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Abstract. Let R be a commutative ring with 1 = 0, M be an R-module, and # be a positive integer. The purpose of this
article is to investigate quasi n-absorbing (resp., weakly quasi n-absorbing) submodules generalizing quasi n-absorbing
ideals of rings. We will say a proper submodule N of M is quasi n-absorbing (resp., weakly quasi n-absorbing) submodule
of M if whenever a € R and x € M with a”x € N, (resp., 0 # a”x € N) then, either a” € (N :g M) or a" 1x € N.
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1 Introduction

In this paper, all rings are commutative with non-zero identity and all modules are unital. Let R be
a ring, M an R-module and N a submodule of M. We will denote by (N :gp M) the residual of N by
M, that is, the set of all r € R such that rM C N. The anng(M) is (0 :g M). An R-module M is called
a multiplication module if every submodule N of M has the form IM for some ideal I of R. In this
case, since | C(N :g M) then N =IM C (N :g M)M C N. So that N = (N :x M)M [15].

A submodule N of M is called idempotent if N = (N :g M)N, [3]. It is shown [4, Theorem 3] that
if M is a multiplication module and (N :gx M) is idempotent ideal of R then N is idempotent in M.
The converse is true if we assume further that M is finitely generated and faithful. A submodule N
of the R-module M is called a nilpotent submodule if (N :x M)PN = 0 for some positive integer p,
and m € M is said to be nilpotent if Rm is a nilpotent submodule of M, [3]]. Set Nil(M) the set of
all nilpotent elements of M. Then, Nil(M) is a submodule of M provided that M is faithful module,
and in addition M is multiplication, then Nil(M)=Nil(R)M = NP, where the intersection runs over all
prime submodules of M, [3, Theorem 6]. A submodule N of M is prime (resp., primary) if whenever
ax € N for some a € R and x € M, then either a € (N :x M) or x € N (resp., a’ € (N :g M) for some
positive integers p). If N is prime (resp., primary) submodule of M, then P := (N :x M) (resp.,
P := /(N :x M)) is a prime ideal of R. In this case, we say that N is a P-prime (resp., P-primary)
submodule of M. We say that M is secondary precisely when, for each a € R, either aM = M or there
exists p € IN such that 2’ M = 0. When this is the case, P := /(0 :g M) is a prime ideal of R : we say
that M is P-secondary R-module.

In [7] Badawi introduced a new generalization of prime ideals in a commutative ring R. He defined a
nonzero proper ideal I of R to be a 2-absorbing ideal if whenever a4,b,c € R and abc €I, thenab eI or
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ac € I or be € I. This concept has a generalization, called weakly 2-absorbing ideals, which has been
studied in [8]. A proper ideal I of R to be weakly 2-absorbing ideal of R if whenever 4,b,c € R and
O=abcel, thenabeloracelorbcel. Later Anderson and Badawi in [5]], introduced the concept
of n-absorbing ideals of R for a positive integer n. A proper ideal I of R is called n-absorbing(resp.,
strongly n-absorbing) ideal if whenever a;...a,,, €I for ay,...,a,.1 € R (resp.,I;---I,,1 C I for ideals
Ii,--, 1,41 of R), then there are n of the a;’s(resp., n of the I;’s) whose product is in I. Inspired by
the study of absorbing ideals, in [14] Mukhtar et al. and later in [I] Ahmed et al. introduced and
studied, respectively, the 2-absorbing factorization and n-absorbing factorization in commutative
rings. In [13]] H. Mostafanasab and A.Y. Darani introduced the notion of quasi-n-absorbing and semi
n-absorbing ideals of a commutative ring. A proper ideal I of a commutative ring is said to be a
quasi-n-absorbing (resp., semi n-absorbing) if whenever a”b € I for a,b € R, then either a” € I or
a" b el (resp., a"!' €I for aeR, then a” €1).

The concept of 2-absorbing (resp., weakly 2-absorbing) submodules was introduced and investigates
in [10]. Let M be an R-module and N a proper submodule of M. N is said to be a 2-absorbing
submodule (resp., weakly 2-absorbing submodule) of M if whenever a,b € R and x € M such that
abx € N (resp., 0 #abx € N),thenab € (N :g M)or ax € N or bx € N. This concept has a generalization,
called n-absorbing submodule introduced and investigates in [I1]]. Let n be a positive integer. A
proper submodule N of an R-module M is called n-absorbing submodule if whenever a; ---a,x € N
for ay,...,a, € Rand x € M (resp., I;---1,L C N for ideals I, ...,I,, of R and submodule L of M), then
either a;---a, € (N :g M) (resp., Iy ---I,, € (N :g M)) or there are n—1 of a;’s (resp., I;’s) whose product
with x (resp., with L) is in N. A proper submodule N of M is called an quasi n-absorbing (resp.,
weakly quasi n-absorbing) submodule of M if whenever a”x € N for a e R and x € M (resp., 0 = a"x €
N) then either a" € (N :g M) or a"~!x € N. It is clear that if N is an n-absorbing submodule it is also
a quasi n-absorbing submodule of M. But the converse is not true in general case, take for example
N = 30Z as submodule of the Z-module Z, we have N is not 2-absorbing submodule, but is quasi
2-absorbing submodule of Z (Proposition[2.14) and N = 0 is weakly quasi 2-absorbing submodule of
the Z-module Z which is not quasi 2-absorbing submodule.

Thus, if N is a submodule of the R-module M, then "N is a prime submodule of M" implies "N is an
n-absorbing submodule of M" implies "N is a quasi n-absorbing submodule of M".

In this paper, we study the concept of quasi n-absorbing submodule and weakly quasi n-absorbing
submodule, for a positive integer .

2 Properties of quasi n-absorbing submodules

In this section we study some basic properties of quasi n-absorbing submodules of the R-module M.
Let n be a positive integer. We recall that a proper submodule N of M is called quasi n-absorbing
submodule of M, if whenever a € R and x € M with a”x € N, then a* € (N :x M) or a" 'x € N.

Let R be a ring, M be an R-module, N be a submodule of M, and I be an ideal of R. We set (N :; I) =
{xeM|xI C N}

Theorem 2.1. Let R be a ring, M an R-module and N be a submodule of M. Then the following
statements are equivalent:

(1) N is a quasi n-absorbing submodule of M.
(2) For each a € R with a" & (N :g M), we have (N :j; a”) = (N :; a™1).
(3) For each a € R and every submodule L of M with a”L C N, either a” € (N :g M) or a" 'L C N.

Proof. (1) = (2) Itis clear that (N :g a""!) C (N :g a") for every a € R. Let a € R such that a” & (N :zg M)
and x € (N :j; a"). Since N is a quasi n-absorbing submodule, a"'x € N. Hence x € (N :; a"~1).
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(2) = (3) Let a € R and L be a submodule of M such that a”L C N. Suppose that a” ¢ (N :x M). By (2),
for each x € L, we have a"'x € N. Thus, a" 'L C N.

(3) = (1) Assume that a"x € N for some a € R and x € M. By leading L = Rx, we obtain the desired
result. O

Corollary 2.2. Let R be a ring and M be an R-module. Then 0 is a quasi n-absorbing submodule of M if
and only if for each a € R, either a" & anng(M) or anny(a") = anny(a™!).

Corollary 2.3. Let M be an R-module and N be a quasi n-absorbing submodule of M. Then (N :g M) is a
quasi n-absorbing ideal of R.

Proof. Let a,b € R such that a"b € (N :g M). If a" ¢ (N :x M), by Theorem [2.1, we have b € (N
a" )= (N :ga").Soa"'beN, and hence (N :g M) is a quasi n-absorbing ideal of R. O

Corollary 2.4. Let R be a ring and I be a proper ideal of R. Then the following statements hold:
(1) Iis a quasi n-absorbing ideal of R.
(2) Foreach a € R with a" ¢ I, we have (I :g a") = (I :g a"1).
(3) For each a € R and every ideal | of R with a] C I, either a" € I or a" '] C 1.

Example 2.5. The converse of the corollary[2.3]is not true in general. For example, consider N = 8 Z
as a submodule of Z-module Z. While (N : Z) = 8Z is clearly a quasi 2-absorbing ideal of Z, N is
not quasi 2-absorbing. In fact 22.2 € N, but 22 ¢ N and 2.2 ¢ (N :5 Z).

Theorem 2.6. Let M be a cyclic R-module. Then for every submodule N of M the following state-
ments are equivalent:

(1) N is a quasi n-absorbing submodule of M.
(2) (N :x M) is a quasi n-absorbing ideal of R.

Proof. Following Corollary 2.3} it suffices to prove (2) = (1). Set M = Rm. Assume that (N :x M)
an quasi n-absorbing ideal of R. Let a € R and x € M such that a"x € N. There exists b € R such that
x =bm. Thus a"bm € N. So a"b € (N :g m) = (N :g M). Since (N :x M) is a quasi n-absorbing ideal of
R, we conclude that a”* € (N :x M) or a"'b € (N :g M). Hence a" € (N :g M) or a" 'bm =a"'x €N,
that is, N is quasi n-absorbing submodule of M. O

Corollary 2.7. Let R be a Von Neumann regular ring, M be a cyclic R-module and n be a positive integer.
Then every submodule of M is quasi n-absorbing.

Proof. Since every ideal of R is radical, it is clear that every ideal of R is quasi n-absorbing. Hence,
the result follows from the theorem [2.6] O

Theorem 2.8. Let R be a ring and M be a multiplication non-torsion R-module. If every submodule
of M is quasi n-absorbing, then dim(M) = 0.

Proof. Suppose that dim(M) > 1,. There exists a prime submodule N of M and a submodule L of M
such that N C L. Since M is a multiplication non torsion module, then (N :x M) is a prime ideal of R
and (N :;g M) C (L:g M). Letae (L:g M)\ (N :g M). Since M is multiplication non-torsion R module,
there exists a submodule K of M such that ] := (K :gx M) = a"*!R. Then a"*!R is quasi n-absorbing
ideal of R, and a".a € ] so a" € ] and there exists b € R with a”" = a"*'b. Hence a"(1 —ab) =0 € (N :x M)
and " & (N :g M), thus 1 —ab € (N :g M) C(L:g M) and a € (L :g M) we conclude that 1 € (L:xg M) a
contradiction. Thus dim(M) = 0. O
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Corollary 2.9. Let R be a ring. If every ideal of R is n-absorbing, then dimR = 0.

Definition 2.10. Let m > n be positive integers. A proper submodule N of a R-module M is called
quasi (m, n)-absorbing if whenever a”~!x € N for a € R and x € M, then a" € (N :g M) or a" 'x € N.

Theorem 2.11. Let N be a proper submodule of a R-module M and m > n positive integers. Then N
is quasi (m, n)-absorbing if and only if it is quasi n-absorbing.

Proof. Assume that N is quasi (m, n)-absoring. Let a”x € N for some a € Rand x € M. Since n <m—1,
then a”~!x € N. Therfore a" € (N :xg M) or a""'x € N. Hence N is quasi n-absorbing submodule.
Conversely, assume that N is quasi n-absorbing. Let a” !x € N for some a € R and x € M. Therfore
a"(a™'""x) € N. Hence a" € (N :g M) or a"~!(a""!""x) = a™2x € N. Repeationg the same argument
we conclude that a” € (N :gx M) or a""!x € N. Thus N a is quasi (mm, n)-absorbing submodule of M. [

Corollary 2.12. [13, Proposition 3.8]. Let I be a proper ideal of a ring R and m > n be positive integers.
Then, I is a quasi (m,n)-absorbing ideal if and only if I is a quasi n-absorbing ideal of R.

Proposition 2.13. Let N be proper submodule of an R-module M.
(1) N is a prime submodule if and only if it is a quasi 1-absorbing submodule of M.
(2) If N is a quasi n-absorbing submodule then it is an i-absorbing submodule for all i > n.
(3) If N is a prime submodule then it is a quasi n-absorbing for all n > 1.
(4) If N is an n-absorbing submodule then it is a quasi n-absorbing.
Proof. Clear. O]

Proposition 2.14. Let R be a ring and M be an R-module. Let {N,} ca be a family of prime submodules
of M. Then N ca N, is a quasi i-absorbing submodule for every i > 2.

Proof. Let N = N cAN,. By Proposition it is sufficient to show that N is a quasi 2-absorbing
submodule of M. Indeed, let a € R and x € M with a’x = a(ax) € N = N cAN). Since N, is prime
submodule of M and a’x = a(ax) € N, then either a € (N, :g M) or ax € N,. In either case ax € N.
Hence N is a quasi 2-absorbing submodule of M. O

Remark 2.15. Let py,..., p,,1 distinct prime numbers. Set N; = p; Z for 1 <i < n+ 1. It is clear that
N; is a prime submodule of the Z-module Z. By Proposition we have N = ﬂ?:*llNi is a quasi
i-absorbing submodule for every positive integers i > 2. But N is not a n-absorbing submodule of M
by Corollarysince (N:zZ)= ﬂ?:*llpi Z is a n+ 1-absorbing ideal but not a n-absorbing ideal of Z,
cf. [5, corollary 2.15].

Corollary 2.16. Let R be a ring, M be a faithful and multiplication R-module. Then Nil(M) is a quasi
i-absorbing submodule of M for every positive integer i > 2.

Proof. By [3, Theorem 6], we have Nil(M) = Np primeP. Now the results follows from Proposition

214 O
Theorem 2.17. Let Ny,---,N; be submodules of an R-module M.

(1) If Ny is quasi n-absorbing and N, is quasi m-absorbing for m < n, then Ny N N, is quasi n+ 1-
absorbing.

(2) If Ny,---,N; are quasi n-absorbing, then N; NN, ---N N; is quasi n + t-absorbing.
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(3) If Ny,---,N; are quasi n;-absorbing, for every 1 <i <t with n; <np <--- <n; and t > 2, then
N;NN;---N N, is quasi n; + 2-absorbing.

Proof. 1. Leta€ Rand x € M such that a"*'x € N; N\ N,. We will show that either a"*! € (N; NN, :x
M) or a"x € Ny N N,. Since N is a quasi n-absorbing submodule of M, then by Theoremm1t
is quasi (1 + 2,n)-absorbing. Therefore either a” € N; or "~ !x € N;. On the other hand N is a
quasi m-absorbing submodule of M and by Theoremeither a™ e (Ny:g M) or a™lx € N,.
There are four cases:

Case 1. Assume that 4" € (N :g M) and a™ € (N, :x M). Then a" € (N; NN, :x M).
Case 2. Assume that 4" € (N :x M) and a” 'x € N,. Then a"x € N; N N5.

Case 3. Assume that " 'x € N| and a™ € (N, :x M). Then a""'x € N; N Nj.

Case 4. Assume that " 'x € N] and "™ 'x € N,. Then a*"'x € N; N N,.

In any case, we conclude that a”x € N; N N, and therefore N; N N, is a quasi n + 1-absorbing
submodule of M.

2. By induction on t : For t = 1 there is nothing to prove. Let t > 1 and suppose the claim holds
for t —1. Then Ny N---N N;_; is a quasi n+t — 1-absorbing submodule of M. Since N; is a quasi
n-absorbing submodule and n+t—2 > n, then N, is a quasi n +t — 2-absorbing submodule. Now
the result follows from (1).

3. By induction on t > 3. The case of t = 3 is deduced from (1) and (2). Let t > 3 and suppose that
for t—1 the claim holds. Then Ny NN, N---NN;_; is a quasi n;_; +2-absorbing submodule. There
are tree cases:

Case 1. Assume that n;,_; + 2 < n;. Then Ny NN, N---N N; is quasi n; + 1-absorbing submodule
from (1). Therefore Ny NN, N---N N; is a quasi n; + 2-absorbing submodule of M.

Case 2. Assume that n; 1 +2 =n;. Then Ny NN, N---NN; is a quasi n; + 2-absorbing submodule
of M.

Case 3. Assume that n;_;+2 > ny, in this case n;_1+1 = n; because n;_; < n;. Then NyNN,N---NN;
is a quasi n;_1 + 3 = n; + 2-absorbing submodule of M.
O

Proposition 2.18. Let M = M| & M, where M and M, are R-modules. Let Ny a proper submodule of M,
and N, a proper submodule of M. Then Ny (resp. N;) is a quasi n-absorbing submodule of My (resp. M,)
if and only if Ny @ M, (resp. My @ N;) is a quasi n-absorbing submodule of M.

Proof. (=) Suppose that Ny is a quasi n-absorbing submodule of M;. Let a"(x,y) € N; @ M, for some
a € R and (x,y) € M. Therefore a"x € Ny, and so either a" € (N} :zr M) or a"~'x € N;. Consequently,
either a" € [N; ® M, :gr M] or a"~!(x,y) € N; ® M,. Hence N; ® M, is a quasi n-absorbing submodule
of M.

(<) Assume that Ny @ M, is a quasi n-absorbing submodule of M. Let a”"x € N; for some a € R and
x € M;. Then a*(x,0) € N; @ M,. Hence a" € [N; @M, :x M] = [N; :x M;] or a"!(x,0) € N; & M,.
Therfore a" € [N; :g M;] or a"~'x € N;. That is N is quasi n-absorbing submodule of M;. O

Theorem 2.19. Let Ny,---, N; be submodules of R-modules M, M,,---, M; respectively.

(1) If Ny is a quasi n-absorbing submodule of M; and N is a quasi m-absorbing submodule of M,
for m < n, then N; ® N, is a quasi n + 1-absorbing submodule of M; & M,.

(2) If Ny,---,N; are quasi n-absorbing submodules of My, M,,---, M, respectively, then N; & N, &
---@® N; is a quasi n + t-absorbing submodule of M; &M, ®--- & M;.

263
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(3) If N; is a quasi n;-absorbing submodule of M; for every 1 <i <twithn; <n,<..<mn;and t>2,
then Ny ® N, ®---@® N, is a quasi n; + t-absorbing submodule of M1 @M, &--- & M,.

Proof. 1. Letae Rand (x,y) € M; ®M, such that a"*!(x,y) € N;®N,. Therefore a"*!x = a"(ax) € N,
and a"*'y € N,. Since N; is a quasi n-absorbing submodule of M, then a" € (N; :g M;) or
a"x € Ny. Also, N, is a quasi m-absorbing submodule of M, and a"*!'y = a”(a"*1""x) € N,, so
a™ € (N :g M) or a1 (a™1=My) = a"y € N,.
Consider the following cases.
Case 1. Assume that a” € (N :g M) and a” € (N, :g M5). Then a”" € (N & N, :x M1 & M,).
Case 2. Assume that 4" € (N; :g M;) and a"y € N,. Then a"(x,y) € N ® N,.
Case 3. Assume that a”x € Ny and a™ € (N, :g M;). Then a"(x,y) € N; ® N,.
Case 4. Assume that a"x € N} and a"y € N,. Then a”"(x,y) € Ny @ N,.

We conclude that Ny @ N, is a quasi #n + 1-absorbing submodule of M.

2. We use induction on t. For t = 1 the claim is follows from (1). Let t > 1 and assume that for -1
the claim holds. That is Ny®N,®---®N;_; is a quasi n+t—1-absorbing submodule of M; @M, ®
---@®M;_;. As N, is a quasi n-absorbing submodule of M;, so it is a quasi (n + t — 2)-absorbing
submodule of M;. Therefore Ny ® N, ®---® N;_; @ N; is a quasi n + t-absorbing submodule of
M, &My ®---®M; | ®M,.

3. We use induction on t. The results for ¢t = 3 follows from (1) and (2). Let ¢ > 3 and suppose that
for t — 1 the claim holds. Then Ny ® N, &---® N;_; is a quasi n;_; + 2-absorbing submodule of
M ®M,®---®M; 1. We consider the following cases:

Case 1. If n;_; + 2 < ny. In this case N; @ --- @ N; is a quasi n; + 1-absorbing submodule of
M, ®---®M, by (1). Hence Ny @---® N; is a quasi n; + 2-absorbing submodule of M; @--- & M,.

Case 2. If n;_1+2 = ny. Then N1 ®---®N; is a quasi n;+2-absorbing submodule of M®M,®:--®M;
by (2).
Case 3. If n;_1 +2>n;. Then Ny @---® N, is a quasi n;_; + 3-absorbing submodule of M; & M, &
---@® M, by (1). Since n;_1 + 1 = ny, because n;_y < n;. We conclude that N; @---® N; is a quasi
n; + 2-absorbing submodule of M; ® M, ®--- & M;.

O

Theorem 2.20. Let M be an R-module and N a P-primary submodule of M such that P"M C N. Then
N is a quasi n-absorbing submodule of M. In particular, if M is a multiplication module and P"M is
a P-primary submodule of M, then P"M is a quasi n-absorbing submodule of M.

Proof. Let a € R and x € M such that a"x = a.a"'x € N and a"'x ¢ N. Since N is a P-primary
submodule, we conclude that a € P = /(N :g M). Hence 4" € P" C (N :x M). Thus N is a quasi
n-absorbing submodule of M. The in particular is clear. O]

Theorem 2.21. If N is a secondary submodule of an R-module M and L is a quasi n-absorbing sub-
module of M. Then N N L is also a secondary submodule of M.

Proof. Assume that N is P- secondary where P := /(0 :x N), and leta € R. If a € P and since (0:g N) C
(0:g NN L) we conclude that a € \/(0:g NNL). If a¢ P, than aN = N,soa”"N =N. Letxe NNL,
there exists y € N with x = a"y. Thus a”"y € L, but L is quasi n-absorbing submodule we get either
a" € (L:g M)ora"'yeL If a" € (L :g M) then a"M C L, on the other hand N = a"N C a"M C L so
a(NNL)=aN=N=NnL.Ifa"'yel, then x=a"y €al,and x €a(NNL)hence a(NNL)=NNL.
Which is the desired conclusion. O
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Proposition 2.22. Let f : M — M’ be a homomorphism of R-modules. Then we have the following
(1) If N’ is a quasi n-absorbing submodule of M, then f~'(N’) is a quasi n-absorbing submodule of M.

(2) If f is an epimorphism and N is a quasi n-absorbing submodule of M containing ker(f), then f(
is quasi n-absorbing submodule of M.

N)

Proof. 1. Let N’ be a quasi n-absorbing submodule of M’ and a"x € f~!(N’) for some a € R and x €
M. Then f(a"x) =a"f(x) € N’, and therefore either a” € (N :g M’) or a” f(x)= f(a" 'x)eN".

Thus a" € (f1(N’) :g M) or a"'x € f~1(N’), as desired.

2. Let a € R and x’ € M’ such that a"x” € f(N). Since f is an epimorphism, so there exists x € M
such that x”" = f(x) and a"x’ = a" f(x) = f(a"x) € f(N). Also ker(f) € N implies that a"x € N. As
N is a quasi n-absorbing submodule of M, either a" € (N :g M) or a"~'x € N. Therefore either
a" € (f(N):g M’), as f is an epimorphism, or a"~'x” € f(N). Thus f(N) is a quasi n-absorbing

submodule of M’.

O]

Let Rbe aringand M an R-module. Then R(M) := Roc M = {(a,x)/a € R, x € M}, with multiplication
(a,x)(b,y) = (ab,ay + bx) and with point wise addition, is a commutative ring with identity, called the
idealization of an R-module M. Let I be an ideal of R and N be a submodule of M, then I «« N is an

ideal of R(M) if and only if IM C N, i.e. I C (N :x M).

Theorem 2.23. Let R be a ring, M an R-module and n > 1 a positive integer.

(1) For anideal I of R and a submodule N of M. If I « N is a quasi n-absorbing ideal of R(M), then
I is a quasi n-absorbing ideal of R and N is a quasi n-absorbing submodule of M. In particular

I is quasi n-absorbing ideal of R if and only if I o« M is a quasi n-absorbing ideal of R(M).

(2) Assume that Q C R. If N is a quasi n—1-absorbing submodule of M and I is a quasi n-absorbing

ideal of R, then I o< N is a quasi n + 1-absorbing ideal of R(M).

(3) Assume that R is an integral domain, then 0 « N is a quasi n-absorbing ideal of R(M) := R oc M
if and only if N is a quasi n-absorbing submodule of M and (N :x M) is a semi n — 1-absorbing

ideal of R.

(4) Assume that R is an integral domain and M is a K-vector space where K is the quotient field
of R. Then 0 o< N is a quasi n-absorbing ideal of R(M) if and only if N is a K-subspace of M.
Furthermore, the quasi n-absorbing ideals of R(M) are either of the form I oc M, where I is a

quasi n-absorbing ideal of R, or 0 «c N, where N is a K-subspace of M.

Proof. 1. Assume that I « N is an quasi n-absorbing ideal of R(M). Let a,b € R such that a"b €I,
then (a,0)"(b,0) € I « N. Since I o< N is a quasi n-absorbing ideal, therefore (a,0)" € I o« N or
(a,O)”_l(b,O) €l « N. Hence a” €I or a" ‘b eI, that is, I is quasi n-absorbing ideal of R. Now
let a € R and x € M such that a"x € N, then (4,0)"(0,x) € I o« N. As I « N is quasi n-absorbing
ideal of R(M), so (a,0)" € I «c N or (a,0)""1(0,x) € I « N. Consequently, a" € I C (N :x M) or

a"x € N, that is N is a quasi n-absorbing submodule of M.

2. Let (a,e), (b, f) € R(M) such that (a,e)"*1 (b, f) = (a"*'b,(n+1)a"be+a""1 f) € I o« N. Then a"1b e I
and (n+ 1)a"be + a”“f € N. Therefore, since I is a quasi n-absorbing ideal of R, a” € I or
a" b el. If a" €I, then (a,e)"*! = (a*!,(n+1)a"e) € I «« N because IM C N. If a"b € I, then
a1 f =a"1(a’f) € N. Consequently, as N is quasi n — 1-absorbing submodule of M, a”f € N.
In the mean time, (n+1)a"be € N and Q C R, and the fact that [N :g {e}] is quasi (n—1)-absorbing
ideal of R, we conclude that a""'be € N. Finally (a,e)"(b, f) = (a"b+na"'be+a"f) €  « N. That

is I o« N is a quasi n — 1- absorbing ideal of R(M).
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3. Assume that 0 occ N is a quasi n-absorbing ideal of R(M). Then from (1) we conclude that N

is a quasi n-absorbing submodule of M. Now, let 0 # a € R such that a” € (N :g M). Then
(a4,0)*(0,x) € 0 < N for every x € M. Since 0 « N is quasi n-absorbing ideal and (a,0)" ¢ 0 < N,
we conclude that (a,0)""1(0,x) = (0,a" 'x) € 0 o N. Then a"'x € N for each x € M. Hence
a"! € (N :g M), that is (N :g M) is a semi n — 1-absorbing ideal of R.
Conversely assume that (N :x M) is a semi n — 1-absorbing ideal of R and N is a quasi n-
absorbing submodule of M. Let (a,x),(b,y) € R(M) such that (a,x)"(b,y) € 0 cc N. Then a"b =0
and a"y + nba"'x € N. So, since R is an integral domain, a=0or b =0. If a =0, then (0,x)" =
(0,0) eI o« N. If b = 0, then a"y € N. Consequently, since N is a quasi n-absorbing submodule of
M, a" € (N :g M) or a” 'y € N. Suppose that a” € (N :g M), the fact that (N :zg M) is semi (n—1)-
absorbing ideal of R, implies a"~! € [N :zx M]. Hence (a,x)""(0,9) = (0,a"'y) € 0 «« N. Now
suppose that a”’ly € N, then (a, x)”’l(O,y) =(0, a”’ly) € 0 oc N. Thus,0 o< N is quasi n-absorbing
ideal of R(M), as desired.

4. Assume that N is a K-subspace of M, then by [9, Theorem 3.2] 0 « N is n-absorbing ideal
of R(M) henceforth quasi n-absorbing ideal of R(M). Now assume that 0 «c N is a quasi n-

1
absorbing ideal of R(M). Let a be a nonzero element of R, we show that —f € N for every f € N.

a

For this purpose, consider f € N and assume that x = (4,0),y = (0, ;7)’ then x"y = (0,f) € 0 < N.
f

Since a # 0 and 0 o« N is a quasi n-absorbing ideal of R(M), we conclude that x"~'y = (0, ;) €

0 oc N. Thus z € N.Now, if fe Nand b e K. Then b = ¢ for some c,a € R with a = 0. Therefore,
a a

1
since —f € N and N is a R submodule of M, we conclude that bf € N. Hence N is a K-subspace

of M. aFurthermore, every ideal of R(M) has either of the form I oc M or 0 « N, where [ is an
ideal of R and N is a submodule of M, since M is R-module divisible. Now the result follows
from (3) and (1).
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