classes of examples of
rings satisfying various properties (cf. [2} (7, [11},[16} 17, 18} 24, [25] ). In addition, for an ideal I of A
and a submodule F of E, I < F is an ideal of A= E if and only if IE CF.

Theorem 2.10. Let A be aring and R=Ax A, S a multiplicative subset of A. Let m,n be two positive
integers such that n <m —2 and I be an S-AB-(m, n)-absorbing ideal of A. Let S, = S < 0. Then, I <[
is an S,.-AB-(m+ n—1,2n)-absorbing ideal of R.

Proof. Letcy =(ay,b1),...,¢pan-1 = (@min_1,bmen_1) € Rsuchthatcy---cyy 1 € I<I. Thenay---a,,,, 1 €
I and Z;’;”‘léibi €I, where d; =ay---a;_1a;41 - apyn_q for 1 <i <m+mn—1. Thus there are n of a; ’s
whose product with some s € S is in I, say sa; ---a, € I. Therefore sd; e forn+1<i<m+n-1and
hence

5(b1a2"'an+"'+al"'aj—lbjaj+1"'an+"'+a1"'an—lbn)an+1"'am+n—l €l

Since I is an S-AB-(m, n)-absorbing ideal of A, either the product of

s(byag---ay+...+ay---aj_ 1 bjaj---ay+...a;--a,_1by)

with n—1 of the a; s (n+1 <i < m+n-1)and sisin I or the product of n of the a; ’s (n+1 <i < m+n-1)
with s is in I. In both cases, the product of c; ---c, with nof the ¢; s (n+1 <i <m+n—1) and (s2,0)
isin I <I. Hence I < I is an S,.-AB-(m + n— 1, 2n)-absorbing ideal of R. O
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Theorem 2.11. Let A be a ring, I be an ideal of A, S a multiplicative subset of A and E be an A-
module. Then I is an S-(m, n )-absorbing ideal of A if and only if I <E is an (S=0)-AB-(m, n)-absorbing
ideal of A E.

Proof. Let R=AxE and (ay,by), -, (4, b,,) € R such that (ay,by)... (a,,,b,,) € I < E. Thus there are n
of the a; 's whose product with some s € S is in I. Therefore there are n of the (a;,b;) 's whose product
with (s,0) is in I =< E. Therefore, I < E is an (S x 0)-AB-(m, n)-absorbing ideal of R. The converse is
clear. O

Theorem 2.12. Let D be an integral domain, R = D < D, S a multiplicative subset of D. Let m,n be
two positive integers such that n < m —2 and I be an S-AB-(m, n)-absorbing ideal of D that is not an
S-AB-(m,n—1)-absorbing ideal of D. Then, 01 is an S,.-AB-(m+1,n+ 1)-absorbing ideal of R that is
not an S,.-AB-(m + 1,n)-absorbing ideal of R with S,. = S < 0.

Proof. Since I is an S-AB-(m, n)-absorbing ideal of D that is not an S-AB-(m,n — 1)-absorbing ideal,
there exist elements ay,...,a,, € D such that a, ---a,, € I, but the product of any n — 1 of the a;’s with
any s € S does not belong to I. Define b, = (a4,0),...,b,, = (a,,,0), and b,,,; =(0,1). Then

bl"'bm+1 :(O,QI"'am)GOXI,

and it is evident that no product of n of the b;’s with any t € S,. belongs to 0. Hence, 01 is not
an S,.-AB-(m+1,n)-absorbing ideal of R.
We now show that 0= I is an Sx-(m + 1,1+ 1)-absorbing ideal of R. Let

ci=(ap,e1) . Cms1 = (@ms1,me1) €ER

such that ¢y ---¢;41 € 0 I. Then a;---a,,; = 0, which implies that a; = 0 for some 1 <j<m+1,
without loss of generality, let a; = 0. Thus,

c1 Oyt = (0,€1ap A1) €0,

then there is s € S such that either the product of e; with s and n—1 of the a;s is in I, or the product
of n of the a;’s with s is in I. Therefore, the product of (s,0) and ¢; with either n—1 of the ¢;’s (where
i # 1), or with n of the ¢;’s (where i # 1), liesin 0 I.

Thus, 01 is an S,.-AB-(m+ 1,n+ 1)-absorbing ideal of R. O

Let A and B be two rings with unity, let ] be an ideal of B and let f : A — B be a ring homomor-
phism. In this setting, we consider the following subring of A x B:

Avsf J:={(a,f(a)+j)eAxBlacA,je])

is called the amalgamation of A and B along | with respect to f. This construction is a generalization
of the amalgamated duplication of a ring along an ideal denoted A »< I (introduced and studied by
D’Anna and Fontana in [15]). In [13} [14], D’Anna, Finocchiaro and Fontana introduced the more
general context of amalgamations. They have studied these constructions in the frame of pullbacks
which allowed them to establish numerous results on the transfer of various ideal and ring-theoretic
properties from A and f(A)+] to A»</ J. The concept of amalgamation is an important and an in-
teresting concept that received a considerable attention by well-known established algebraists. The
interest of amalgamations resides in their ability to cover basic constructions in commutative alge-
bra, including classical pullbacks and trivial ring extensions. Moreover, other classical constructions
(such as A+ XB[X], A+ XB[[X]] and the D + M constructions) can be studied as particular cases of the
amalgamation ([13 Examples 2.5 and 2.6]) and other classical constructions, such as the CPI exten-
sions (in the sense of Boisen and Sheldon [12]) are strictly related to it ([13, Example 2.7 and Remark
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2.8]). In [13]], the authors studied the basic properties of this construction (e.g., characterizations for
A»</ ] to be a Noetherian ring, an integral domain, a reduced ring) and they characterized those
distinguished pullbacks that can be expressed as an amalgamation.

Let I be an ideal of A, S a multiplicative subset of A and K an ideal of f(A)+]. Throughout this
section, we set

5 = {(s,f(s)|s €S},
Ivf Ji={(i, f(i)+])liel,je]),
K ={(afa)+j)lacAje], fa)+]jeK)

and
IxK = {(i, f)+j)lieLje], fli)+] €K).

f

Then clearly, s isa multiplicative subset of A b/ J; and I </ ],ff and I x K’ are ideals of A</ J.

Theorem 2.13. Let A, B be rings, S a multiplicative subset of A and f : A — B a homomorphism. Let
I be an ideal of A disjoint from S, ] an ideal of B and K an ideal of f(A) + ] disjoint from f(S). Then
the following assertions hold.

(1) Iis an S-AB-(m,n)-absorbing ideal if and only if I o/ Jis an S""f—AB—(m,n)—absorbing ideal of
Avaf ]

(2) Kisan f(S)-AB-(m,n)-absorbing ideal of f(A)+] if and only ifff is an S""f—AB—(m,n)—absorbing
ideal of A»<f J.

(3) If I is an S-AB-(m,n)-absorbing ideal of A and K is an f(S)-AB-(m’, n’)-absorbing ideal of f(A)+
J, then I x Kf is an § -AB-(m+m’,n+n’)-absorbing ideal of A o/ J.

Proof. (1) We consider ¢ : A — (A s/ ])/({0} ></ ]) defined by @(a) = (a, f(a))+ ({0} ></ ]). It is clear that
Q(S) = S”“f/({ 0} >/ J). Hence by Proposition 1), I is an S-AB-(m,n)-absorbing ideal of A if and
only if (I =/ J)/({0} > J)is a ¢(S)-AB-(m,n)-absorbing ideal of (A > J)/({0} >/ J). Also, by Corollary
(I J)/({0}»<f ) is a ¢(S)-AB-(m,n)-absorbing ideal of (A </ J)/({0} »</ J) if and only if I >/ ] is
an S™ -AB-(m, n)-absorbing ideal of A >/ J. So, the result holds.

(2) Let @ : A/ ] — f(A)+] such that @(a, f(a)+ j) = f(a) + j. Then ¢ is an epimorphism with
ker(p) = f~1(J) x {0}, (p(ff) = K and (p(S“"f) = f(S). Since f~1(J) x 0} C Kf we have that K is an
f(S)-AB-(m,n)-absorbing ideal of f(A)+] if and only if Kf is an S* -AB-(m, n)-absorbing ideal of
A</ ] by Proposition 1).

(3) IxK is an (Sxf(S))-AB-(m+n)-absorbing ideal of Ax(f(A)+]) by Corollary[2.9} Let ay,..., a4 €
Ax(f(A)+])witha;---a,,,., € I xK. Then we may assume that there exist elements s;,s, € S such
that (sy, f(sp))ay -+ a,.w € I x K. Hence (s15p, f(5152))a1 -+ ap € I X K. Therefore I x K is an s~ -AB-
(m+m’,n+ n’)-absorbing ideal of A x (f(A)+]). As Ax(f(A)+]) is a ring extension of A o/ J and
TxK = (IxK)N(AS ]), TxK isan S”“f—AB—(m+m’, n+n’)-absorbing ideal of A > | by Proposition

21]2). 0

The following corollaries are immediate applications of Theorem [2.13]

Corollary 2.14. Let A, B be rings such that A C B and let S be a multiplicative subset of A. Then, I is an
S-AB-(m, n)-absorbing ideal of A if and only if I + XB[X] is an S-AB-(m, n)-absorbing ideal of A+ XB[X],
if and only if I + XB[[X]] is an S-AB-(m, n)-absorbing ideal of A + XB[[X]].
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Proof. Set J; = XB[X] and J, = XB[[X]]. Consider the natural embedding 1; : A — B[X]. Then it is
easy to check that A " J; is isomorphic to A+ XB[X]. Hence by Theorem[2.13|1), I is an S-AB-(m, n)-
absorbing ideal of A if and only if I + XB[X] is an S-AB-(m, n)-absorbing ideal of A+ XB[X].

Now, consider the natural embedding i, : A — B[[X]]. Then it is easy to check that A »<2 ], is isomor-
phic to A+ XB[[X]]. Hence by Theorem[2.13|1), I is an S-AB-(m,n)-absorbing ideal of A if and only if
I+ XB[[X]] is an S-AB-(m, n)-absorbing ideal of A + XB[[X]]. O

Corollary 2.15. Let A, B be rings, S a multiplicative subset of A and f : A — B a homomorphism. Let I
be an ideal of A disjoint from S, | an ideal of B and K an ideal of f(A)+ ] disjoint from f(S). Then the
following assertions hold.

(1) Every S”“f—AB—(m,n)—absorbing ideal of A</ ] containing {0} x J is of the form I »</ J, where I is an
S-AB-(m,n)-absorbing ideal of A.

(2) Every SMf—AB-(m,n)—absorbing ideal of Av<f ] containing f=1(J) x {0} is of the form Ef, where K is
an f(S)-AB-(m,n)-absorbing ideal of f(A)+].

Proof. Let L be an ideal of A o/ | disjoint from S*. Define A J 5 A by mi(a, f(a)+j) =aand
define 7t, : A/ ] — f(A)+] by mt5(a, f(a) + j) = f(a) + j. Then 1; and 7, are epimorphisms.

(1) By Theorem m ), I >/ Jis an S"“f—(m,n)—absorbing ideal of A »f J for any S-AB-(m,n)-
absorbing ideal I of A. Suppose that L is an S""f—AB—(m,n)—absorbing ideal of A »/ J containing
{0} x J. It is easy to show that L = 7t;(L) »/ J. Since ker(mr;) = {0} x J, we obtain that 7r;(L) is an
S-AB-(m, n)-absorbing ideal of A by Proposition 1). Thus the result holds.

(2) By Theorem 2), ff is an S""f—AB—(m,n)—absorbing ideal of A >/ | for any f(S)-(m,n)-
absorbing ideal K of f(A)+]. Suppose that L is an S”"f—(m, 1)-AB-absorbing ideal of A >/ J containing

f71(J) x {0}. It is easy to show that L = nz(L)f. Since ker(1t,) = f~1(J) x {0}, we obtain that 7t5(L) is an
f(S)-AB-(m, n)-absorbing ideal of f(A)+ ] by Proposition 1). Thus the result holds. O

Corollary 2.16. Let D and T be integral domains with D C T, let {M, |a € A} a subset of Max(T) and
J = Nger My with JND = (0), Max(T) is the set of maximal ideals of T. Let S be a multiplicative subset of
D, I an ideal of D disjoint from S. Then I is an S-AB-(m, n)-absorbing ideal of D if and only if I + ] is an
S™-AB-(m, n)-absorbing ideal of D + ] with 1: D — T is the natural embedding.

Proof. 1t is easy to show that D + ] is canonically isomorphic to D »' J. So, we obtain the result
directly from Theorem 1). O
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