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Abstract. The present paper is devoted to the study of evolution algebras that satisfy the identity x”x™ = w(x)"x™, where
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1 Introduction

In 1939, Etherington established the first link between the concept of algebra and that of popula-
tion genetics. Bernstein algebras [6]] are an efficient algebraic tool for studying populations reaching
a steady state after the first generation. However, the notion of Bernstein algebra does not appear
explicitly in the work of S. Bernstein, nor that of Lyubich [L1}, [I2]. They were introduced by Ph.
Holgate in 1975 [9]]. Since then, work on this class of non-associative algebras has expanded consid-
erably. In [1], Abraham gives the mathematical formulation of a genetic population that reaches its
equilibrum state at the (k+1) th generation: Bernstein algebras of order k thus make their appearance
in the literature.
Given a commutative field F, a commutative F-algebra A is a:

o Jordan algebra if (xy)x? = x(yx?), Vx € A;
* baric algebra if there is a non-zero morphism of algebras w : A—F.

Let (A, w) be a baric F-algebra. The algebra A is a:
* Bernstein algebra of order k > 1, if x[¥+2] = w(x)? <1 for any x € A;

e train algebra of rank n > 2 if there are scalars ¥y,...,7,_; such that x" + y;w(x)x" ! + - +

Va1 @(x)"1x =0, for all x € A.
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The plenary power x! and principal power x* of x € A, are defined by:

r+1

X = x! = x and 21 = x[7Ixlrls 341 — 47y with r € IN?,

and those of algebra A are given by:
A = AT = A and Al = (AlPD2; AT+ = A7A with r e N7

Bernstein algebras appear as Bernstein algebras of order 1. In [18]], the author shows that in Bernstein
algebra, the identity

2x' %) = w(x)' % + w(x) %' (1)
is hold for all integers 7, j > 2 and the structure of this identity has been studied for 2 <i,j < 3; for
i=2j=4andfori=j=4in [19,[3,/5, 10} [18]. In [7, [16], the authors study respectively evolution
algebras that are Bernstein algebras and evolution algebras satisfying the train identity of degree 2
and exponent 3, i.e. the identity

x3x% = w(x)’x>. (2)

They give the general form of the idempotents and a classification in dimension < 4, of algebras of
this class. They also show that evolution algebras satisfying the identity (2)) are subclass of Bernstein
algebras of order 2. Thus, in the present paper, we study evolution algebras that satisfy the identity

x"x™ = w(x)"x™, (3)
for some integer m > 3. This identity is known as the train identity of degree 2 and exponent m. An
evolution algebra is not defined by an identity like the Bernstein algebras of order k. A F-algebra of
dimension # is said to be an evolution algebra if it has a basis B = {e, ..., ¢,} such that

n
eiej=0for 1 <i=j<nand ef:Zaikek (4)
k=1

Such a basis is called a natural basis of the evolution algebra A and the matrix M = (a;);<;j k<y, is the
matrix of the structural constants of A relative to the natural basis B. Evolution algebras are com-
mutative but they are not associative in general [17]]. In Section 2, we give the Peirce decomposition
of baric evolution algebra satisfying a train identity of degree 2 and exponent m > 3. The general
form of nonzero idempotents, a characterisation of automorphisms groups and the connection with
Bernstein algebras are given. We also show that the class of finite-dimensional baric evolution al-
gebras that are power-associative is strictly included in the class of evolution algebras satisfying the
identity for some m > 3. Section 3 is devoted to the study of the classification in dimension < 5,
of the algebras strictly satisfying the train identity of degree 2 and exponent m > 3. In Section 4, we
study the Lie algebra of derivations of finite-dimensional evolution algebras satisfying our identity
and we show that this Lie algebra is abelian for an evolution algebra of dimension 5 strictly satisfying
the identity (3) for some m > 3.

2 Structure of evolution algebras satisfying the identity

In this paper, assume that F is a commutative field of Char(F) # 2. In [13} Proof of Corollary 3.4],
the authors show that any baric evolution algebra of dimension n has a natural basis B = {ey,...,e,}
whose multiplication table is given by:
n n
e% =e + Zalkek and ef = Z“jkek with w(e;) =1 and w(ej) =0 forall2<j<n.
k=2 k=2

In the following, a baric evolution algebra of dimension n will be provided with such a natural basis.



Evolution algebras satisfying a train identity of degree 2 and exponent m >3

2.1 About Peirce Decomposition

We give here the Peirce decomposition of evolution algebra satisfying the identity (3| for some m > 3.

Lemma 2.1. Let (A, w) be a baric evolution F-algebra of dimension n satisfying the identity (3) for some
m > 3. For all 2 < j,k < n, the following assertions are satisfied:

2,2 2.
ej(ejej) = eyej;

m

Proof The equality e} = e? leads to e]" = e? for m > 3 and the identity (3) tells us that e = e/’ w(e; )" =

elel" = efel: we obtain the assertion (i). Let x = ae; +y with y € ker w and a € F. We have x? = a?ef +y°2

t-2

and we show by induction that for any integer t > 3, x' = afe? + ¥ a'~ kRk(el) +7y' where R, is the
k=1

right multiplication of A determined by y. It follows that

m—2
m _ m,2 m—k pk(,2 m
x"=a"er+ ) a"Ry(e])+y
k=1
and
m—2
m,m 2m 2.2 m, 2. m —(k+j) pk j
"™ = ere; +2a"ety™ + Za IR (el)R (e?)
k,j=1
m—2 m—2
2m—k 2 pk,2 -k k(,2
+2Zam elRy(e1)+2Zam v Ry (e7)
k=1 k=1

By identifying the coefficients of a?™~!, @*”~2 and a™ in the equality x"x™ = w(x)"x™, we obtain

respectively identities (5)), (6) and (7) below:

Ry(e7) = 2eRy(e7) (5)
R3(e}) = (Ry(e})) + 2¢f Ry (e7) (6)
2ely +ZR’” k(e2) Rk (e?) (7)

For 2 < j < n, replacing y by e; in the identity (5], we obtain the assertion (i) and replacing y by e; in
the identity (6), we get

(6%6]')2—61(61 ]) 261( (6% ]))_alj ]]( 262 2)

If a;; = 0, then (e% ]-)2 = 0. Otherwise, the assertion (ii) tells us that 28%6]2 = e]Z and it follows that
(e1 ]) = 0. We deduce that
(efe;)* =0, forall2<j <n. (8)

277
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Replacing p by e; with 2 < j <7 in the identity (7), we obtain

m—2 m—2
_ 2. m m—k( 2\pk m—2 2 \2 _ 2. m
=2e1ef" + E R (el)Rej(el) 2e? e +aj; E (e1ej)” = 2efe;’.
k=2 k=2
. m-2,2 2 _h, 2.2 - 3_5,2.3
Since e] =aj; and m > 3, the relatlone Zele gives ajje; = 2a]]elej,1.e. e = 2ele].. So, we have

the assertion (fii)).
For 2 <j # k < n, by setting in the identity (6), y = ej + e, we obtain

(efe]-)ek + (e%ek)e]- = Z(efek)(efe]-) + 2e%((efe]-)ek + (efek)e]-) 9)

It follows that
2(6%61)(61 ex) = alkak]( 2e1 ])+ aj; ]k( Zefe,%).

If ayja1, = 0, then (e%e]-)(e1 er) = 0. Otherwise, the assertion (jii) tells us that 0 = e - 2ele = ek Ze1 ek
and it follows that
(efe;)(efer) =0, forall 2< j=k <n. (10)

The assertion results from the identities (8) and (10). Since (e%ej)(e%ek) =0,for 2<j=#k<n,the
identity (9), leads to
(31 ej)ex + (e1ek) = 231((5% ej)ex + (e1ek) ej)- (11)

If a;x = 0 then the identity . 11) becomes 2¢? ((e1 ejlex) = (e1 ])ek Otherwise, the assertion . i1)) tells us
that Zelek = ek and we have (e ejlex = ay; ]kek = 2ayj ]k61 k = 2el(a1] ]kek) 2e1((e1 ej)ex). This gives
us the assertion (v). O

An evolution F-algebra satisfying the five assertions of Lemma [2.1| does not necessarily satisfy a
train identity of degree 2 and exponent 3. This is illustrated by the followmg example.

Example 2.2. Let (A, w) be a five-dimensional evolution algebra with the natural basis
B ={ey,...,e5} whose multiplication table is given by:

1
2 2 2 2 2 2
ej =e +ey+es ;= Z(ez—eg;), e3 =—ej,e; =e)+eses = ey.

Since eZeZ = 0, this algebra is not a Bernstein algebra. Moreover, it does not satisfy the identity (2).

Indeed, for y = e; +ey+es, we have p? = el +es+e2,9° = e?+e3 = e +2(ey+e3) and p3y° = ef = w(y)®y3. It

satisfies the assertions of Lemma(2.1|because it satisfies the train identity of degree 2 and exponent 4.

Definition 2.3. Let A be an evolution algebra of dimension # in the natural basis B = {ey,...,e,} and
x =) ", x;e; an element of A. The support of x relative to B, denoted Support(x) is defined as the set
Support(x):={i € {1,...,n} | x; #0}.

Notation. Let (A, w) be a finite-dimensional baric evolution algebra. Let
Ag = Support(e%)\{l} ={j€{2,...,n} | a;; =0} and denote its cardinal by Card(Ap).

Theorem 2.4. Let (A, w) be a baric evolution F-algebra of dimension n satisfying the identity (3) for
some m > 3. Then, the algebra A admits the following Peirce decomposition:

1
A=Fel®Ay(e?)®A1(e?) where A)(e?) = {x e ker(w) | e?x = Ax} with A € {0, 5}

1
2

Furthermore,

A (e%) = (e]z | j € Ag)and Ao(e%) =(ej - 2efe]- | 2<j<n).

1
2
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Proof. A partial linearisation of identity (3] gives us

m—3 m=3
2xm( ) REpxmt )+ ZRZ?‘l(y)) = w(x)m( ) REpx" Ry 2R) () (12)
k=0 k=0

for all x € A and y € ker(w). By relpacing x by e; in the identity and taking into account the
equalities eq ker(w) =0 and e% ker(w) C ker(w), we obtain

0 = 2¢f(e7y) - €}y = Ry2(2R2 — Idicer(w)) ().

It follows that P = X(2X — 1) is the annihilating polynomial of RefIker(w) : ker(w) — ker(w), x — efx.

From kernel lemma we deduce that ker(w) = A%(e%) EBAO(ef) with A%(e%) = ker(2Ref = Idyer(w) =
{v € ker(w) | 2e%y =y} and Ao(e%) = ker(Ref) ={y € ker(w) | e%y = 0}. Thus, we obtain the Peirce
decomposition of the algebra A given by A = Fe% @A%(ef) EBAO(ef). Let x = xpe5 +--- + x,¢,, € ker(w);
we have elx = xyefe, + -+ x,ete, = Y keA, xeley.

e Assume that x € A;(e%). Then x = Zefx = D keAg 2xke%ek € (efej | j € Ag). Reciprocally, the asser-

. oK 2 2 . 2 _ 2
tion of Lemma tells us that eje; € A%(el) for all j € Ap. It follows that Ali(el) =(erej | ayj =
OforallZSan):(ej2 | j€Apg).

e It is assumed that x € Ao(ef). Then, 0 = efx = xzefez + -t xne%en and x = x5(ey — Zefez) + -t
x,(e, — 26%6,1) € (ej - 26%61' | 2 <j<mn). Conversely, according to the assertion of Lemma
we have e?(e; — 2e?e;) = 0 for all 2 < j < n, i.e. e;—2e%e; € Ag(e?) for all 2 < j < n. We deduce that

j 1] j 1€j 1
Ao(e%) =(ej— Zefe]- | 2<j<n).
O

Corollary 2.5. Let A = Fef EBA%(e%) @Ao(e%) be a Peirce decomposition of a finite-dimensional baric

evolution algebra satisfying the identity (3) for some m > 3. Then,

A%(ef)2 =0and A%(ef)ker(a)) CcCA (e%).

NI=

In particular A% (e%)Ao(e%) - A% (e%).

Proof. This corollary is a consequence of the assertions and (v) of Lemma [2.1]and Theorem [2.4]
O

Proposition 2.6. Let A = Fef EBA%(e%) @Ao(e%) be a Peirce decomposition of a finite-dimensional baric
evolution algebra satisfying the identity (3) for some m > 3. Then, the Peirce subspace Ay(e?) is nonzero.

Proof. It is assumed that Ao(e%) =0and let x = ae% +x1 € A. We have x? = aze% +taxy = a(ae% + x%) =
w(x)x. It follows that A is train algebra of rank 2. This is absurd by [L3, Proposition 3.7] and the
result follows. O

Lemma 2.7. Let A = FefEBA%(e%)GBAO(e%) be a Peirce decomposition of a finite-dimensional baric evolution
algebra satisfying the identity (3) for some m > 3. Then

y"e A%(ef)for all y € ker(w).

Proof. Since A%(e%)ker(a)) C A%(ef), the lemma follows from the identity . Indeed, for all 2 <k <
m—2 and p € ker(w), we have R;H‘(e%),Ré‘,(e%) € A%(e%) which leads to R;i_k(e%)R’y‘(e%) =0, hence the
desired result. O

279
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Proposition 2.8. Let A = Fe? EBA%(ef) @ Ag(e?) be a Peirce decomposition of a finite-dimensional baric
evolution algebra satisfying the identity (3) for some m > 3. If the Peirce subspace A%(ef) is zero, then
algebra A is a train algebra of rank at most m + 1.

Proof. Assume that A%(ef) =0 and let y € kerw = Ag(e?). Lemma tells us that ™ = 0. It follows
that ker w is a nilalgebra of nilindex at most m. The result follows by [13, Theorem 3.8]. O

Theorem 2.9. [Characterisation] Let (A, w) be a baric evolution F-algebra of dimension n. Then, the
algebra A satisfies the identity (3) if, and only if, the following assertions hold:
(1) e%e% = e%;
(ii) A=Fe? EBA%(e%)éBAO(ef);
2132 _ 0. 2 2).
(i) (A%(el)) =0; A%(el)ker(w) QA%(el),
)

(iv) y" e A%(ef) for all y € ker(w).

Proof. It is assumed that the algebra A satisfies the identity (3). Then assertions (i) to follow
from Lemma Theorem Corollary and Lemma Reciprocally, we assume that the
assertions (E[) to are satisfied. Let x = ae% +x1+ X0 € A with X1 € A%(e%) and x, € Ao(e%). We have

x? = a%e? +axy +2x1x0+ x(z) and we show that for any integer k > 3, x* = ake? + z; + x’é where (z;) is a
2 2

sequence of elements in A1E (e%). It follows that x™ = a’”e% +2z,,+x; with z,, € A% (e%). Since A%(ef)2 =0

and y™ € A%(ef) for all y € ker(w), we have x"'x™ = a2m6f+am(zm+x6”) = am(ame%+zm+x81) = w(x)"x™.
Thus algebra A satisfies the identity (3 and the proposition is thus established. O]

Corollary 2.10. Let (A, w) be a finite-dimensional baric evolution algebra satisfying the identity (3)) for an
integer mg > 3. Then, the algebra A satisfies the identity (3)) for all integer my > my,.

Proof. It is assumed that the algebra A satisfies the identity for m = my and let y € kerw. The
relations A%(ef)ker(a)) C A%(ef) and y" € A%(ef) tell us that for all integer m; > m, y™ € A%(e%). We
deduce from Theorem [2.9that the algebra A satisfies the identity (3) for m = m;. O
Proposition 2.11. Let A = Fe% @A%(e%) @Ao(ef) be a Peirce decomposition of finite-dimension baric
evolution algebra of dimension n satisfying the identity (3) for some m > 3. If ker(w)™ C A%(ef), then
the algebra A is a Bernstein algebra of order m — 1.

Proof. Let x = ae% +Xo+X1 € Awith a €F, X1 € A%(ef) and x, € Ao(ef). We show that for any integer

k> 2, xlKl = o2 e% + 2z + xgk] where (z;) is a sequence of elements in A%(ef). We deduce that x["] =

a?"' e} + 2, +xp") with x;") € ker(w)" ¢ ker(w)™ C Ay (e3). It follows that x!"*1] = (x["])? = a2"¢? +
a?" (zy + xgm]) =a?" (2" €% + 2y + x([)m]) = w(x)2"" xI"]. We deduce that the algebra A is a Bernstein
of order m —1. O

2.2 About the idempotents

Proposition 2.12. Let A = Pe% @A%(ef) EBAO(ef) be a Peirce decomposition of a finite-dimensional baric
evolution algebra satisfying the identity (3) for some m > 3. Then, the set Z(A) of nonzero idempotents of
A is given by:

I(A)= {e% +u | u EA%(e%)}.

Furthermore, for any idempotent f = e? +u with u € A%(ef), we have

(e?) and Ay(f) = {xo — 2uxqy | xo € Ag(ed)).
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Proof. Let f =e? + f% + fo with f% € A%(ef) and fy € Ag(e?), a nonzero idempotent of A. The equality
f=rr=el+fi+f7+2ffo gives
fo= 13 +2ffo-

Multiplying this last equality by fp, we get fZ = > + 2R2 (f1) and we deduce that
plymng q y by &€t Jo =Jo fo\J3
2
fo=1f+2) Ri(f)
k=1
We show by induction that for any j > 2, f, = foj + 22;{;11 leio ( f% ). Thus,
m—1
fo=f"+2) R (fy).
k=1

Since 1 <k <m-1and f% € A%(e%) we have Rk fl) € Al( 2) Also f" € A1 (e%) according to Lemma
It follows that f; € A%(ef) NAg(e?) = {0} and f =e? +f1 €eZ(A Conversely, for any f1 € A1( 2), the
vector ef + f% is a nonzero idempotent of the algebra A.

Let f = e%+f% be a nonzero idempotent of A and x = X1+Xg an element of ker(w) with f%, X1 € A%(e%)

and xg € Ao(ef). We have fx = %(x% + 2f%x0)

e Assume that x € A1 (f)- The equality fx = éx leads to xp = 2f1 X € A% (ef). It follows that x; = 0 and
x=x1 €Al (el) Rec1procally, forany y € A, (el) we have fy (e + f% )y = %y and, consequently,
Y EA%(f) ThuS;A%(f) Ai(ef).

e Assume that x € Ag(f). The equality fx = 0 gives X1 = —Zf%xo. Sox = —2f1 Xo+Xg € {y0—2f1 Yo | Vo€
Ao(el) } Conversely, for all x, € Ao(el) we have f( Zf%x0+x0) = (e%+f; 2f1 Xo+Xg) = f1 x0+f1 Xg =
0. We deduce that Ay(f) = {yo — Zf%yo | voe Ao(el)}.

O

In [16]], the authors give a characterisation of the automorphisms of an evolution algebra satisfying
the identity . However, in the relation (6) of their Theorem 5.6, the term ” — 2u, g, ((x0v0)o)” is too
much, as shown by the proposition below:

Proposition 2.13. Let A = Fe} @A%(ef) @ Ag(e?) be a Peirce decomposition of a finite-dimensional baric
evolution algebra satisfying the identity (3) for some m > 3. A bijective linear map o is an algebra au-
tomorphism of the algebra A if, and only if, there exists an element u, € A1 (ef) and two morphisms

fo € GLF(A%(ef)) and g, € GLF(AO(e%)) such that for all X1 € Al(el) and xg € Aple ) the following
conditions hold:
(i) (ef) = ef + ua,

fa X1

- zga(xO)(uaga(yO)) - 280(}/0)(“080(3%))-

Proof. Assume that o is an algebras automorphism. The assertions (), (i) and (iii) follow from Propo-
sition The relation fo(xox%) = O‘(XOX%) = O‘(xO)U( fg(xo)gg(xl) gives the assertion (iv). The
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assertions (E) and follow from the relation

o (x0%0)

(x0)o(vo)

= (8(x0) = 2185(%0))(85 (Vo) — 2585 (90))

= (85(x0)85(%0))1 +(85(x0)85 (¥0))o = 2(85 (¥0) (1585 (¥0)) =
2(85(¥0)(185(x0))-

fo((x0%0)1) + &5 ((x0%0)o)

By identifying traces on A1 (ef) and on Ao(e%), we obtain the desired statements. Conversely, It is
assumed that the assertlons {) to (vi) are satisfied and let x = ae? + X1+, Y= Bes + y1+y€A with
a,BeF, X1,y1 € A%(el),xo,yo eAO(ef). We have

1
afe? + S(@yy -+ Bx1)+x 90+ X093 + X030

Xy =
o(xy) = (el +uo)+ 5 (afolyy) + Balxs) + folxsg) + fo(xo9)

+fo((x00)1) + &5 ((X0¥0)o)

= QB o)+ @)+ By () + fo ()80 (00) + o (9180 (o)
+ga(xo)ga(}’o)—2ga(xo)(uaga(}’o)) 2g,(y )(Maga(xo))

= (ale] +uy)+ fol X1) + 8o (X0) = 2us8y(x0))
(B(ef +110) + fo (1) + 8 (30) — 21580 (%0)) = 0 ()0 (9).

We get the proposition. O

Proposition and Proposition show that the form of the idempotents and the characteri-
sation of an algebras automorphisms of the algebra satisfying the identity (3) for some m > 3 do not
depend on the integer m.

2.3 Link with Bernstein algebras

Let (A, w) be a Bernstein algebra over a commutative field F of Char(F) # 2. In [18]], the author shows
that the algebra A admits nonzero idempotents and for any nonzero idempotent ¢, the algebra A
admits the following Peirce decomposition A = Ke® U, ® V, where U, = {x € A | ex = %x} and

V, ={x € A | ex =0}. Furthermore, the Peirce subspaces U, and V, satisfy the following relations:
u,v,cu, V?cU, U?CV,and U,V? = 0.

Theorem 2.14. Let A = Fef GBA%(e%) @Ao(ef) be a Peirce decomposition of finite-dimensional baric

evolution algebra satisfying the identity (3] for some m > 3. Then A is a Bernstein algebra if, and only
if, (Ag(e?))? C Ay (e2).

Proof. Itis assumed that A is a Bernstein algebra. Then (Ao(e1 )2 C AL (61) Reciprocally, if (Ao(ef))2 C
A%(ef) then, for any x = aef +xo+x1 € A, we have x? = azef +axi+ xO + 2x0x1 and x*x? = a‘e f +
a3x% + az(x(z) + ZxOx%) = a?x?. We deduce that A is a Bernstein algebra O

Proposition 2.15. Let A = Fef @A%(ef) @Ao(e%) be a Peirce decomposition of finite-dimensional baric

evolution algebra satisfying the identity ([3) for some m > 3 such that (kerw)? = A1 (el) Then, A is a
Bernstein algebra.
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Proof. This proposition follows from Proposition It is sufficient to take m = 2 in Proposi-
tion 2,111 O

The following results given for a finite-dimensional baric evolution algebra satisfying a train iden-
tity of degree 2 and exponent 3, remain true for a finite-dimensional baric evolution algebra satisfy-
ing the identity (3) for some m > 3. We give proofs based on Proposition

Corollary 2.16. Let A = Fe? @A%(e%) @ Ag(e?) be a Peirce decomposition of a finite-dimensional baric

evolution algebra satisfying the identity (3|) for some m > 3 such that A%(ef) # 0 and dim(ker w)? = 1.
Then, A is a Bernstein algebra.

Proof. We have 0 = A%(ef) C (ker w)?. Since dim(ker w)? = 1, it follows that A%(ef) = (ker w)?. Propo-
sition tells us that A is a Bernstein algebra. O]

Corollary 2.17. Let A = Fe? EBA%(e%) @ Ag(e?) be a Peirce decomposition of a finite-dimensional baric

evolution algebra satisfying the identity (3) for some m > 3 such that Card(Support(e?)) = dim(A). Then,
A is a Bernstein algebra.

Proof. The equality Card(Support(e?)) = dim(A) leads to (ker w)? = A%
Ais{(e;€B | el-2 =0) [8, Lemma 2.7]. Thus, we obtain the corollary. O

(e%) because the annihilator of

2.4 Link with power-associative algebras

Definition 2.18. A commutative F-algebra A is power-associative if for any x € A, x'x/ = x'*J for all
i,j > 1 integers.

Theorem 2.19. [2]] Let F be a commutative field of Char(F) = 2,3,5. A commutative F-algebra A is
power-associative if, and only if, x?x? = x* for all x € A.

The proposition below shows that the class of power-associative baric evolution algebra is included
in the class of the algebras satisfying the identity (3) for some m > 3.

Proposition 2.20. Let (A, w) be a finite-dimensional power-associative baric evolution algebra. Then, the
algebra A satisfies the identity (3) with m = 4.

Proof. It is assumed that A is a power-associative algebra. [13| Remark 3.20] tells us that the Peirce
decomposition of the algebra A is given by the direct sum of algebras A = Fe? @ A(e?) where e is the
unique nonzero idempotent of the algebra A and ker(w) = Ao(ef). Since A%(e%) =0, Lemma tells

us that Ao(ef) is a nilalgebra. Furthermore, following [14, Theorem 5 and Corollary 2] we deduce
that Ag(e?) is a nil power-associative evolution algebra of nilindex at most 4. It follows that for all
v € ker(w) we have p* = 0 € A% (e?). Theorem [2.9[shows that the algebra A satisfies the identity (3) for
m=4. O

The class of power-associative baric evolution algebras is strictly included in that of algebras sat-
isfying the identity (3) for some m > 3. Indeed, the algebra defined in Example [2.2]is not a power-
associative algebra because eZeZ = 0 = eé.

Corollary 2.21. Let (A, w) be a finite-dimensional power-associative baric evolution algebra. Then, the
algebra A is Jordan algebra and train algebra with train equation x* — w(x)x3 = 0.

Proof. This result follows from Proposition and from [4] Corollary 4.5 and Proposition 5.2]. [

283
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3 Classification

In 16} [7], the authors give the classification of evolution algebra satisfying strictly the identities
x%x? = w(x)?x? and x3x3 = w(x)?x> in dimension < 4. We continue this classification in dimension
< 5 for the evolution algebras verifying the identity (3) with m > 3.

Definition 3.1. We say that a baric evolution algebra (A, w) satisfies strictly the identity for some
m > 3 if (3)) holds for m but it does not hold for any integer strictly less than m.

Proposition 3.2. There is no two-dimensional baric evolution algebra satisfying the identity (3)) for some
m> 3.

Proof. Assume that A is 2-dimensional baric evolution algebra satisfying the identity (3) for some
m > 3. Since Ao(ef) # 0 and dim(ker w) = 1, we have Ao(ef) =kerw = Ke, and A%(ef) =0. Let e% =ae

with a € F. According to the assertion of Lemma we have e3 = 2¢?e3, this leads to 0 = ¢5 =
a’e,,ie. a =0and e% =0.Letx= ae% +xye, € A, we have x? = azef and x%x? = w(x)?x?. It follows that
A is a Bernstein algebra and since A%(e%) =0, it is also a train algebra. [18, Lemma 9.11] tells us that
the algebra A is a train evolution algebra of rank 2: this is impossible. Thus, there is no evolution
algebra of 2-dimensional satisfying the identity (3) for some m > 3. O

Lemma 3.3. Let (A, w) be a baric evolution algebra of dimension n > 3 satisfying the identity (3) for some
m > 3. If Card(Support(e?)) = 1 or 2, then A is a train algebra of rank at most m + 1.

Proof. e If Card(Support(e?)) = 1, then e? = e; and A%(e%) =0. Propositiontells us that (A, w) is a
train algebra of rank at most m + 1.

o If Card(Support(e%)) = 2, then without loss of generality, set a;;, # 0 and a;; = 0 for 3 <i < n. Since
aj, # 0, the equality e% = e%e% = e% + a%zeg leads to a%zeg =0, ie. e% = 0 and we have e%ez = 0.
Furthermore, e%ej =0 for 3 <j < n. It follows that A%(ef) =0and (A, w) is a train algebra of rank at
most m + 1.

O]

Lemma 3.4. Let (A, w) be a baric evolution F-algebra of dimension n > 3 and satisfying the identity (3) for
some m > 3. If Card(Support(e?)) = n — 1, then the algebra A satisfies the identity (2).

Proof. Without loss of generality, we seta;, =0,a;; #0for2<j<n-landx =x;e; +Z;1:_§ xjej+x,e, €

2 _,2,2 n-1.22 .22 3_,3,2 : _ 3,3 n=1,.2. 2, 2. 2,
A. We have x~ = xje] + j=2 Xiej +X;e; and x —xlel+zw1thz—xnen+zj:2(x1x]ele]+xnx]ene]+

szxnejzen +ZZ;§ x]zxkejzek) € A%(ef) because e, efej,e%ej, ejzen, e]zek € A%(e%) for 2 <j,k <n-1.1It follows
that x3x3 = x?e% + x%z = xf(x%ef +2) = w(x)3x>. Thus, we obtain the lemma. O

Proposition 3.5. There is no baric evolution algebra of dimension 3 or 4 satisfying strictly the identity
for m > 3.

Proof. e Suppose that dim(A) = 3, then Card(Support(e?)) = 1,2 or 3. Thus, the algebra A is either a
Bernstein algebra or a train algebra. In the particular case where Card(Support(e?)) = 2, it verifies
the identity (2) and it is a train algebra of rank at most 4.

e It is assumed that dim(A) = 4, Card(Support(e%)) =1,2,4—-1or 4, then A is a Bernstein algebra, a
train algebra or satisfies the identity (2).

U

Lemma 3.6. Let A = Fe%GBA% (e2)®A(e?) be a Peirce decomposition of baric evolution algebra of dimension
n > 3 and satisfying the identity (3) for some m > 3. If there is a unique iy € {2,...,n} such that el.z0 ¢ A%(ef),
then the algebra A verifies the identity (2).
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Proof Without loss the generality, we set ij = n and let x = xje; + 27;21 jej + xpe, € A. We have

2=x el+Z x e 21 x2e2, x3 _xfe%+zwithz:xfxnefen+x3e3+z;’:_ (xfx]e1 ]+xnx]ene]+x] xnejzen)+
7k12x] xke ek €A1(el) because forall 2<j,k<n-1, we have
2, .2, L2, 2 3, _ 3,3
erej, eten, €,€j, €; en,e] ex, e € A;(el) It follows that x3x3 = xle1 +x7z = w(x)°x” and the algebra A
verifies the identity . O

Lemma 3.7. Let A = Fe%GBA% (e%)EBAO(ef) be a Peirce decomposition of baric evolution algebra ofdimension
n > 3 satisfying the identity (3) for some m > 3. For all i,j € {2,...,n} verifying a;; = a;; = 0, there
is an integer kg > 1 such that (e; + ej)2k0 = (a,]a],)ko 1( +e; 2) e A1(el) Moreover, if ajjaj; # 0, then
ei,e]. GA%(el).

Proof. Leti,je€{2,...,n}, we have (ei+ej)2:e.2+e]2: 2k =

(ajjaj;)F(ef +e; ?). Then, (¢;+¢;)***V) = (a;a; )k_l((32+e]2)(€i+ej))(ei+ej)_(aij aj;)* 1((‘1116 +ajiel))(e;+

(aijaji)l‘l(eiz + e]-) and suppose that (e; + e])

Ik
ej) = (ajja j,-)k(ez+e ). We denote by ko, the smallest integer such that 2ky > m. Since (e; +e¢;)" € A1 (e )
ko—l(

we have (e; + €)% ko = (ajjaji) e e 2) e Al(el) Furthermore, for 4;;a;; = 0, we will get e + e €

2

Al (e?) and by multiplying the vector e]- +e? by ej and e; respectively, we obtain e;e;, e]. ej €Al (e1 ), i.e.

foeieAi(e]). O

Proposition 3.8. Let (A, w) be a baric evolution algebra of dimension 5 satisfying strictly the identity
with m > 3. It is assumed that A is neither a Bernstein algebra nor a power-associative algebra. Then A is
isomorphic to the algebra A(y,v1,v2 ¥3) : €2 =eeu = %u,uvl = yu,v% =yu+ vl,v§ = YU+ Y3V + )
with y1,¥2,v3 € K and y € K*. The products that are not mentioned are void.

Proof. It is assumed that A is an evolution algebra with the natural basis B = {e, ..., es}. If
Card(Support(e%)) =1,2,5-1,5 then A is a Bernstein algebra, a train algebra or verifies the iden-
tity (2). Thus, Card(Support(ef)) = 3 and without loss of generality, we assume that a;,a4;3 # 0 and
a14 = a15 = 0. We deduce that e%,eg €A1 (e%) and ey, e5 € Ao(ef).
o The equality e = efe? = e? +af,e5 +alsel leads to
2 22 2
€3 = —a1341263-
We deduce that A%(ef) = Fe%.

e The equality e% = 2e%e§ = 2(a12azze§ + a13a23e§) =2a1,(ay; —aféalzaﬁ)e% gives

dos = 1,
22 = 2(}[12 + a13a12a23.
e Lemma and Proposition tell us that a,4 = ays = ag4 = ass = 0, otherwise ei or e§ would
belong to Al (e?) and the algebra A would be a Bernstein algebra or would satisfy the identity (2).

: 2,2 2 _(1.-2_ -1 2
e The relation 0 = eje; = a22e2 + a23e3 =(z4a); +aj3a23)e; leads to

1 1
_ -2 _ -1
ajz = —Za12a13 and ajy = Zﬂ12.

e Lemma3.7]tells us that a45a54 = 0, otherwise A would be a Bernstein algebra. Thus, we distinguish
three cases:
(i) ag5 = asq = 0, then ei = 614262 + a43e3, eg = as,e) + aszez and we set x = xlel + 2]5 2 xjej. We
2 3,2 2
= xle1 +Z] ) ]e] and x3 = = xje; +z with z = Z] (X7 ]el f +Zk zx] Xje; 2e) EAl(el)
because for all 2 < j,k <5, ele],e] ex €A1 (61) We deduce that (x3)? = x?e% + xfz = w(x)3x3. Tt
follows that the algebra A verifies the 1dent1ty 2.

have x
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(i1) ags = 0and asy = 0, then eﬁ = agye,+ayzez and eg = d5pe)+4ds3e3+4assey. Since the family (e%,eg)
is linearly independent, Lemma indicate that the family (e3,e3) is linearly independent
otherwise the algebra A would satisfy the identity . It follows that (a4, + alzaﬁ as3) = 0.

(1ii) a45 # 0 and asq = 0, then if we swap the vectors e; and es5 of the natural basis, we return to
the previous case.
From above, we deduce that the multiplication table of (A, w) in the natural basis
B = (e, e5,e3,€y,e5), where e = asyey, is the following:

e% =e1 +ajpep +agzes,

e5 = zaps(anne; —agse;),

es =-ajjalel, with a}, +a1,a73a,3 # 0.
eéz = ay,e; +ay;es, ,

es 2052624-515363-}—84,

We have (ker w)? = (e3,e/2, e2), (kerw)® = (e3,e;?) and (kerw)* = (e3) = A%(e%). Sete=e?, u=2aje3, v =

ey — Zefez, v, = ¢j and v3 = e5. Solving the system

_1 1 -1
u = 7162—76112&11363,
v = §€2+7[112a1363,

we get e; =u+vy and e3 = —awai% (u —vq). Thus, the multiplication table of the algebra A in the basis
P 1 1.1, .2 -1 -1
{e,u,v1,v5,v3} is given by: e? = ¢, eu = U, UVY = A7, U, V5 = (Ay, —A120730,5)U + (A, +a730120,5)V1 =
51 u—+ 621/1 with 52 =0, V32 = (a52 - a12a1§a53)u + (ﬂ52 + a[§a12a53)v1 +vy = 5314 + 5:11/1 + V5. Furthermore,
the equality (ker w)* = A ! (ef) and Theoremtell us that the algebra A verifies the identity (3)) with

m = 4. By setting v; = 6,v;, we get the desired algebra. O

Proposition 3.9. Assume that F is an algebraically closed field and (A, w) is the algebra defined in Propo-
sition[3.8] Then, the automorphism group of the algebra A is given by Table 1 below:

Table 1
Conditions on structural con- Autg(A) Conditions on the matrix coef-
stants ficients
1 0 0 O 0
0 p 0 0 0
Y1=72=y3=0 001 0 0 e, =1and f=0
0 0 0 &5 0
0 0 0 0 &33
1 0 0 0 O
0 p 00 0
y1=y2=0and y3#0 001 0 0 e2y=land p=0
0 0 01 O
0 0 0 0 e33
1 0 0 0 0
0 e, 0 0 0
y1=y3=0and y; =0 0 0 1 0 0 €35 =
0 0 0 ¢ o0
0 0 0 0 €33
1 0 0 O 0
01 0 O 0
y1#0and yy =y3=0 001 0 0 e5,=1
00 0 ¢ 0
0 0 O 0 €33
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Table 1

Conditions on structural con- Autg(A) Conditions on the matrix coef-
stants ficients

10 0 0 O

01 0 0 o0
(Y1v2,v1v3,v2v3) =0 0 01 0 O e2y=1

0 0 01 0

0 0 0 0 e33

Proof. Let 0 € Autg(A). The assertions (i) to of Proposition tell us that O'(ef) = ef + au,
fo(u) = pu and we set g, (v;) = €j1v1 + €2V, + €j3v3 with 1 <7 < 3.
(1) The assertion (jiv)) of Propositioaneads to:
o Vfs(u) :fg(uvl = fo(u)gs(vy) = e uvy, ie. yﬁ(ell —1)u = 0. Since yp # 0, we have €11 = 1.
e Fori=2or 3, wehave 0= f,(uv;) = f,(u)g,(v;) = yBei1u, i.e. €97 = €31 = 0.
(2) The assertion (v) of Proposition [2.13|gives:
e 0= gg(vl) ((v1 + €12v5 + €13v3)%)g = (£f2 + ef3y3)v1 + €f3v2. It follows that €1, = €13 = 0 and
ga(vl) =71
o V1 = g (v1) = g5((v3)0) = ((85(v2))*)o = (€3, + €3373)v1 + 5305 We deduce that e3 = 0, €3, = 1
and g,(v2) = €202
o 0=g,(v2v3) = (85(v2)85(v3))o = €322071, 1.€. €33 = 0. S0 g (v3) = €3373.
o V31 + €002 = g6 ((v3)0) = ((85(v3))*)o = €3373v1 +€35v2, Lie. €35 = € and y3(e35—1) = 0.
(3) The assertion (vi) of Proposition[2.13]gives:
o 0=f,(v})= 4ga(v1)(augg(v1)) = —4v (auvy) = —4ay®u,ie. a=0and o(e?) = e?.
o y1Bu = fo((v3): 1) ((gg(vz))z)% = e, y1u, ie y1(B-1)=0.
o VaBi = fo((v3)1) = (8o (v3)2)1 = 33721 . ya(B —£35) = 0.
From the above, we deduce that the matrix of ¢ in the basis (ef, u,v1,v,,v3) is of the form:

1 0 0 O 0
0B 0 0 0
001 O 0
000 €3 0
0 0 0 0 £33
with
B0, e53=1, y1(B-1)=0, 7/2(/3 €33) =0and y3(e33,—1) = 0. (13)
Taking into account the identities in the relation (13)), we obtain automorphism group of the algebra
A given by Table 1. O]

From Proposition [3.8/and Proposition 3.9, we deduce the corollary below:

Corollary 3.10. Let F be an algebraically closed field and (A, w) be a five-dimensional baric evolution F-
algebra satisfying strictly the identity (3). It is assumed that A is neither a Bernstein algebra nor a power-
associative algebra. Then, the algebra A is isomorphic to one of the following pairwise non-isomorphic
algebras (where y # 0 and the products that are not mentioned are void):

° Al(y): ez_e eu = %u uvy = yu; vg_vl, Vs _v2

Ay(y,v3): e =¢; eu = ;u uvy = yu; v% =vy; v3 = y3v1 + vy with y3 = 0.

Az(y,72): e =¢; eu = :12” uvy = yu; v% =vy; v§ = yu +vy with y, #0.

Ay(y,y1): e =¢; eu = 2u uvl Yu; v§:y1u+v1; v§:v2 with y1 # 0.

(

VLY YV3) €2 =6 el = Sus uvy = Yu; v3 = piutvy; v = youtysv vy with (Y172, V173, v2y3) #
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Proposition 3.11. Suppose that F = R and (A, w) is the algebra defined in Proposition Then, the
automorphism group of the algebra A is given by Table 2 below:

Table 2
Conditions on structural con- Autg(A) Conditions on the matrix coef-
stants ficients
1 0 0 0 O
0 p 00 0
Y1=v2=0 0 01 0 O e%_,):land[)’:to
0 0 01 O
0 0 0 0 e33
1 0 0 0 O
01 0 0 O
(71,72) %0 001 0 0 2, =1
0 0 01 O
0 0 0 0 e33

Proof. This proposition is an immediate consequence of the previous proposition because the equa-
tion ’54313 =1 is equivalent to s§3 =lonLR. U

From Proposition [3.8/and Proposition we deduce the corollary below:

Corollary 3.12. Let (A, w) be a five-dimensional baric evolution R-algebra satisfying strictly the iden-
tity (3). It is assumed that A is neither a Bernstein algebra nor a power-associative algebra. Then, the
algebra A is isomorphic to one of the following pairwise non-isomorphic algebras (where y # 0; y3 € K and
the products that are not mentioned are void):

e Ai(v,y3): e2=e; eu= %u; uvy = yu; v% =vy; v§ =Yy3v1 +Vy.

o Ay, V1, V2 v3): €2 =¢; eu = %u; uvy = yu; v% =yu+vy; v§ = YU + Y3V + vy with (v, ) = 0.

4 Derivations

Let F be a commutative field and A be an F-algebra. A derivation d of A is a linear operator on A
satisfying the following condition:

d(xy) =d(x)y + xd(y) for all x,y € A.

Since, the commutator [d,d’] = d od’ —d’ o d of two derivations is still a derivation, the set Derg(A)
of all derivations of A is a subalgebra of (Endg(A),[, ]). Thus, Derg(A) is a Lie algebra, called the Lie
algebra of derivations of A [15].

In [L6l Proposition 5.2], the authors give a characterisation of the derivation of a baric evolution
algebra satisfying the identity (2). The following proposition shows that this characterisation does
not depend on the integer m.

Proposition 4.1. Let A = Fe%EBA% (e2)®Ag(e?) be a Peirce decomposition of evolution algebra of dimension
n satisfying the identity (3) for some m > 3. The linear operator d € Endy (A) is a derivation of the algebra
A if, and only if, the following assertions are satisfied:
(i) d(ef) = 0;
(i1) the subspaces A%(ef) and Ao(ef) are invariants with respect to d. Let d% and d be the endomorphisms
induced by d on A%(ef) and Aq(e?) respectively;
(ii1) d%(x%xo) = d%(x%)xo +x%d0(x0)for all X1 € A%(ef) and xg € Ao(ef);

(iv) d1((x030)1) = (do(x0)y0 + Xodo(y0))1 for all xo,p € Ao(e});

1
2
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(v) do((x090)0) = (do(x0)y0 + Xodo(¥o))o for all xo,30 € Ag(e]).
Furthermore, if d is a derivation of A, then d% is a derivation ofA%(ef).

Proof. Assume that d is a derivation of the algebra A and let d(e;) = Y }_, djxey. For ej € ann(A), we

have e]2 = 0 and the relation 0 = d(e¢;) = d(e1)ej + erd(ej) = djlef, leads to dj; = 0. For e; & ann(A)

with 2 < j < n, the family (e?, ]) is linearly independent and we have d;; = d;; = 0. We deduce that

d(e;) = dyey +z with z € ann(A) and d(e;) € ker(w) forall 2 < j <n.

e We have d(el) 2e1d(eq) = 2d11€1 and d(e el) Zef(d( ) = 4d11€1€1 4d11€1 The equality d(el)
d(e1 el) gives dn = 0 and it follows that d(el) 0. We obtaln the assertion ( .

e For X1 € A%(el) and x( € Ao(el) the equalities %d(x%) = d(efxl) = eld(xl) and 0 = d(elxo) = eld(xo)
tell us that the subspaces A%(ef) and Ao(ef) are invariants with respect to d. Thus, we set d% and
dy the induced endomorphisms by d on A%(e%) and on Ag(e?) respectively. By the same reasoning
as in the proof of [16], Corollary 5.4], we deduce that the endomorphism d 1 is a derivation of the
algebra A. Thus, we get the assertion (ii).

e The assertions (i) to (v) follow from a direct calculation of d (x1 x9) and d(xyyg) and identifying
the traces on A%(el) and Ao(el)

The proof of the reciprocal is identical to [16}, Proof of Proposition 5.3]. Indeed, the Peirce decomposi-
tion and the product between the Peirce subspaces of the evolution algebra satisfying the identity
for some m > 3 and one verifying the identity (2) are identical. O

Proposition 4.2. Let (A, w) be the algebra defined in Proposition Then, the Lie algebra of derivations
of A is the abelian algebra.

Proof. Let d be a derivation of A. Set d%(u) =au and dy(v;) = Zizl djvi for 1 <i <3,

e We have yau = d%(uvl) = d%(u)vl +udy(vy) = 7/au +d117/u, i.e. dy; = 0. Also, for j = 2 or 3, we have
0= d%(uv]-) = d%(u)vj +udy(vj) =djiyu, ie. dj =

e For j = 2or 3, we have 0 = do((v1v})o) = (do(v1)v; + v1do(vj))o = (d1] 2)o. Thus, for j = 2, we have
0 = dy,vy, i.e. dy; = 0 and for j = 3, we have 0 = d13(7/3v1 + v,), i. e di3 = 0. We deduce that
do(vl) =0.

o We have 0 = dy(vy) = do((v3)o) = 2(vado(v2))g = 2dp;vy, i-e. dpy = 0 and dp3v3 = dg(v2) = do((v3)o) =
2(7/3610(7)3))0 = 2d33()/31/1 + Uz), i.e. d23 = d33 = 0. It follows that do(T/z) =0 and do(”l/g) = d321}2. AlSO,
we have 0 = do((V2113)0) = (Vzdo(?/g,))o = d321/§, i.e. d32 =0 and do(?/3) =0.

e We have yjau = d%((vg)%) = 2(vpdy(vy)) = 0,1.e. y1a =0 and y,au = d%((vg)%) = 2(v3dy(v3)) = 0,
ie. ya=0.

From above, we deduce that the matrix of the derivation d in the basis {e%, U,v1,v,v3} is

O O O O O
o OO R O
S O O O O
S O O O O
O O O O O

Particulary, when y; # 0 or ¥, # 0 the only derivation is the zero one. Moreover, for d,d’ € Derg(A),
we have [d,d’] = 0 and we get the proposition. O

Acknowledgement. The authors thank the referee for his/her pertinent comments, which im-
proved the reading of this paper.
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