Moroccan Journal of Algebra

and Geometry with Applications
Supported by Sidi Mohamed Ben Abdellah University, Fez, Morocco

Volume 4, Issue 2 (2025), pp 207-238

Title :

Pairs of rings sharing their units

Author(s):

Gabriel Picavet & Martine Picavet-L'Hermitte



Moroccan Journal of Algebra
and Geometry with Applications
Vol. 4(2) (2025),207-238

Supported by Sidi Mohamed Ben Abdellah University, Fez, Morocco ISSN: 2820-7114

Pairs of rings sharing their units

Gabriel Picavet and Martine Picavet-L'Hermitte
Mathématiques 8 Rue du Forez, 63670 - Le Cendre France
e-mail: picavet.gm@uwanadoo.fr

Communicated by Ayman Badawi
(Received 12 November 2024, Revised 16 March 2025, Accepted 21 March 2025)

Abstract. We are working in the category of commutative unital rings and denote by U(R) the group of units of a nonzero
ring R. An extension of rings R C S, satisfying U(R) = RN U(S) is usually called local. This paper is devoted to the study
of ring extensions such that U(R) = U(S), that we call strongly local. P. M. Cohn in a paper, entitled Rings with zero
divisors, introduced some strongly local extensions. We generalized under the name Cohn’s rings his definition and give a
comprehensive study of these extensions. As a consequence, we give a constructive proof of his main result. Now Lequain
and Doering studied strongly local extensions, where S is semilocal, so that S/J(S), where J(S) is the Jacobson radical of S,
is Von Neumann regular. These rings are usually called J-regular. We establish many results on J-regular rings in order
to get substantial results on strongly local extensions when S is J-regular. The Picard group of a J-regular ring is trivial,
allowing to evaluate the group U(S)/U(R) when R is J-regular. We then are able to give a complete characterization of the
Doering-Lequain context. A Section is devoted to examples. In particular, when R is a field, the strongly local and weakly
strongly inert properties are equivalent.
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1 Introduction and Notation

This paper deals with commutative unital rings and their morphisms. Any ring R is supposed
nonzero. We denote by U(R) the set of units of a ring R. We will call strongly local an extension
of rings R C S such that U(R) = U(S), also termed as an SL extension. The reason why is that a ring
extension R C S is classically called local if U(R) = U(S) N R. Naturally these notions do not coincide
and have a ring morphism version. If R — § is a ring morphism and Q is a prime ideal of S lying
over P in R, then Rp — S is usually a called a local morphism of R — S.

Our work takes its origin in the reading of two papers. One of them was written by P.M. Cohn [6]:
for any ring R, he exhibits an SL extension R C R’, such that any non unit of R’ is a zerodivisor. To
prove his main result, Cohn introduces some special rings in a lemma. We have considered rings of
the same vein. The idea is as follows: if I is an ideal of a ring R, we define the ring R/I := R[X|/XI[X]
(where X is an indeterminate over R). This notation may seem weird, but it explains that the ring R/I
is shifted. When I is a semiprime ideal, we have an SL extension R C R/I with very nice properties.
To have a better understanding, consider a field R and I = 0, we recover R C R[X]. We reprove
Cohn’s result and give a constructive proof, not using a transfinite induction. But Cohn’s ring is not
necessarily the same as ours, by lack of unicity. All these considerations are developed in Section 6.
In Section 7 we consider a ring morphism R — R{X} used by E. Houston in the context of Noetherian
rings and their dimensions. We generalize his results and give a link with the rings R/M, where M
is a maximal ideal of R.

The other one was written by Doering and Lequain [9]. This paper deals with pair of semilocal
rings sharing their group of units. A first observation is that for a semilocal ring R with Jacosbon
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radical J, the ring R/J is Von Neumann regular-absolutely flat, in which case the ring is called in
the literature J-regular. Note that units are closely linked to Jacobson radicals. In order to general-
ize Lequain-Doering’s results in a substantial way, we were lead to study J-regular rings and their
behavior with respect to ring morphisms, a subject not treated in the literature. Actually for an ex-
tension R C S, there is an exact sequence of Abelian groups 1 — U(R) — U(S) - Z(R,S) — Pic(R),
where Z(R,S) is the group of R-submodules of S that are invertible. Now if R is J-regular, its Pi-
card group is zero, so that Z(R, S) measures the defect of strongly localness of the extension. A first
crucial result is that for an SL extension R C S, then S is J-regular if and only if R is J-regular and
R C S is integral seminormal. If these conditions hold, then J(R) = J(S). This material is developed
in Section 5. The paper culminates in Section 8 with a substantial result in the Doering-Lequain
style: an extension R C S, where S is a semilocal ring, is SL if and only if R C S is a seminormal
integral FIP extension, whose residual extensions are isomorphisms and such that R/M = Z/27Z for
each M € MSupp(S/R). Now Section 2 examines the behavior of local and SL extensions and many
examples are provided. In Section 3 we give a list of extensions that are local. Section 4 explores the
properties of SL extensions. We give in Section 9 a series of examples of SL extensions, for example
strongly inert extensions. These examples show that it seems impossible to find a general criterion
for the SL property, except in the semilocal case.

As an example, we build at the end of the paper a strongly local ring morphism f : IF,[X]/(X?~1) —
F[X])/(X* - X).

If RC S is a (ring) extension, we denote by [R, S] the set of all R-subalgebras of S.

We will mainly consider ring morphisms that are ring extensions. A property (P) of ring mor-
phisms f : R — S is called universal if for any base change R — R’, the ring morphism R’ - R'®g S
verifies (P). As usual, Spec(R) and Max(R) are the set of prime and maximal ideals of a ring R. We
denote by xg(P) the residual field Rp/PRp at a prime ideal P of R. If R C S is a ring extension and
Q € Spec(S), there exists a residual field extension kgx(Q N R) — k5(Q).

A (semi-)local ring is a ring with (finitely many maximal ideals) one maximal ideal. For an exten-
sion R C S and an ideal I of R, we write V¢(I) := {P € Spec(S) | I € P}. The support of an R-module
E is Suppg(E) := {P € Spec(R) | Ep # 0}, and MSuppy(E) := Suppy(E) N Max(R). When R C S is an
extension, we will set Supp(T/R) := Suppy(T/R) and Supp(S/T) := Suppyp(S/T) for each T € [R,S],
unless otherwise specified.

For a ring R, we denote by Z(R) the set of all zerodivisors of R, by Nil(R) the set of nilpotent
elements of R and by J(R) its Jacobson radical. The Picard group of a ring R is denoted by Pic(R).

Now (R : S) is the conductor of R C S. The integral closure of Rin S is denoted by R (or by R if no
confusion can occur).

A ring extension R C S is called an i-extension if the natural map Spec(S) — Spec(R) is injective.

An extension R C S is said to have FIP (for the “finitely many intermediate algebras property")
or is an FIP extension if [R,S] is finite. We also say that the extension R C S has FCP (or is an FCP
extension) if each chain in [R, S] is finite, or equivalently, its lattice is Artinian and Noetherian. An
FCP extension is finitely generated, and (module) finite if integral.

In the case of an FCP extension R C S where S is semilocal, we will show in Theorem that
there is a greatest T € [R,S] such that RC T is SL, that is RC T is a unique MSL-subextension.
Finally, |X| is the cardinality of a set X, C denotes proper inclusion and for a positive integer n,

we set N, :={1,...,n}. If R and S are two isomorphic rings, we will write R = S. If M and N are
R-modules, we write M = N if M and N are isomorphic as R-modules.
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2 First properties of (strongly) local extensions

Generalizing the definition of a local ring morphism between local rings, a ring morphism f =R — S
is called local if f='(U(S)) = U(R). We recover the case of a local extension of local rings f : (R, M) —
(S,N) where f~1(N) = M. We will mainly be concerned by ring extensions R C S, and in this case the
extension is local (reflects units) if U(R) = U(S)NR.

We call a ring extension R C S strongly local (SL) if U(R) = U(S). A strongly local extension is
obviously local and a ring morphism f : R — S is called strongly local (SL) if f(U(R))=U(S).

Note that if f is a surjective local morphism then f is SL. Indeed we always have f(U(R)) C U(S).
Assume that f is surjective and local, and let y € U(S). There exists some a € R such that y = f(a) €
U(S). It follows that a € f~1(U(S)) = U(R), so that v € f(U(R)), giving U(S) € f(U(R)), and then
f(U(R)) =U(S), that is f is SL.

A first example of local extension is given by an R-module M and its Nagata extension f : R —
R@® M, where f(x) =(x,0). A unit (a,m) of R& M is such that a is a unit of R and (a,m) has an inverse
of the form (a’,n), where a’ = a~! and n = —a’?m. But this extension is not SL.

The extension Z C Z[2i] is SL.

If Ris a ring then the extension R[X?] C R[X] is local but not SL in general. For example, if a € R is
nilpotent, then 1 +aX € U(R[X]) but 1 +aX & U(R[X?]).

Proposition 2.1. An extension R C S such that R and S have the same prime ideals is local and is trivial if
it is SL.

Proof. We know that R and S are local rings with the same maximal ideal [4, Proposition 3.3]. Let M
be this common maximal ideal. As usual, we have U(R) CU(S)NR. Let x € U(S)NR. Then, x ¢ P, for
any P € Spec(S) = Spec(R). Since x € R, it follows that x € U(R), so that U(R) = U(S)NRand RC S is
local. If RC S is SL, that is U(R) = U(S), we have R=M UU(R) = MU U(S) =S. O

See [4] for examples and also PVD and D + M construction.
Proposition 2.2. Let f : R — S and g: S — T be two ring morphisms.

1. If f and g are (strongly) local, so is go f.

2. Ifgo fislocal, sois f. In case f is surjective, then g is local.

3. Ifgof is SL, so is g. In case g is injective, then f is SL.

Proof. (1) Assume that f and g are local. Then, f~}(U(S)) = U(R) and ¢g~'(U(T)) = U(S), so that
(0f) (U(T )= Fg L (U(T)] = £1(U(S)) = U(R), o that g o f is local.

Assume that f and g are SL. Then, f(U(R)) = U(S) and g(U(S)) = U(T), so that (go f)(U(R)) =
glf (U(R))] = g(U(S)) = U(T), giving that g o f is SL.

(2) Assume that gof is local. Then, (gof)~1(U(T)) = U( ) so that f~1[g~1(U(T))]

R) C f~1(U(S)). Let x € f~1(U(S)). It follows that f(x) € U(S), whence ( gof (x)=
UIT). Toend, ¢ g o f)-H(U(T) = U(R) and £ (U(S)< UR), giving £ (U(5)) =

Assume that, moreover, f is surjective. Obviously, U(S) € ¢~'(U(T)). Let y
2(y) € U(T) (+). But, y € S and f surjective imply that there exists x € R such th
we get (g of)(x) = g[f(x)] g(y) € U(T), from which it follows that x € (go f)~ ( ( )
y=f(x)ef(U U(S). To end, U(S) = g7 }(U(T)) and g is local.

(3) Assume that go f is SL. Then, (g o f)(U(R)) = U(T). Obviously, g[U(S)] € U(T). Let y € U(T
There exists x € U(R) such that y = (go f)(x) = g[f(x)] € g[f(U(R))] € g[U(S)], Wthh gives U(T)
g[U(S)] and g[U(S)] = U(T). Then, g is SL.

Assume that, moreover, g is injective. Obviously, f [ u(s

R)]CcU
(g0 f)(U(R)), so that there exists x € U(R) such that g(z) = (go f)(x)
follows that z = f(x) € f[U(R)] and U(S) C f[U(R)]. To end u(s) =

)-
C

(S). Let ze U(S). Then, g(z) e U(T) =
X g[f )]. Since g is injective, it
f(U(R)) and f is SL.
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Remark 2.3. Let f : R — S be a ring morphism. Since the ring morphism R/ker(f) — S associated to f
is injective and the canonical ring morphism R — R/ker(f) is surjective, we may consider the extension
R/ker(f) C S. Then, Proposition [2.2] shows that f is (strongly) local if and only if R — R/ker(f) and
R/ker(f) — S are (strongly) local.

Corollary 2.4. Let RC S C T be a tower of extensions.
1. RCTisSLifand only if RC S and S C T are SL.
2. IfRCSand S CT arelocal, then RC T is local.
3. If RC T islocal, then RC S is local.
Proof. Obvious by Proposition O]

Proposition 2.5. If {R; C S;}ics is a family of extensions, then I1;c;R; CI1;¢1S; is a (strongly) local exten-
sion if and only if all the elements of the family are (strongly) local.

Proposition 2.6. Consider a pullback square in the category of commutative rings:

R — S
l |
R - S

whose horizontal maps are extensions. Then if R” C S’ is (strongly) local, so is RC S.

Proof. Assume first that R’ C S’ is local, so that U(R’) = U(S’)NR’. As U(R) CU(S)NR, it is enough to
show that U(S)NRC U(R). Let f : S —» S"and a € U(S)NR. Then, b := f(a) e U(S’)NR' =U(R') is a
unit in R’. Let ¢: R — R’ and consider x = (a,b) = (a, f (a)) € R with b = g(x) = f(a). Set a’:=a~! € U(S)
and b’ := f(a’). It follows that b’ € U(S’) satisfies bb’ = 1 in S” and is the (unique) inverse of b, so
that b’ € R’. Set x" := (a’,b’), with b’ = g(x”) = f(a’). Then, xx" = (aa’,bb’) = 1, so that x € U(R). It
follows that for any a € U(S) N R, there exists a unique x = (4, f(a)) € U(R), from which we can infer
that U(S)NR C U(R) and R C S is local.

Assume now that R’ C S’ is SL, so that U(R’) = U(S’). The proof is similar, taking a € U(S) instead
of a € U(S)N R and taking in account that U(S’) = U(R’). Then RC S is SL. O

Corollary 2.7. Let RC S be an extension sharing an ideal I such that R/I C S/I is (strongly) local. Then
R C S is (strongly) local.

Proof. Obvious by Proposition 2.6} O]

Proposition 2.8. Let (R C S;};c; be an upward directed family of (strongly) local extensions. Then so is
RCU[S;|iel].

Proof. Set F :={S;}jc; and T := U[S; | i € I]. Let x € U(T). Since F is an upward directed family of
extensions of R, there exists y € U(T) such that xy = 1 () and there exists some i € [ such that x,y € S},
with xy =1 in §; by (*). This shows that x € U(S;) (*+).

If R C S; is local for each S;, let x € U(T) N R. Then, (++) shows that x € U(S;) "R = U(R) giving
U(T)NR=U(R)and RC T is local.

If RCS; is SL for each §;, let x € U(T). Then, (*+) shows that x € U(S;) = U(R) giving U(T) = U(R)
and RC T is SL. O]

Proposition 2.9. Let R C S be a ring extension such that Ry; C Sy; is (strongly) local for any M €
MSupp(S/R), then sois RC S.
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Proof. Assume first that Ry; C Sy is local for any M € MSupp(S/R). Since we always have U(R) C
U(S) N R, it is enough to prove that any x € U(S)N R is in U(R). So, let x € U(S) N R. There exists
y € U(S) such that xy =1 () in S, so that (x/1)(y/1) =1 (#¢) in Sy for any M € MSupp(S/R). Then,
x/1 € U(Spr) N Ry = U(Ryy) for any M € MSupp(S/R). It follows that for any M € MSupp(S/R), there
exists some y)r/sy; € U(Ryy) such that (x/1)(yp/sp) =1 in Ry € Spy. This implies that by (x+) we
get ypr/sy = y/1 in Syp by the uniqueness of the inverse, so that y/1 € Ry, for any M € MSupp(S/R).
Moreover, let M € MSupp(S/R). Then, Ry; = Sy, so that y/1 € Ry for any M € Max(R) and (*) shows
that x € U(R).

Assume that Ry, C Sy, is SL for any M € MSupp(S/R). Since we always have U(R) C U(S), it is
enough to prove that any x € U(S) is in U(R). So, let x € U(S). There exists y € U(S) such that
xy =1 (+) in S which entails that (x/1)(y/1) = 1 (++) in Sy, for any M € MSupp(S/R). For the rest of the
proof, it is enough to copy the same part of the proof of the local case. O]

Proposition 2.10. Let R C S be a ring extension and X a saturated multiplicative closed subset of R which
is also a saturated multiplicative closed subset of S. If Ry C Sy is (strongly) local, then so is RC S.

Proof. Assume first that Ry C Sy is local. Since we always have U(R) C U(S)NR, it is enough to prove
that any x € U(S) N R is in U(R). So, let x € U(S) N R. There exists y € U(S) such that xy =1 (%) in
S which implies that (x/1)(y/1) = 1 (#+) in Sy, which is equivalent to u = uxy for some u € . In
particular, y € ¥ C R because ¥ is closed in S. Using (*), we get that x € U(R) and R C S is local.
Assume now that Ry C Sy is SL. Since we always have U(R) C U(S), it is enough to prove that
any x € U(S) is in U(R). So, let x € U(S). There exists y € U(S) such that xy = 1 () in S, whence
(x/1)(y/1) =1 (++) in Sy. For the rest of the proof, it is enough to copy the same part of the proof of
the local case. O

We consider the Nagata idealization R(+)M of an R-module M.

Proposition 2.11. (1) Let M be an R-module and N an R-submodule of M. Then, R C R(+)M and
R(+)N C R(+)M are local extensions. But R C R(+)M is SL if and only if M = 0 and R(+)N C R(+)M is
SL if and only if M = N.

(2) If RC S is a ring extension and M an S-module, then M is also an R-module and R C S is SL if and
only if R(+)M C S(+)M is SL.

Proof. (1) Let (x,m) € R(+)M. Then, (x,m) € U(R(+)M) if and only if x € U(R). Under this condition,
we have (x,m)™! = (x™1,—x~2m). It follows that U(R(+)M) N R = U(R), so that R C R(+)M is local but
RC R(+)M is SL if and only if M = 0.

If N a submodule of M we get that U(R(+)M) N (R(+)N) = U(R(+)N), whence R(+)N C R(+)M is
local but R(+)N C R(+)M is SL if and only if M = N.

(2) If M an S-module, then obviously, M is also an R-module. Let (x,m) € S(+)M. By the proof of
(1), (x,m) € U(S(+)M) if and only if x € U(S). A similar equivalence holds for U(R(+)M) and U(R).
Then the equivalence of (2) is obvious. O

We recall in the next section some results of local extensions we get in [36] and add some new
results. We will look more precisely at SL extensions in the other sections.

3 Properties of local extensions

An extension R C S is called survival if for each ideal I of R such that I # R, then IS # S (equivalently
PS # S for each P € Spec(R)).

Proposition 3.1. Lying-over or survival extensions are local.
In case the ideals of a ring R are linearly ordered, an extension R C S is survival if and only if it is local.

211



212 Moroccan Journal of Algebra and Geometry with Applications/ G. Picavet and M. Picavet-L'Hermitte

Proof. [36), Definition before Proposition 8.8] gives the result for a survival extension.

Assume that R C S has lying-over. Since we always have U(R) C U(S)NR, it is enough to prove that
any x € U(S) N R is in U(R). So, let x € U(S) N R be such that x ¢ U(R). There exists some P € Spec(R)
such that x € P and there exists some Q € Spec(S) lying over P. Then x € P C PS C Q, a contradiction
with x € U(S).

Assume that the ideals of a ring R are linearly ordered and that the extension R C S is local. Let
I be an ideal of R such that [ # R and IS = S. There exists some xy,...,x, € I and sq,...,s, € S such
that ) ' | s;x; =1 (+). But the Rx; are linearly ordered. Let x; be such that Rx; C Rxy for each i € N,,.
Then (+) implies sx; = 1 for some s € S, so that x; € U(S) N R = U(R), a contradiction. Then, RC S is
survival. O

Proposition 3.2. [36] Proposition 8.8] An extension R C S is survival if and only if R(X) C S(X) is local.

Recall that an extension R C S is called Priifer if RC T is a flat epimorphism for each T € [R, S] (or
equivalently, if R C S is a normal pair) [18] Theorem 5.2, page 47].

In [31]], we defined an extension R C S to be quasi-Priifer if it can be factored R C R’ C S, where
R C R’isintegral and R’ C S is Prifer. An FCP extension is quasi-Prifer [31, Corollary 3.4].

Definition 3.3. A ring extension R C S has a greatest flat epimorphic subextension R g\ﬁ that we call the
Morita hull of Rin S [22, Corollary 3.4]. We say that the extension is Morita-closed if R = R.

In fact, R coincide with the weakly surjective hull M(R,S) of [18], since weakly surjective mor-
phisms f : R — S are characterized by R/ker f — S is a flat epimorphism [23] Proposition p.3]. Our
terminology is justified by the fact that the Morita construction is earlier. The Morita hull can be
computed by using a (transfinite) induction [22] as follows. Let S’ be the set of all s € S, such that
there is some ideal I of R, such that IS = S and Is C R, or equivalently, S’ ={s€ S |S = (R :g 5)S}. Then
R C S’ is a subextension of RC S. We set Sy := S’ and S;.1 :=(S;)’ C S;, which defines the transfinite
induction.

We introduce the condition (%) on a ring extension R C S: an element s € S belongs to R if (and only
if) S = (R :g 5)S. The condition (*) is clearly equivalent to the Morita-closedness of the extension.

An integral extension is Morita-closed because an injective flat epimorphism is trivial as soon as it
has LO [19, Lemme 1.2, p.109].

An extension R C S is Morita-closed if R is zero-dimensional because a prime ideal of R can be
lifted up to S, since such a prime ideal is minimal and then it is enough to again apply [19, Lemme
1.2, p.109].

Proposition 3.4. A Morita-closed extension R C S is local. Therefore the Morita hull R of an extension
R C S is such that RC S is local.

Proof. Use the multiplicatively closed subset X5 := {r € R| r € U(S)} and the factorization R C Ry C
S. O

The condition (*) defined after Definition is stronger than the local property. A flat epimor-
phic extension does not verify the condition (x) because of [39 Exercise 8, p.242]. Actually, a flat
epimorphic extension does not need to be local: it is enough to consider a localization R — Rp, where
P is a prime ideal of an integral domain R.

We use the results of Olivier about pure extensions [24]. Recall that an injective ring morphism
f :R— S iscalled pure if R” — R’ ®g S is injective for each ring morphism R — R’, whence purity is
an universal property. A faithfully flat morphism is pure.

A pure ring morphism is a strict monomorphism of the category of commutative rings [24, Corol-
laire 5.2, page 21]. This last condition can be characterized in the category of commutative unital
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rings as follows. If f : R — S is a ring morphism, the dominion of f is D(f) :={se€ S |s®1 =
1®sin S®g S}.

A ring extension R C S is a strict monomorphism if and only if its dominion is R. Now a ring
morphism is an epimorphism if and only if its dominion is S [19, Lemme 1.0, page 108]. It follows
that a ring extension is strict and an epimorphism if and only if it is trivial.

Denote by D the dominion of an extension R C S then D C S is strict, because S®p S = S ®p S.

We will consider minimal (ring) extensions, a concept that was introduced by Ferrand-Olivier [10].
Recall that an extension R C S is called minimal if [R,S] = {R,S}. A minimal extension is either a flat
epimorphism or a strict monomorphism, in which case it is finite. A minimal integral extension is
strict [[10, Théoreme 2.2(ii)].

Lemma 3.5. A strict monomorphism f : R — S is local (e.g. either pure or minimal integral).

Proof. If a € R is a unit in S, there is a factorization R — R, — S. From the natural map R, ®; R, —
S®g S and D(R — R;) = R,, because R — R, is an epimorphism, we get that R, C D(f) =R. O

We define the class 7P of rings R such that Pic(R) = 0. It contains semi-local rings and Nagata
rings.

Proposition 3.6. A Priifer local extension R C S over a T P ring is trivial.

Proof. Assume that R # S. Since R C S is Priifer, it is a flat epimorphism, so that there exists M €
Max(R) such that MS =S and 1 = )_!" | m;s;, for some positive integer n, m; € M and s; € S for each
i€N,. SetI:=) ", Rm;. ThenIS =S, so that I is an S-regular R-submodule of S finitely generated.
According to [[18] Theorem 1.13, p.91], I is S-invertible, and then a projective R-module of rank 1 by
[18, Lemma 4.1, p.109]. It follows that I is a free R-module which implies that I is a principal ideal
of R.

Set I := Rx, with x e R. But IS = S gives xS = S, and x isa unitin S. But x € R implies x € U(S)NR =
U(R), a contradiction with x € I C M. Then, R=S. O

This Proposition generalizes [36, Proposition 8.9] which holds for an extension over an arithmeti-
cal ring.

4 Generalities about SL extensions

We first give examples of SL extensions.

Example 4.1. (1a) If R C S is an extension we can consider L(S) := R[U(S)]. Then L(S) C S is SL and L(S)
is the smallest element T of [R,S] such that T C S is SL. Actually L(S) is the intersection of all T € [R,S]
such that T C S is SL.

(1b) There exist also subextensions R C U of R, S], maximal with respect to the property SL. We will call
them MSL-subextensions. The proof uses Zorn’s Lemma.

If RC S is a chained extension, then U := U[V € [R,S]| U(R) = U(V)] is the MSL-subextension.

In Theorem [8.10} we prove that when R C S is an FCP extension and S is semilocal, there exists a unique
MSL-subextension.

(2) Let R C S be an extension where S is a Boolean ring, then the extension is SL. This is obvious because
the only unit of S and R is 1 since R is also a Boolean ring.

(3) Let R be a reduced ring. Then R C R[X] is SL because an invertible polynomial of R[X] is of the form
a+ X f(X) where a is invertible in R and the coefficients of f(X) are nilpotent, so that f(X) = 0.

On the other hand, R C R[[X]] is never SL because any power series with a unit of R as first coefficient is
a unit in R[[X]].
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(4) Let ¥ be a multiplicative closed subset of a ring R such that R C Ry is SL. Then ¥ = U(R) and R = Ry.
Of course, U(R) C X. Assume U(R) = X and let x € ¥\ U(R). Then, x € U(Ry) = U(R), a contradiction, so
that ¥ = U(R) and R = Ry.

(5) The ring morphism j : R — R/J(R) is SL. Indeed if X is the class of an element x € R that is a unit in
R/J(R), there is some y € R, such that xy —1 € J(R). Then 1 — (1 —xy) is a unit in R; so that x € U(R).

(6) Let R C S be an extension such that 1 = —1 and U(S) is a simple group. Since U(R) is a subgroup of
U(S), the only possibilities are either U(R) = {1} (%) or U(R) = U(S) (#+). But 1 = -1 and —1 € U(R) show
that only case (++) can occur. Then R C S is SL.

(7) Let R C S be an extension where 1 # —1 and U(S) has a finite prime order. Then U(S) is a simple
group and R C S is SL by (6).

We will see that in the FCP case, the situation 1 # —1 often occurs through the ring Z/27Z.

(8) An SL extension R C S is trivial if (S, M) is a local ring. Indeed since S = U(S)UM = U(R)UM and
any x € M is such that 1 + x € U(S) = U(R) C R, we get that M C R, giving R =S.

Proposition 4.2. The following holds for an extension R C S where R is reduced:
1. If s €S is not algebraic over R, then R C R[s] is SL.
2. In case S is also reduced and V € [R,S] is a MSL-subextension, then V C S is algebraic.

Proof. (1) Let s € S which is not algebraic over R and consider the morphism ¢ : R[X] — R[s] defined
by ¢(X) =s. Then ¢ is a surjective morphism which is also injective since s is not algebraic over R.
Then R[X] = R[s] so that R C R[s] is SL by Example [4.1}3).

(2) Assume, moreover, that S is also reduced. By Examplel), there exists an MSL-subextension
V €[R,S]. Then, V is also reduced. Assume that S # V and let s € S\ V. If s is not algebraic over V,
then V C V[s]is SL by (1) and so is R C V[s] because U(R) = U(V) = U(V[s]), a contradiction with the
maximality of V. Then, any s € S\ V is algebraic over V and then V C S is algebraic. O

Corollary 4.3. Let R C S be an extension where S is reduced. There exists U € [R,S] such that R C U is
SL and U C S is quasi-Priifer.

Proof. By Example[4.1|1), there exists an MSL-subextension U € [R,S]. Moreover, U C S is algebraic
as U C V for any V € [U, S§] by Proposition This shows that U C S is a residually algebraic pair,
and then is quasi-Prufer by [31, Theorem 2.3]. O

Proposition 4.4. Let R C S be a ring extension. The following conditions are equivalent:
1. RCSisSL.
2. R[X]C S[X]is SL.
3. R+ XS[X]CS[X]is SL.

If these conditions hold, then Nil(R) = Nil(S).

Proof. We begin to remark that 1 —x is a unit if x is nilpotent for any x € R (resp. x € S). Then,
U(R) = U(S) = Nil(R) = Nil(S).

(1) © (2) We know that U(R[X]) = U(R)+ XNil(R)[X] (*) and U(S[X]) = U(S)+XNil(S)[X] (#*). Then,
we get the equivalence applying the previous remark to R C S and R[X] C S[X] and using () and (**).

(2) = (3) since R[X] C S[X] SL implies by Corollary that R+ XS[X] € S[X] is SL because
R+ XS[X] € [R[X],S[X]].

(3) = (1) Let a € U(S) C U(S[X]) = U(R + XS[X]), which gives a € SNU(R+ XS[X]) € R+ XS[X].
This shows that a € R. The same property holds for b:=a~! € S, so that a€ UR)and RC Sis SL. [
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Corollary 4.5. Let R C S be a ring extension such that S is reduced. Then R C R+ XS[X] is SL.

Proof. Let a € UR + XS[X]) c U(S[X])N(R+ XS[X]), so that a = ¢+ X f(X), where c € R and f(X) €
S[X]. But, as a is an element of U(S[X]), we have f(X) € Nil(S)[X] = 0 because S is reduced. Then,
a=ceRNU(S[X]) S RNU(S). The same property holds for b:=a~! € UR + XS[X]), so that a € U(R)
and RC R+ XS[X]is SL. O

Proposition 4.6. Let R C S be a ring extension. If R(X) C S(X) (resp. R[[X]] € S[[X]]) is SL, then R=S.

Proof. Assume that R(X) C S(X) is SL and let s € S. Then, P(X) := s+ X € S[X] is such that P(X)/1 €
U(S(X)) = U(R(X)). This implies that there exist f(X), g(X) € R[X] with content equal to R such that
P(X)/1 = f(X)/g(X). Set f(X " a;X and g(X):= Y ", b; X, a;,b; € Rsuch that g(X)P(X) = f(X).
It follows that sbo =ag,b, = an+1 and sb; + b;_1 = a; for any i € IN,, (). Since c(g) = R, there exist
Aos...» Ay € Rsuch that ) ' ) A;b; = 1. Multiplying each equality of rank i of (+) by A; and adding each
of these equalities for each i € {0,..., 1}, we get s(}_i_( A;jb;) =s = Apag+ Y-, Ai(a; —b;j_1) € R, so that
S=R.

Assume now that R[[X]] C S[[X]] is SL. We know that U(R[[X]]) = )+ XR[[X]] and U(S[[X]])
U(S)+XS[[X]]. It follows that U(R)+XR[[X]] = U(S)+XS[[X]]. Let s € s. Then 1+sX € U(S)+X S[[X]]
U(R) + XR[[X]], so that se Rand R = S.

LI

Definition 4.7. Let R be a ring.
1. A polynomial p(X) € R[X] is called comonic if p(0) € U(R).

2. A ring extension R C S is called co-integrally closed if any x € S which is a zero of a comonic polyno-
mial of R[X] is in R.

Proposition 4.8. Let R C S be a ring extension. The following statements hold:
1. IfRC Sis SL, then R C S is co-integrally closed.
2. Let RC S be an integral ring extension. Then R C S is SL if and only if R C S is co-integrally closed.

Proof. (1) Assume that RC S is SL and let x € S be a zero of a comonic polynomial p(X):=) 1, a; X' e
R[X]. Then, p(0) = a9 € U(R) and Y /' a;x' = 0, so that x(Y. ", a;x""!) = —ag € U(R) = U(S) shows that
x € U(S) =U(R) CR. Then, R C S is co-integrally closed.

(2) One part of the proof is gotten in (1). So, assume that R C S is co-integrally closed. Obviously,
U(R) CU(S). Let x € U(S). Since R C S is an integral ring extension, there exists a monic polynomial
p(X):=Y"  a;X" € R[X] with a, = 1, such that p(x) = 0, giving x" + } /7, Laixt =0 (»). Since x € U(S),
multiplying (+) by x™", we get 1 + Zl o @XM =1+ ZI é (i =0 wh1ch shows that x~1is a zero
of the comonic polynomlal q(X):=1+ Zf (}a X" = 1 An— Xi+1le R[X] Then, x~! € R. To sum
up, we have shown that any x € U(S) is such that x™! € R Setting v := x~!, which is also in U(S), the
previous proof gives that y~! = x is in R. Moreover, since it also shows that x and x~! are in R, this
implies that x € U(R). To conclude, U(R) = U(S) and RC S is SL. O

5 J-regular rings

In this section, we look at properties of J-regular rings, which will play an important role in the
following study of SL extension. An absolutely flat ring is in this paper called a (Von Neumann)
regular ring. Actually, many results need only rings R with a Jacobson radical J such that R/] is
regular. They are called J-regular in the literature.

We recall some results concerning regular rings.
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(1) A ring R is regular if for any x € R, there exists y € R such that x?y = x. Under these conditions,
such an y is unique when satisfying y?x = v [25, Lemme, p.69]. Moreover, setting e := xy and u :=
1 —e+x, we get that e is an idempotent, u is a unit with 1 —e + y as inverse and x = eu.

(2) A ring is regular if and only if it is reduced and zero-dimensional.

(3) Let R be a regular ring. For any P € Spec(R), there is an isomorphism R/P = Rp.

Lemma 5.1. If f : R — S is a strict monomorphism and S is reqular, then R is regular.

Proof. See [26} diagram page 40 and Proposition 19]. O

For any ring R there is an (Olivier) ring epimorphism ¢ : R — O(R), whose spectral map is bijective,
such that O(R) is regular and such that any ring morphism R — S where S is regular can be factored
R—O(R)—S.

Note that ker(¢) = Nil(R).

This property is a consequence of the following facts: V(t~(I)) = 2t(V(I)) for any ideal I of O(R)
[13}, Proposition 1.2.2.3, p.196] and O(R) is reduced.

The existence of the ring O(R), called the universal regular (absolutely flat) ring associated to R is due
to Olivier |25}, Proposition, p.70].

Lemma 5.2. If f : R — S is an epimorphism and M € Max(R), there exists N € Max(S) such that M =
f(N) if and only if N = f(M)S.
If in addition “f is bijective, then, for any M € Max(R), we have f(M)S € Max(S) and M =*f[f(M)S].

Proof. Consider the following commutative diagram:

R L s

l \

rM L s/fM)s

where f is deduced from f. Since f is an epimorphism, so is f. Assume that M :=*f(N) for some N €
Max(S). Since f(M)S C N C S, it follows that M = “f[f(M)S], so that f is injective. Now, R/M being
a field, ]_‘ is surjective, and then an isomorphism. Hence, S/f(M)S is a field and f(M)S € Max(S),
which infers that N = f(M)S.

Conversely, assume that N = f(M)S for some N € Max(S). Then, f(M)S c S. It follows that
“f[f(M)S] € Spec(R) with M C4f[f(M)S] C R. But M € Max(R) implies that M =“f[f(M)S] =“f(N).

Now if “f bijective, for any M € Max(R), there exists N € Max(S) such that M = “f(N). Then the
first part of the Lemma gives that N := f(M)S € Max(S) and M =*f[f(M)S]. O

Proposition 5.3. Let t : R — O(R) be the Olivier ring epimorphism, T := {N € Spec(O(R)) | “t(N) €
Max(R)} and K := N[N € T|. Then, “t(T) = Max(R) and any N € T is of the form t(M)O(R) where
M € Max(R).

If R is J-regular, there is an isomorphism R/J(R) = O(R)/K.

Proof. Since “t(N) € Max(R) for any N € 7, we have “t(7) C Max(R). Now, let M € Max(R). There
exists N € Spec(O(R)) such that M = ?t(N) because “t is bijective, so that N € 7, giving M € *t(T). To
end, ?t(7) = Max(R).

Let N € T and set M :=“t(N) € Max(R). By Lemma N =t(M)O(R).

Assume, moreover, that R is J-regular. Then, R/J(R) is regular, that is zero-dimensional. Setting
K:=nN[NeT],wegett 1 (K)=t"YN[NeT])=n["t(N)|N € T]=n[M €*(T)]=N[M € Max(R)] =
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J(R). Consider the following commutative diagram:

R 5 O®

L

R/(R) - O(R)/K
where t is deduced from t. Since t is an epimorphism, so is f, which is injective because t~!(K) = J(R).
Now, R/J(R) being zero-dimensional,  is surjective, and then  : R/J(R) — O(R)/K is an isomorphism.
O

We are now looking at topological characterizations of J-regular rings and add a characterization
of J-regular rings given in [18]].

Proposition 5.4. Let R be a ring. The following conditions are equivalent:
1. Ris J-regular.
2. Max(R) is closed.
3. Max(R) is proconstructible.
4. Max(R) is compact for the flat topology.
5. [18, Proposition 6.4, page 60] For every x € R, there exists y € R such that xy € J(R) and x+y € U(R).

Proof. (1) & (4) by [41, Theorem 4.5].

(1) = (2) Equality Max(R) = V(J(R)) always holds. Then (2) & Max(R) = Max(R). But dim(R/J(R)) =
0 gives that Max(R) = V(J(R)). Moreover, (1) & dim(R/J(R)) = 0 and R/J(R) is reduced, this last con-
dition always holding since J(R) is semiprime. It follows that (1) = Max(R) = V(J(R)) = Max(R), so
that Max(R) is closed.

(2) = (1) If Max(R) is closed, then Max(R) = Max(R) = V(J(R)), so that dim(R/J(R)) = 0 which
implies that R is J-regular.

(2) = (3) because a closed subset is proconstructible.

(3) = (2) According to [13} Corollaire 7.3.2, page 339], a proconstructible subset stable by special-
ization is closed. O

Corollary 5.5. Let R C S be an integral i-extension. Then R is J-regular if and only if S is J-regular.

Proof. Since R C S is an integral i-extension, the natural map Spec(S) — Spec(R) is an homeomor-
phism. Then it is enough to use the equivalence (1)<(2) of Proposition O

Corollary 5.6. A ring R whose spectrum is Noetherian for the flat topology, is J-regular.

Proof. By [5, Propositions 8 and 9, page 123], Max(R) is Noetherian, and then compact for the flat
topology. Then, use Proposition O]

Corollary 5.7. Let f : R — S be a ring morphism such that * f(Max(S)) = Max(R). If S is J-regular, so is
R.

Proof. By Proposition if S is J-regular, Max(S) is compact for the flat topology. Since *f is con-
tinuous for the flat topology, we get that * f (Max(S)) = Max(R) is compact, so that R is J-regular. [

Proposition 5.8. A ring R is J-regular if and only if so is R(X).
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Proof. We know that Max(R(X)) = {MR(X) | M € Max(R)}, so that J(R(X)) = J(R)(X). It follows that
R(X)/J(R(X)) = R(X)/(J(R)(X))

= (R/J(R))(X). As S is regular if and only if so is S(X), for a ring S, we get that (R/J(R))(X) is regular
if and only if so is R/J(R). Then, R is J-regular if and only if so is R(X). O

According to [27), Definitions 1.1, 1.2 and 1.5, Proposition 1.6], [29] and [40], we set p,(X) :=
X? - rX € R[X], where R C S is a ring extension. R C S is called s-elementary (resp.; t-elementary, u-
elementary) if S = R[b], where p((b), bpy(b) € R (resp.; p,(b), bp,(b) € R for some r € R, p1(b), bp1(b) € R).
In the following, the letter x denotes s, t or u. R C S is called cx-elementary if R C S is a tower of
finitely many x-elementary extensions, x-integral if there exists a directed set {S;};c; C [R, S] such that
R CS; is cx-elementary and S = U;¢;S;. An integral extension R C S is called infra-integral [29]], (resp.
subintegral [40]]) if all its residual extensions are isomorphisms (resp.; and is an i-extension).

An extension R C S is called s-closed (or seminormal) (resp.; t-closed, u-closed (or anodal)) if an
element b € S is in R whenever p(b), bpy(b) € R (resp.; p,(b), bp,(b) € R for some r € R, p;(b),bp1(D) €
R) [40, Theorem 2.5]. A ring R is called seminormal by Swan if for x,y € R, such that x> = 3, there is
some z € R such that x = z> and vy = z? [40} Definition, page 210]. We say that a ring R is t-closed if
for x,y,r € R, such that x> + rxy —y? = 0, there is some z € R such that x =z —rz and y = z° — rz? [28,
Définition 1.1]. A t-closed ring is seminormal.

A seminormal ring is reduced. We proved in [28], Proposition 2.1] that a regular ring is t-closed,
whence seminormal.

Let x€ {s,t,u}. The x-closure gR of Rin S is the smallest element B € [R, S] such that B C S is x-closed
and the greatest element B’ € [R, S] such that R C B’ is x-integral. It follows that ¢R C {R. Note that
the s-closure is actually the seminormalization {R of Rin S and is the greatest subintegral extension
of Rin S. Note also that the t-closure R is the greatest infra-integral extension of R in S.

Example 5.9. (1) Let R be a ring and d a positive integer. Set Ry :={} ;c; eiaf |e€{l,-1}, a; € R, |I| < oo}
which is a subring of R such that f : Ry C R is an integral extension. We claim that f is an i-extension. Let
P,Q € Spec(R) be such that PN R; = QN Ry. Let x € Q, so that x* € QN Ry; = PN Ry C P, which implies
x € P, and then Q C P. A similar proof shows that P C Q, so that P = Q. Then * f(Max(R)) = Max(R,) and
R is J-regular if and only if Ry is J-regular by Corollary[5.5]

(2) Let R C S be a u-closed FCP integral extension. Then R C S is an i-extension by [35, Proposition
5.2] and R is J-regular if and only if S is J-regular by Corollary (5.5

Corollary 5.10. Let R C S be a subintegral extension, such that S is J-regular. Then R is ]J-regular and
there is a ring isomorphism R/J(R) — S/J(S). In case J(R) =](S), then R=S.

Proof. R/J(R) is regular because reduced and zero-dimensional since so is S/J(S), and because the
extension is integral. This also implies that J(R) = RNJ(S), so that the map j: A:=R/J(R) — S/J(S) :=
B exists, and its residual extensions are isomorphisms. Such residual extensions are of the form
Ap — By where Q is a prime ideal of B above P. It follows that A — B is a flat epimorphism since
A — Bis an i-extension [31], Scholium A (1)]. Finally, since this extension has the lying-over property
for maximal ideals, A — B is a faithfully flat epimorphism, whence an isomorphism [19, Lemme 1.2,
page 109]. O

We recall that a ring R verifies the primitive condition if for any element p(X) of the polynomial
ring R[X], whose content ¢(p) is R there is some x € R such that f(x) € U(R) [21]. The Nagata ring
R(X) of a ring R verifies the primitive condition [21}, p.457].

Let R C S be an extension. We denote by Z(R,S) the abelian group of all R-submodules of S that
are invertible as in [38], Definition 2.1].

There is an exact sequence [38, Theorem 2.4]:

1 - U(R) - U(S) > Z(R,S) — Pic(R) — Pic(S)
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It follows that there is an injective map U(S)/U(R) — Z(R, S).
Proposition 5.11. Let R C S be an extension. Then R C S is an SL extension if and only if Z(R,S) = {R}.
Proof. Use the injective map U(S)/U(R) — Z(R,S). O

Proposition 5.12. The Picard group of a ring R is 0 if either R is J-regular or R verifies the primitive
condition. Moreover, over such ring, a finitely generated projective module of finite (local) constant rank is

free.

Proof. It is enough to combine [21}, Propositions p. 455 and p. 456] and [21], Theorem and Corollary
p. 457]. O

Corollary 5.13. [38, Remark 2.5] Let R C S be an extension, where Pic(R) = 0 (for example, if either R is
a Nagata ring or R is J-regular), then U(S)/U(R) is isomorphic to Z(R,S).

Proposition 5.14. Let R C S be an extension and M an R-submodule of S. Then M belongs to Z(R,S) if
and only if M is an R-module of finite type, MS = S and M is projective of rank one. When R is either a
Nagata ring or R is J-regular, the last condition can be replaced with M is free of dimension one and then
the elements of Z(R,S) are of the form Ru where u is a unit of S.

Proof. This a consequence of [38, Lemma 2.2 and Lemma 2.3]. O

Remark 5.15. We now consider an SL extension R C S.

(1) Since x € R belongs to J(R) if and only if 1 —ax is a unit for any a € R, let x € J(S). In particular,
1-x € U(S) = U(R), which implies x € R. It follows easily that J(S) CJ(R). Therefore J(S) is an ideal shared
by R and S. We infer from this fact that if P is a prime ideal of R, that does not contains J(S), we have
Rp = Sp.

(2) If 2 € U(S), we claim that R and S have the same idempotents: Let e be an idempotent of S. Then,
(1-2e)> =1—4e+4e* =1, so that 1 — 2e € U(S) = U(R), which implies 2e € R. Since 2 € U(S) = U(R), we
get that e € R.

(3) If the class of an element s € S is a unit of S/J(S), there is some t € S, such that st—1 € J(S). It follows
that s cannot belong to any maximal ideal of S and is therefore a unit of S and then of R. We deduce from
these facts that U(R/J(S)) = U(S/J(S)) and R/J(S) € S/J(S) is SL.

Proposition 5.16. A ring extension R C S is SL if and only if Nil(R) = Nil(S) and R/Nil(R) € S/Nil(S) is
SL.

Proof. Assume that R C S is SL. Then Nil(R) = Nil(S) by Proposition Set R’ := R/Nil(R) and
S’ := §/Nil(S). We claim that R’ C S’ is SL. Let x € U(S’), where ¥ is the class of x € S. There exists
v € S such that Xy = 1 () in S, so that 1 —xy € Nil(S) = Nil(R) C J(S). Then 1 —xyp € J(S) implies
x,v € U(S) =U(R) CR. As 1 —xy € Nil(R) with x,p € R, we deduce from (+) that X,y € U(R’), giving
that U(S’) = U(R’) and R/Nil(R) € S/Nil(S) is SL.

Conversely, assume that Nil(R) = Nil(S) and R/Nil(R) € S/Nil(S) is SL. By Corollary[2.7, RC S is
SL. O

Theorem 5.17. Let R C S be an SL extension. Then § is J-regular if and only if R is J-regular and
R C S is integral seminormal. If these conditions hold, then J(R) =J(S).

Proof. (1) According to Remark 3), R/J(S) € S/J(S) is SL. Assume that S is J-regular. We want
to show that R is J-regular with R C S integral seminormal. Since S/J(S) is regular, it is enough to
suppose that the extension R C S is SL with S regular and to show that R is regular.
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Let r bein R. As an element of S, there is some ’ € S such that 727 = r; so that e = r#’ is idempotent
and 1 -e+reU(S)=U(R) C R, with (1—e+7)"! =1—e+7’ (see (1) at the beginning of Section 5). We
have clearly e € R and, since 1 —e+ 1" € U(S) = U(R) C R, then 1’ € R. To conclude, R is regular.

Let x € S. Then, x = ue, u € U(S) = U(R) and e an idempotent of S, that is e> —e = 0, so that e is
integral over R, and so is x. Then, R C S is integral. According to the absolute flatness of R and S, we
deduce that these rings are seminormal. It follows that R C S is seminormal by [40, Corollary 3.4].

Coming back to the first case, it follows that if S is J-regular, so is R. Since R/J(S) € S/J(S) is
integral seminormal, sois RC S.

(2) We intend to show that J(R) = J(S). Returning to the Jacobson ideals, we see that J(S) is an
intersection of maximal ideals of R because R/J(S) is regular and it follows that J(R) CJ(S), the lacking
inclusion. By the way, we have shown that a maximal ideal of S contracts to a maximal ideal of R.
Actually the natural map Max(S) — Max(R) is surjective because a minimal prime ideal can be lifted
up in the extension R/J(R) C S/J(S).

(3) Conversely, assume that R is J-regular and R C S is integral seminormal. By Remark [5.15(1),
we know that J(S) CJ(R) and J(S) is an ideal of R, an intersection of the maximal ideals of S. Then,
J(S) =J(S)N R is also an intersection of maximal ideals of R since R C S is integral. Hence, J(R) CJ(S)
giving J(R) = J(S). Setting R’ := R/J(R) and S’ := S/J(S), we get that R’ C S’ is integral seminormal
and SL by Remark [5.15(3). Since R’ is regular, it is reduced and we have dim(R’) = 0 = dim(S’)
because R’ C S’ is integral. We claim that S’ is reduced. Assume there exists some x € S/, x = 0
which is nilpotent, and let n be the least integer > 1 such that x" = 0 with y := x"~! = 0. We get that
p? = x"("=2) = 0 = y3 € R’ (+). Since R’ C S’ is seminormal, it follows that y € R’. But (*) implies that
v = 0 since R’ is reduced, a contradiction. We have that S’ is reduced, and then regular, so that S is
J-regular. O

Lequain and Doering have considered in [9]] SL extensions R C S such that S is semilocal. Then
Theorem implies one of their results, because S is J-regular by the Chinese remainder theorem.
We will improve [9, Theorem 1] by using our methods.

Proposition 5.18. An SL extension R C S, such that S is regular, is u-integral, infra-integral, seminormal,
quadratic and R is regular.

Proof. Since S is regular, any x € S can be written x = eu, where e is an idempotent and u € U(S).
Set T := ER. Then, T C S is u-closed. Since e2—e=¢e>-¢e2=0€ T, we get that e € T. Moreover,
U(R) CU(T) € U(S) = U(R) gives U(T) =U(S), so that u € T, and then x € T, whence T =S and RC S
is u-integral. Since S =¥RC (R C S, we get S = (R and R C S is infra-integral. Since S is regular, so
is $/J(S) and R C S is seminormal by Theorem [5.17}

Let x € S and y € S be such that x?>y = x, since S is regular. Keeping the previous notation and
properties of the beginning of the Section, e := xy is the idempotent such that x = eu, with u € U(S) =
U(R). It follows that e = xu™!, so that x?u~! = xe = x>y = x (*). Then, x* = xu gives that any x € S is
quadratic and R C S is a quadratic extension. Now, if x € R, (x) is still valid with u € U(R) as we have
just seen. Then, x2u~! = x shows that R is regular. O

Corollary 5.19. Let R C S be an SL extension such that S is J-reqular. Then R C S is u-integral, infra-
integral and quadratic.

Proof. Since R C S is SL, so is R/J(S) € S/J(S) by Remark (3). Then, we may apply the results of
Proposition to the extension R/J(R) C S/J(S) because J(R) = J(S) by Theorem [5.17} which gives
that R/J(R) € S/J(S) is u-integral, infra-integral and quadratic. It follows that R C S also verifies these
properties. O

Recall that a ring extension R C S is called a Ay-extension if T € [R, S] for each R-submodule T of
S containing R [16].
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Corollary 5.20. Let R C S be an SL extension such that S is regular. The following properties hold:

1. For any Q € Spec(S) and P := QN R, we have Rp = So- If, moreover, R C S is an i-extension, then
R=S.

2. If RC S is u-closed, then R = S.
3. If RC S is simple, then R C S is a Ay-extension.
4. If2€U(S), then R=S.

Proof. (1) By Proposition R C S is infra-integral and R is regular. It follows that for any Q €
Spec(S) and P := QN R, we have an isomorphism R/P = S/Q. But, R and S being regular, they are
zero-dimensional, so that R/P = Rp and S/Q = S, giving Rp = S(,.

Assume, moreover, that R C S is an i-extension, then R C S is a flat epimorphism [31} Scholium A
(1)] or [19}, Ch. IV]. Then, R = S by [31} Scholium A (2)].

(2) According to Proposition R C S is u-integral. Assume, moreover, that R C S is u-closed,
then R=¢R=S.

(3) According to Proposition R C S is quadratic. Assume, moreover, that R C S is a simple
extension. Set S := R[y], where p is a quadratic element over R. Then, S = R+ Ry and it follows from
[11}, Proposition 4.12] that R C S is a Ay-extension.

(4) Since S is regular, according to [3, Theorem 2.10], any x € S can be written x = u + v, where
u,v € U(S) = U(R) which implies x e Rand R = S. O

Proposition 5.21. Let M be an R-module. The following conditions hold:

2. R(+)M is J-regular if and only if R is J-regular.

Proof. (1) comes from [2, Theorem 3.2] because any maximal ideal of R(+)M is of the form P(+)M
where P € Max(R).

(2) R(+)M is J-regular if and only if (R(+)M)/(J(R)(+)M) is regular. But (R(+)M)/(J(R)(+)M)
(R/T(R))(+)(M/M) = R/J(R). By [2, Theorem 3.1], we get the result.

1

A ring R is called a Max-ring if any nonzero R-module has a maximal submodule. An ideal I of R
is T-nilpotent if for each sequence {r;};°, C I, there is some positive integer k with r;---r; = 0.

Proposition 5.22. Let RC S be an SL extension where S is a Max-ring. Then R is also a Max-ring and R
and S are J-regular.

Proof. S is regular and J(S) is T-nilpotent since S is a Max-ring by [14, Theorem, p.1135]. Then, S is
also J-regular, and so is R, with J(R) = J(S) by Theorem It follows that J(R) is T-nilpotent. The
same reference gives that R is a Max-ring since R is regular by Proposition O

6 Cohn’s rings

In [6l, Theorem 1], P. M. Cohn shows that for each ring R there is an SL extension R C R’ such that
Z(R’) = R"\ U(R’). We generalize some results.

Lemma 6.1. Let [ be a semiprime ideal of a ring R and f(X),g(X) € R[X], a,b € U(R) such that af (X) +
bg(X)+ X f(X)g(X) € I[X] (*). Then f(X),g(X) € I[X].
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Proof. We first prove the Lemma for a prime ideal P. We begin to remark that if f(X) = f1(X)+ f(X),
with f,(X) € P[X], then (*) is equivalent to af;(X) + bg(X) + X f;(X)g(X) € P[X]. The same property
holds for g(X). Then, the conclusion of the Lemma will result from the fact that f1(X), g(X) € P[X].
Moreover, once we have proved that f(X) € P[X], condition () shows that bg(X) € P[X], which glves
2(X) € P[X] because b € U(R). So, assume that f(X) and g(X) ¢ P[X]. Hence, we can set f(X) :=
Yo a; X' and 2(X):= Z?:o ﬁij with a,, and B, € P, according to the precedent discussion. The only
term of highest degree in () is &, ,X"*P*! which is in P[X], so that @,, € P, a contradiction with
a, and B, ¢ P. To conclude, f(X),g(X) € P[X]

Now, assume that af (X) + bg(X)+ X f(X)g(X) € I[X] (*) for a semiprime ideal I. Then, I =NyepPy,
for a family of prime ideals {P,} ca. Condltlon (*) shows that af (X)+ bg(X) + X f(X ) € P)[X] for
each A € A. By the first part of the proof, it follows that f(X), g(X) € P,[X] for each /\ € A, which
implies that f(X), g(X) € NyeaPA[X] = I[X]. O

Proposition 6.2. For any ring R there exists an SL extension R C R’ such that any nonunit of R is a
zerodivisor in R’. The extension R C R is pure and t-closed and (R : R") = J(R). If R is reduced, so is R’.

Proof. For each M € Max(R), let X); be an indeterminate attached to M. Set X := {X; | M € Max(R)}.
We consider R[X'] as the ring of polynomials in the indeterminates X;; € X. At last, define I :=
Y MeMax(rR) XMMR[X], which is an ideal of R[X] and R := R[X]/I. For each M € Max(R), we define
x) as the class of X, in R”. We prove the Proposition in several steps.

(1) Let M,N € Max(R), M = N. We claim that x;;xy =0in R’.

Since M # N, they are comaximal, and there exist m € M, n € N such that m+n = 1. It follows that
XpXn = (m+n) Xy Xy = mXpy Xy + nXy Xy € 1, giving xpxy = 0. Then, the class of a polynomial
of R[X] is written as the class of a finite sum of polynomials in one indeterminate, that is in finitely
many Xp;.

(2) R is a subring of R’ because the composite ring morphism R C R[X| — R[X|/I is injective.
Indeed, RN I = 0 since the constant term of any polynomial in I is 0. Then, we can identify the class
of the constant term of any polynomial of R[X] to this constant term.

(3) Any y € R can be written in an unique way

y=a+ Z X fm(Xar)

MeA

where a € R, fys is a polynomial of R[X] and the set A is a finite subset of Max(R).

The existence of this writing results from (1) and (2). Assume that there exist b € R, gy € R[X]
such that vy = b+} jrcp Xam8v(Xpr). There is no harm to choose the same A for the two writings. Then,
a+ Y mea Xmfm(xnm) = b+ ) pea xm8m(xpr) in R’ gives that (a—b)+ Y prep Xm[ (X)) —gm(Xm)] €1 =
2_MeMax(R) XMMR[X]. First, we get a = b by the substitution Xy > 0 for each M. Now, we get that
Xml (X)) — g (X)) € XprMR[X )] for each M € A, so that xp; fpr(xa1) = Xprgum(xy) for each M e A
showing the uniqueness of the writing.

By the way we proved that R’ = RED,,_, xmR[xp].

(4) We prove that (R: R’) =J(R).

Let t € R. Then t € (R: R’) if and only if tx); € R for any M € Max(R) if and only if tx); = 0 by
(3), which is equivalent to tX, € I for any M € Max(R), that is t € Nyremax(ryM =J(R). It follows that
(R:R') =]J(R).

(5) RCR’is SL.

Let y € U(R’). There exists z € U(R’) such that yz =1 (x). Write y = a+ ) j;ep Xpmfm(xy) and z =
b+) mea Xm8um(xar), where a, b € R and fy, gy are polynomials of R[X]. We can choose the same A for

vy and z. Then (x) becomes 1 = (a+ ¥ pren X v (6m)) (0 + Lpgen X8 (xa1)) = @b+ 3 prep Xarlagu (xar) +
by () + X fm(xam)
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gm(xpr)] from which it follows that ab = 1 (*+) and aga; (Xag)+ far (Xar)+ X e (Xar)€u(Xar) € MR[X ]
). By (++), we get that 4,b € U(R). Then, we may apply Lemma [6.1|to (x**), and we get that f;(X))
and gy (Xpr) are in MR[X )], so that xs far(xpr) = xp QM (%) = 0 and y = a € U(R). Then, U(R) = U(R")
and RC R’ is SL.

(6) Any nonunit of R is a zerodivisor in R’.

Obvious: If y € R is not a unit in R, there exists some M € Max(R) such that y € M. Then X,y €
XpyMR[Xp] giving xprp = 0 in R” with x7 # 0, so that p is a zerodivisor in R’.

(7) R - R’ is pure.

Consider the composite ring morphism R C R[X] — R[X]/I and let ¢ : R[X] — R be the ring
morphism defined by the substitution X,; > 0 for each M. Since I is contained in the kernel of
@, there is a ring morphism R[X]/I — R. It follows that R[X']/I is a retract of R and the extension
R — R[X]/I is pure.

(8) RC R’ is t-closed.

Let y € R’ be such that y? —ry,y> — ry? € R for some r € R. As in the beginning of the proof, set
V=a+) yrea Xmfum(xp) wherea € R, fr(Xpg) =)0, ozl-X]iVI is a polynomial of R[X], n := deg(fyr) and
the set A is a finite subset of Max(R). Then, y2—ry = (a® —ra)+ZMeA[(Za—r)foM(xM)+x§4fM(xM)2].
Assume that y € R so that there exists some M € Max(R) such that xj;fpr(xps) # 0. As in the proof of
Lemma we may assume that a,, € M. But y?—ry € R implies that a2X2/"*? € Xy MR[X,,], whence
a2 €M and a, € M, a contradiction. Then, any y € R’ such that y?> —ry,y3 —ry? € Risin Rand RC R’
is t-closed, and, in particular, seminormal. This implies that R’ is reduced when R is reduced. O

Corollary 6.3. Let R C S be a ring extension such that the spectral map Max(S) — Max(R) is bijective and
let R’ (resp. S’) be the ring associated to R (resp. S) gotten in Proposition Then, R C S is SL if and
only if R” € S”is SL.

Proof. For each M € Max(R), there exists a unique N € Max(S) lying above M, and for each N €
Max(S), then, N N R € Max(R). We use the notation of Proposition and consider for each M €
Max(R), an indeterminate X, attached to M. Then, we may say that X, is also attached to any
N € Max(S) such that NN R = M € Max(R). Then, the X),’s are attached in a unique way to all
maximal ideals of S. Set & := {X); | M € Max(R)}. We consider R[X] as the ring of polynomials in
the indeterminates X); € X over R and S[X’] as the ring of polynomials in the indeterminates X,; € X
over S. Setting I := } premax(r) XMMR[X], we define ] := ) premax(r) [ XM NS[X]| M = N N R] which is
an ideal of S[X]. Set R’ := R[X]/I and S’ := S[X]/]. We get the following commutative diagram:

R — S
l 3
R[X] — S[X]
) 3

R =R[X)YI — S =S[X)]

where all the maps are extensions since I = ] N R[X’]. By Proposition RC R’ and S C S’ are both
SL extensions. Now, applying Proposition[2.2} if R C S is SL, so is RC S’ and then also R’ C S’. By the
same Proposition, if R” C §”is SL, so is R C S’ and then also R C S because S C S’ is injective. O

Theorem 6.4. Let R be a ring. There exists an SL extension R C S such that any nonunit of S is a
zerodivisor in S. The extension R C S is pure and t-closed. If, moreover, R is reduced, so is S.

Proof. According to Proposition [6.2} there exists an SL extension R C R’ such that any nonunit of R
is a zerodivisor in R’. Set Ry := R and R; = R’. We build by induction, with the same Proposition, a
chain {R;}¢s defined by R;, := R] verifying U(R;,;) = U(R;). The induction shows that U(R;) = U(R).
Now any nonunit of R; is a zerodivisor in R;,;. Setting S := U;¢;R;, we get an extension RC S.
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Let a € U(S) and set b := a~! € U(S), so that ab = 1 (x) in S. There exists some i € I such that
a,b € R; (we can take the same i for a and b). Then (*) still holds in R;, so that a € U(R;) = U(R), giving
U(S)=U(R) and RC S is SL.

Let x be a nonunit of S. There exists some i € I such that x € R;. Obviously, x is a nonunit of R;,
and then is a zerodivisor in R;,, and also a zerodivisor in S. So, any nonunit of S is a zerodivisor in
S.

Since R C R’ is pure and t-closed by Proposition so is R; € R;;1 for any i. Now, R C S is pure
(resp. t-closed) since R C S is the union of pure (resp. t-closed) morphisms R; C R;, ;.

If, moreover, R is reduced, so is R’ by Proposition and so are any R;, and to end, so is S. O

Remark 6.5. The ring gotten in Theorem[6.4]is not the only one verifying conditions of Theorem For
example any regular ring R satisfies these conditions as the ring S built from R in Theorem

We now build SL extensions from a new type of rings whose construction is close to Cohn’s rings.
Many proofs are similar. If I is an ideal of a ring R, we set R/I := R[X]/XI[X]. Since XI[X]NR =0, we
can consider that we have an extension R C R/I, with R C R/I when I # R because X € XR[X]\ XI[X]
shows that X —a ¢ XI[X] for any a € R.

Lemma 6.6. If P is a prime ideal of a ring R, the extension R C R//P is SL, pure, t-closed and R//P is reduced
if so is R. Moreover, P = (R: R/P), R/P = REP(X(R/P)[X]) and if P Z Q, then, x(Q) ®g (R[X]/XP[X]) =
k(Q) and if P C Q, then, x(Q)®g (R[X]/XP[X]) = x(Q)[X] for any Q € Spec(R).

Any a € Ris regular in R//P if and only if a is regular in R and a & P.

Proof. Set P’ := XP[X]. Any y € P’ can be written y = Y I, p; X', p;
€ P (#). Then, looking at the terms of degrees 0 and 1 in (%), we get PPNR=0and X ¢ P’.

An element of R/P = R[X]/XP[X] is of the form y = a + xf(x), where x is the class of X in R/P and
a€R. As RNXR[X] = 0, we also have RN xR[x] = 0, so that R/P = REP(xR[x]), with xP = 0, a direct
sum of R-modules. Obviously, XR[X]/XP[X] = X(R/P)[X] as R-modules.

Now, v € U(R/P) if and only if there exists z € R/P such that yz =1 (+). Sety =a+ xf and
z = b+xg( ) with f(X),g(X) € R[X]. Then (++) & (a+xf(x))(b+xg(x)) =1 & ab + x[ag(x) + bf
xf(x ]_1<:>ab_1()andag )+bf(X)+ X f(X)g(X) € P[X] (ii). Since (i) & a,b € U(R), then()
and (11) implies f(X), g(X)
€ P[X], according to Lemma so that y =4, z = b € U(R) which give U(R/P) = U(R) and R C R/P is
SL.

We now prove the second statement. Let ¢ : R[X] — R be the ring morphism defined by X + 0.
Since P’ C ker(g), there is a ring morphism R/P — R. It follows that R/P is a retract of R and the
extension R — R/P is pure.

We claim that R C R/P is t-closed. Let y € R/P be such that % —ry,y° — rp? € R for some r € R.
Assume that y ¢ R. According to the beginning of the proof, we can write y = a + xf(x) where
a€R, f(X):=)Y], @;X' is a polynomial of R[X], n := deg(f) and either @; = 0 or a; ¢ P, with
in particular, a, € P. Then, y? —ry = (a® —ra) + (2a — r)xf(x) + x>f(x)?>. But y? —ry € R implies
that a2X?"*? € XPR[X], so that a? € P and a,, € P, a contradiction. Then, any y € R/P such that
y2 - ry,y3 - ryz € Risin R and R C R/P is t-closed, and, in particular, is seminormal, whence R/P is
reduced when R is reduced.

Now, let a € R. Then, a € (R : R/P) & aX* € R+ XP[X] for each integer k > 1 < a € P, so that

= (R: R/P) since P(R: R/P) CR.

Set S := R[X], so that R/P = S/P’. Let Q € Spec(R). Then, «(Q)®g S/P’ = (SQ/P('Q)/Q(SQ/P(’Q) =

If PZ Q, then, XPR[X] = XRo[X] and x(Q) ®k S/P’ = Ro[X}/(QR[X] + XRp[X]) =
RQ/QRQ = K(Q)
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If P C Q, then, QRp[X]+ XPRg[X] = QRp[X], so that
K(Q)®r S/P’ = Ro[X/QRo[X] = x(Q)[X].

Let a € R. If a is a regular element of R/P, it is regular in R. If a € P, then aX € P’, so that
ax = 0, with x # 0, a contradiction. Conversely, if a is regular in R and a ¢ P, a is a regular element
of R/P. Otherwise, there exists y € R/P, v # 0 such that ay = 0. We may assume that y ¢ R since
a is a regular element of R. As in the beginning of the proof, we can write y = b + xf(x) where
beR, f(X):=Y " ;X isapolynomial of R[X], n:= deg(f) and either a; = 0 or a; & P, with a,, & P.
Then ay = 0 = a(b + xf (x)) = ab + axf (x) implies ab + aX f(X) € P’ = XPR[X], so that ab = 0 (iii) and
af(X) € PR[X] (iv). Since a is a regular element of R, it follows that b = 0 by (iii) and (iv) gives
f(X) € PR[X] because a ¢ P. Then, y = 0, a contradiction, and a is a regular element of R/P. O

Proposition 6.7. If I is a semiprime ideal of a ring R, the extension R C R/I is SL, pure and t-closed.
Moreover, I = (R : R/I) and is also semiprime in R/1. If R is reduced, then R/I is reduced.

Proof. Since I is semiprime, set I := N cpPy. Let P € Spec(R) be such that I C P, so that XI[X] C
XP[X], and there is a surjective morphism f : R[X]/XI[X] — R[X]/XP[X] giving the following com-
mutative diagram:

R 5 R[XVXI[X]=R/I

I™N Lf
R[X]/XP[X]=R/P

with two injective morphisms i and j. This holds for any P,. According to Lemma j is SL,
which implies that f is SL by Proposition It follows that j(U(R)) = U(R/Py) = f(U(R/I)) (#). Let
v € U(R/I). Then, we may write y = i(ag) + Y ;_, ﬁyk, where @, and X are respectively the classes
of ar € R and X in R/I. It follows that f(v) = j(ap) + Y_;_, dX*, where d} and X are respectively the
classes of a; € R and X in R/Py. We deduce from (+) that Y| _, @ X* = 0, giving Yo a Xk e XP\R[X],
and then g; € Py (#) for each k > 1 and for each A € A. Moreover, ay € U(R). Because (*+) holds for
each Py, we get a; € I for each k > 1 and then ﬁ?k = 0 for each k > 1. To conclude, v = i(ag) € i(U(R))
and i(U(R)) = U(R/I), that is R C R/I is SL.

It is enough to mimic the proofs of Lemma[6.6|for each P, to get that R C R/I is pure and t-closed.
Moreover, I = (R : R/I). Since R C R/I is t-closed, it is also seminormal, so that I = (R : R/I) is
semiprime in R/I by [7, Lemma 4.8].

If R is reduced, then R/I is reduced as in Lemma[6.6] O]

Corollary 6.8. Let R C S be an extension with I an ideal of R and K a semiprime ideal of S such that
I =RNK. Then, RC S is SL if and only if R/I C S/K is SL.

Proof. Since I = RN K, we get that I a semiprime ideal of R and I[X] = R[X] N K[X], so that the
following commutative diagram holds:

R ¢ S
l I
R/ < SJK

where the vertical maps are injective and SL morphisms by Proposition If either RC S (1) or
R/I C S/K (2)is SL, so is R — S/K by Proposition [2.2](1). If (1) holds, then (2) holds by Proposition
(3). If (2) holds, then (1) holds by the same Proposition because S — S/K is injective. O

Theorem 6.9. Let R be a ring and N € Max(R[X]). The following conditions are equivalent:

1. NNReMax(R).
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2. M[X]C N for some M € Max(R).
3. There exists a monic polynomial f(X) € N.
If these conditions hold, then N = M[X]+ f(X)R[X]and M = N NR.

Proof. (1)=(2) Assume that M := N NR € Max(R). It follows that M C N which implies M[X] C N for
some M € Max(R).

(2)=(3) Let M € Max(R) be such that M[X] C N. Of course, M[X]+R[X]f(X) C N for any f(X) e N
Consider the following commutative diagram:

R - R[X]
l )
R/M — R[X]/M[X]=(R/M)[X]

Since M € Max(R), it follows that R/M is a field and (R/M)[X] is a PID. Then, there exists a monic
polynomial f(X) € N such that N/M[X] = f(X)(R[X]/M[X]), where f(X) is the class of f(X) in
R[X]/M[X].

Then any element of N can be written f(X)g(X)+h(X), where g(X) € R[X] and h(X) € M[X], giving
N =M[X]+R[X]f(X

(3)=(1) Assume that there exists a monic polynomial f(X) € N and set f(X) := X"+ Z?:_Ol a; X' eN.
Consider the following commutative diagram:

R > RX]
! l
R/(NNR) — R[X]/N =[R/(NNR)][x]

where x is the class of X in R[X]/N. Since N € Max( [X] it follows that [R/(N N R)][x] is a field.
Moreover, R/(N N R) — R[X]/N is injective and x" + a x' = 0, where a; is the class of 4; in
R/(N NR). This implies that R[X]/N is integral over R/(N ﬂ R), which gives that R/(N NR) is a field
by [17, Theorem 16] because R/(N N R) is an integral domain. To conclude, N N R € Max(R). If the
equivalent conditions (1), (2) and (3) hold then N = M[X]+ f(X)R[X] by (2) and M =N NR. O

Proposition 6.10. Let R be a ring. Then, R C R/J(R) is SL, J(R) = (R : R/J(R)) = J(R/](R)) and R/J(R) is
not J-regular.

Proof. The two first assertions come from Proposition [6.7]since J(R) is semiprime.

Let Q € Max(R/J(R)). Then, there exists N € Max(R[X]) such that XJ(R)[X] C N, with
Q = N/(XJ(R)[X]). It follows that either X € N (x) or J(R)R[X] C N (#+).

In case (#), Theoremshows that M := NN R € Max(R) and N = M[X]+ XR[X]. But J(R)c M
implies that J(R)[X] € N. Since J(R)[X] € N in case (*+), we get that J(R)[X] € N in both cases. It
follows that N/J(R)[X] € Max(R[X]/J(R)[X]).

Conversely, if N is a maximal ideal of R[X] containing J(R)[X], it follows that N/(J(R)[X]) €
Max(R[X)/((R)[X])) and N/(XJ(R)[X]) € Max(R[X}/(XJ(R)[X]).

Recall that for a ring T, we have J(T[X]) = Nil(T[X]). Moreover, R[X]/J(R)[X ]E( (R))[X] which
is reduced. It follows that N[N/J(R)[X] | J(R)[X] € N and N € Max(R[X])] =J(R[X]/J( [ D
=J((R/J(R))[X]) = 0 (+) where 0 the class of 0 in R[X]/] R)[X].

To make the reading easier, we set I := J(R)[X], K := N[N € Max(R[X])|I € N] and S := R[X]. Of
course, I C K. We have proved that N\[N/I |I C N and N € Max(S)] = 0. Assume that I C K, so that
there exists some y € K\ I. This means that y is in any N € Max(S) which contains I with y & I.
If 7 the class of y in S/I, we get that 7 € N[N/I | I C N and N € Max(S)] = 0 by (+), giving y € I, a
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contradiction. Therefore, N[N € Max(S) | XI € N] =I which gives J(R/J(R)) = N[Q € Max(R/J(R))] =
N[N/XI € Max(R/J(R ] = I/IX = J(R)[X/XJ(R)[X] =
At last, (R/J(R))/J(R) = (RIXV/XJ(R)[X])/J(R)[XV/XJ(R)[X])

= R[X]/J(R)[X] = (R/J(R))[X], which is not zero-dimensional, giving that R/J(R) is not J-regular. [

7 The ring R{X}

We now consider a ring used by Houston and some other authors for results concerning the dimen-
sion of rings [15]. When R is a semilocal (Noetherian) domain, he introduces the ring R(X).

This notation is in conflict with the notation of the ring used to solve the Serre conjecture. There-
fore, we will denote it by R{X}. Let ¥ be the multiplicatively closed subset of R[X] defined as follows:
let T} be the set of all maximal ideals N of R[X] such that N N R € Max(R), then ¥ is the complemen-
tary set in R[X] of U[N | N € T{] and R{X} := R[X]y. As we consider arbitrary rings, a more precise
characterization of Tj is given in Theorem[6.9} completing [15, Lemma 1.2].

Proposition 7.1. For any ring R, there is a factorization R — R{X} — R(X), where R(X) is the Nagata
ring of R.

Proof. Let p(X) € £. We claim that ¢(p) = R. Otherwise, there exists M € Max(R) such that c(p) C M.
Then p(X) € M[X] C N for some N € Max(R[X]). It follows that M = NNR, so that N € T} by Theorem
and p(X) € N, a contradiction with p(X) € X. Since c(p) = R, we get that p(X)/1 € U(R(X)) giving
the factorization R — R{X} — R(X). O

We recall that R is a Jacobson ring if and only if maximal ideals of R[X] contract to maximal ideals
of R. Then we have the following;:

Proposition 7.2. Let R be a Jacobson ring. Then R{X} = R[X].

Proof. Since R is a Jacobson ring, it follows that T} = Max(R[X]) where T} = {N € Max(R[X])[NNR e
Max(R)}. This implies that ¥ = R[X]\U[N | N € T{] = R[X]\ U[N | N € Max(R[X])] = U(R[X]) and
R{X} := R[X]y. = R[X]. O

Mimicking [15] and using also [12, Lemma 3], the following proposition characterizes in a more
general setting, and when R is J-regular, the maximal ideals of R{X]}.

Proposition 7.3. If R is J-regular, Max(R{X}) = {NR{X} | N € T}}.

Proof. Since R is J-regular, we get that V(J(R)) = Max(R). Let N € Max(R[X]). Then, N € T; if and only
if NNR € Max(R) if and only if J(R) C N if and only if J(R)[X] € N. Then, T; = Max(R[X])NV(J(R)[X]).
According to [12, Lemma 3], and since R{X} = R[X]y, it follows that Max(R{X}) = {NR{X} | N €
). 0

Proposition 7.4. If M is a maximal ideal of R, then there is a factorization R — R{X} — R/M and
R — R{X} is faithfully flat.

Proof. Since R{X} = R[X]y, we have U(R{X}) = {p(X)/q(X) | p(X),q(X) € £}. Let p(X) € £, so that
p(X) ¢ Q for any Q € T;. Let M € Max(R). We claim that p(X)R[X]+ XM[X] = R[X]. Otherwise,
there exists some N € Max(R[X]) such that p(X) € N and XM[X] C N (#). But (%) holds if and only if
either X e N (1) or M[X] C N (2). In case (1), N contains the monic polynomial X, so that N € T} by
Theorem and in case (2), the same reference shows that N € T;. In both cases, we infer that we get
a contradiction with N € T; and p(X) € N since p(X) ¢ Q for any Q € Ty, so that p(X)R[X] + XM[X]
R[X]holds. This implies that there exist f(X) € R[X]and g(X) € M[X] such that p(X)f(X)+Xg(X) =
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Working in R/M = R[X]/XM[X], this gives p(X) f(X) = 1, so that p(X) € U(R/M). Then, we have the
wanted factorization thanks to the following commutative diagram:

R — R[X] — R/M =R[X)/XM[X]

N l /!
R{X} =R[X]y

Consider now the following factorization R — R[X] — R{X} — R/M. By Lemma|6.6} the extension
R C R/M is pure. Then, so is R C R{X} by [24, Lemme 2.3, p.19]. Moreover, R C R[X] is flat as well
as R[X] C R{X}. Then, so is R C R{X}. Since the maximal ideals of R can be lifted on in R{X}, then
R — R{X} is faithfully flat. O

Proposition 7.5. Let R C S be an integral ring extension. Then, there is an integral ring extension R{X} C
S{X}. In case S is J-regular, then R{X} C S{X} is SL if and only if R =S.

Proof. Set T; := {N € Max(R[X]) | N N R € Max(R)}, T} := (N’ € Max(S[X]) | N’ N S € Max(S)}, T :=
R[X]\U[N |N e Ty]and ¥’ := S[X]\U[N’| N’ € T]. We have the following diagram:

R — R[X] — R{X}
\ l
S — S[X] —» S{X}

Since R C S is integral, sois f : R[X] C S[X]. Let N € T}, so that M := NN R € Max(R), and there exists
N’ € Max(S[X]) lying above N. Set M" := N’'NS € Spec(S). Then, M'NR = N'NSNR = N'NR[X]NSNR =
N NR =M e Max(R). It follows that M’ € Max(S) since it is a prime ideal of S lying above a maximal
ideal of R. Then, N’ € T]. Conversely, let N’ € T and set N := N'NR[X]. Then, M":= N'NS € Max(S)
and NNR=N'NR[X]NR=N'"NSNR[X]NR=M"NR e Max(R) since M’ € Max(S). It follows that
there is a surjective map T, — T; which is the restriction of *f : Spec(S[X]) — Spec(R[X]).

Now, let p(X) € &, so that p(X) ¢ N for any N € T;. We claim that p(X) € ¥’. Otherwise, there exists
N’ e T such that p(X) € N’. But p(X) € R[X], so that p(X) e N’NR[X] € T} by the beginning of the
proof, a contradiction. Then, ¥ C ¥’ and U(R{X}) C U(S{X}).

We show that f defines an injective morphism R{X} — S{X}. Let p(X)/q(X) € R{X}, p(X),q(X) €
R[X], g(X) € ¥ be such that p(X)/g(X) = 0 in S{X}. There exist g(X) € ¥’ such that p(X)g(X) =0 () in
S[X]. Then, g(X) & N’, for any N’ € T|. We claim that ¢(g) = S. Otherwise, there exists N € Max(S)
such that ¢(g) € N. Then g(X) € N[X] € N’ for some N’ € Max(S[X]). It follows that N’ € T, by
Theoremand g(X) € N’, a contradiction with g(X) ¢ N’, for any N’ € T|. Since, ¢(g) = S, we obtain
that g is a regular element of S[X] and it results from () that p(X) = 0. Then there is an integral ring
extension R{X} C S{X}.

If R =S, obviously R{X} C S{X} is SL.

Conversely, assume that S is J-regular and R{X} C S{X} is SL. We mimic the proof of Proposition
Let s € S and set p(X) := s+ X € S{X}. Since S is J-regular, then Max(S{X}) = {NS{X} | N € T}}
by Proposition so that p(X) € U(S{X}) = U(R{X}). It follows that there exists h(X),k(X) € X such
that p(X)/1 = h(X)/k(X) in S{X}, and then there exists q(X) € X’ such that q(X)p(X)k(X) = q(X)h(X).
Because q(X) € ¥/, we get that ¢(q) = S (see the proof we give in the previous paragraph), which
implies that g(X) is a regular element of S[X]. Then p(X)k(X) = h(X) = (s + X)k(X). As Xk(X) and
h(X) are in R[X], it follows that sk(X) € R[X]. Now, R is also J-regular by Corollary [5.7] The same
proof as for q(X) € S[X] before shows that c(k) = R. Set k(X) := Y " ,a;X', a; € Rand b; := sa; € R (%)
foreachi €{0,...,n}. There exist Ag,..., A, € Rsuch that } i ; A;a; = 1. Multiplying each equality of (x)
by A; and adding each of these equalities for each i € {0,...,n}, we get s(}_1"_y Adja;) =s =Y " A;b; €R,
so that S =R. O

Corollary 7.6. Let R C S be an integral ring extension. If R{X} C S{X} is SL, so is RC S.
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Proof. Let s € U(S). In particular, s/1 € U(S{X}) = U(R{X}). Then s/1 = f(X)/g(X) in S{X} for some
f(X)/g(X) € U(R{X}), that is f(X),g(X) € £. The same proof as in Propositionshows that sg(X) =
f(X) (+)in S[X] and ¢(f) = c(g) =R. Set f(X):=) 1 ,a;X",a; € Rand g(X):= ) " ,b;X’,b; € R, so that
sb; = a; for each i € {0,...,n} (»+). There exist Ay,..., A, € R such that } ;' ;A;b; = 1. Multiplying each
equality of (++) by A; and adding each of these equalities for each i € {0,...,n}, we get s(}_/_, A;b;) =
s =) 1 oAia; € R, so that s € R. Then, (+) shows that sc(g) = ¢(f) = R and gives that Rs = R, that is
s € U(R) and U(R) = U(S). To conclude, RC S is SL. O

Corollary 7.7. Let R be a J-reqular ring. Then there is a factorization R — R{X} — R/J(R).

Proof. We use the beginning of the proof of Proposition Let p(X) € X, so that p(X) ¢ Q for any
Q € T;. We claim that [TX) € U(R/J(R)). Otherwise, there exists some N € Max(R[X]) with

XJ(R)[X] € N such that p(X) € N. As in the quoted proof, X ¢ N because N ¢ T;. It follows that
J(R)[X] € N. But R being J-regular, any prime ideal of R containing J(R) is maximal. As J(R)[X] C N,

we get J(R) € N N R, so that N N R € Max(R), giving N € T}, a contradiction. Then, p(X) € U(R/J(R)),
and we get the wanted factorization thanks to the following commutative diagram:

R — R[X] —  R/J(R)
N 1 /

O]

Corollary 7.8. Let R be a ring and I an ideal intersection of finitely many maximal ideals M;. Then,
R — R/ is SL and there is a factorization R — R{X} — R/I — R/M; for any M;.
If, moreover, R is J-regular, there is a factorization R — R{X} — R/J(R) — R/I — R/M; for any M;.

Proof. By Proposition R — R/1 is SL. For the other assertions, as we have the inclusions J(R) C
I C M; for any M;, we get the wanted factorization, mimicking the proof of Corollary|[7.7} and using
the fact that R/I is regular as a product of finitely many fields. O]

8 FCP SL extensions

Proposition 8.1. Let R C S be an SL extension where S is a semilocal ring. Then R is semilocal, J(R) =](S)
and R C S is an FIP seminormal and infra-integral extension.

Proof. Since S is semilocal, S is J-regular. According to Remark [5.15](3), Theorem[5.17]and Proposi-
tion[5.18] we have J(R) = J(S) and we can assume that R C S is seminormal and infra-integral, R and S
are regular and semi-local and that S is a finite product of fields each of them being a residual field of
R. Finally the extension can be viewed as a product of extensions R/M — (R/M)" where M € Max(R).
By using suitable localizations and [8, Proposition 4.15], we get that R C S is an FIP seminormal and
infra-integral extension. O

Corollary 8.2. Let R C S be an SL extension where S is a semilocal ring. If R C S is a flat epimorphism,
then R=S.

Proof. By Proposition[8.1) R C S is integral and a flat epimorphism, then R = S. O

Theorem 8.3. An extension R C S, where S is a semilocal ring, is SL if and only if R C S is a seminor-
mal infra-integral FIP extension such that R/M = Z/27Z for each M € MSupp(S/R).
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Proof. Assume that R C S is SL. According to Proposition we get that J(R) =J(S)and RC S
is an FIP seminormal and infra-integral extension. Set I := J(S) = J(R) = N/_;M; = N[M;; | M; ; €
Max(S)], where Max(R) = {M;};_; and Max(S) ={M;;|i=1,...,n, M; = M; ;N R for each j € N, }. By
Remark [5.15](3), R/I € S/I is SL. But R/I = []_; R/M; and S/I =[][S/M; ;| M;; € Max(S)]. Set X, :=
MSupp(S/R), X5 := Max(R)\ X1, I := Nyex, M, 12 := Nyex,M, Ry := R/I} = []pex, /M and R; :=
R/Iy = [1mex, R/M. Then, R/I = Ry x R, because I; and I, are comaximal. It follows that U(R/I) =
U(Ry) X U(Rp). For M; € X», there is a unique M;; lying above M; and we have R/M; = §/M, ;, so
that Ry = S5 := [Iygex, S/M;,j and U(Ry) = U(Sy) (x). Set Sy :=[lyex, S/Mij = [mex, [T Tjen, S/Mi ]
Since R C § is infra-integral and M; = M; ; N R for each j € N, , we get that R/M; = §/M, ;, so that
S1 = [1mex, (R/M;)". Whence U(Sy) = [jg,ex, [U(R/M;)]" (#+). Since R C S is SL and because of (#),
we get that U(R;) = U(S;) = [[jy.ex, [U(R/M;)]". But, for any M; € X;, we have Ry, C Sy, seminormal
and infra-integral, which gives that n; > 1 for any M; € X;. Then, U(R;) = U(S;) if and only if
|[U(R/M;)| =1 for any M; € X;. Since R/M,; is a field for any M; € X, it follows that R/M; = Z/27Z for
each M; € MSupp(S/R).

Conversely, assume that S is a semilocal ring and R C S is a seminormal infra-integral FIP ex-
tension such that R/M = Z/27Z for each M € MSupp(S/R). We can use the results and notation of
the first part of the proof related to the sets I;,I;, R{,R, and Sy, S,. Since R C S is seminormal FIP
with S semilocal, we get that (R : S) = Npex, M; = Npex, M;j by [34, Proposition 2.4]. In addi-
tion, J(S) = N_;M;; = (R: S) Npgex, Mij = (R S) Nyex, M; = J(R). Set I :=](S) = J(R). We still
have U(R/I) = U(Ry) x U(R3), U(Ry) = U(S,), U(S/1) = U(S1) x U(Sy) and U(Sy) = [ [pp.ex, [UR/M;)]™.
Since R/M; = Z/2Z and R/M; = S/M; ; for any M; € X; and M, ; lying over M;, it follows that
[UR/M;)| = 1 = |U(S/M; ;)| for any M; € X;, so that U(R;) = U(S;), which yields that R/I C S/I is
SL and R C S is SL by Corollary 2.7} O

Corollary 8.4. A seminormal infra-integral FCP extension R C S is SL if R/M = Z/27Z for each M €
MSupp(S/R).

Proof. Since R C S is an FCP extension, it follows that MSupp(S/R) has finitely many elements. Set
I:=(R:S). Moreover, R C S being seminormal infra-integral, I is an intersection of finitely many
maximal ideals of S by [34, Proposition 2.4]. It follows that the extension R/I C S/I satisfies the
assumptions of Theorem 8.3|because R/I C S/I has FIP by [8, Proposition 4.15], and is then SL. Now,
it is enough to use Corollary [2.7]to get that RC S is SL. O

The following result did not seem to appear in earlier papers: we show that there is a seminormal
infra-integral closure for FCP extensions. This will be useful to build a closure for SL extensions in
an FCP extension.

Lemma 8.5. Let R C S be an FCP extension and T,V € [R,S] be such that RC T and R C V are both
seminormal infra-integral. Then, R C TV is seminormal infra-integral.

Proof. Since RC T and R C V are both infra-integral, we have T,V € [R, tsR], giving TV € [R, tsR], SO
that RC TV is infra-integral.

We claim that R C TV is seminormal. Let M € MSupp(T V/R), so that (TV)y; = Tyy Vi # Ryy. In
particular, either Ty # Ry, or Vy; # Ry;. In both cases, Ry € Ty and Ry, C V), are either seminormal
or equality. Set R":= Ry, T":= Ty, V' := Vjy and M’ := MR);. According to 34, Proposition 2.4], we
getthat M'C(R’: T')and M’ C(R’: V'), giving M'T'=M'V'=M’CR’,sothat M'T'V'=M’'CR’. It
follows that M’ = (R": T'V’). Set M’ = N M/ = ﬂ?”lej’ (*), where the M are in Max(T’) (resp. Nj’ are
in Max(V’)) because R’ C T’ and R’ C V' are either seminormal or equality. It follows that T’/M]/
R'/M’ = V'/N].’ for each 7 and j since R C T" and R’ C V' are both infra-integral. In addition, T’/M’
(R'/M’)" and V’/M’ = (R’/M’)" by (). This implies that (T'V’)/M’ = (T'/M’)(V'/M’) = (R'/M’)"*"
where R’/M’ is a field. According [8, Proposition 4.15], we get that R’/M’ C (T’'V’)/M’ is seminormal
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infra-integral as R" = Ry € T'V’ = Ty Vjy = (TV)py. Since this holds for any M € MSupp(TV/R), we
get that R C TV is seminormal infra-integral. O

Proposition 8.6. Let R C S be an FCP extension. There exists a greatest T € [R,S] such that R C T is
seminormal infra-integral. It satisfies the following properties:

1. T =TI[V €[R,S]| R C V seminormal infra-integral)].
2. T =sup[V €[R,S]|RC V seminormal infra-integral].
3. T=U[V €[R,S]|RCV seminormal infra-integral].

Proof. Set F :={V € [R,S]| R C V seminormal infra-integral}. The result is obvious if F = {R}. So,
assume that 7 = {R}. Since R C V is infra-integral for any V € F, it follows that 7 C [R,(R]. In
particular, any V € F is integral over R. Then, we may assume that R C S is infra-integral. Since
R C S has FCP, F has maximal elements. We claim that F has only one maximal element. Otherwise,
there exist V,V’, V # V’ which are maximal elements of . Then, VV’ ¢ F. According to Lemma
8.5, we get that R C V'V is seminormal infra-integral, a contradiction. Then, F has only one maximal
element. Let T be this maximal element. Equalities (1), (2) and (3) follow obviously because V C T
forany Ve Fand T € F. O

There are four types of minimal extensions, but only two types are used in the paper, character-
ized in [7, Theorems 2.1 and 2.2] and [32, Proposition 4.5]. We recall some results about minimal
extensions:

Proposition 8.7. (1) [7, Theorem 2.1] Let R C T be a minimal integral extension. Then, M := (R: T) €
Max(R) and there is a bijection Spec(T)\ V(M) — Spec(R) \ {M}, with at most two maximal ideals of T
lying above M.

(2) Let R C S be an FCP extension. Then, any maximal chain of [R, S| results from juxtaposing finitely
many minimal extensions.

Proof. Obvious. O]

Definition 8.8. (1) Let R C T be an extension and M := (R : T). Then R C T is minimal decomposed
if and only if M € Max(R) and there exist My, M, € Max(T) such that M = My N M, and the natural
maps R/M — T/M; for i € {1,2} are both isomorphisms. A minimal decomposed extension is seminormal
infra-integral.

(2) A minimal extension R C T is minimal Priifer if and only if R C T is a flat epimorphism and there
exists M € Max(R) such that MT = T with Rp = Tp for any P € Spec(R), P # M [[10, Theorem 2.2]. In
particular, there is a bijection Spec(T) — Spec(R) \ {M}.

Lemma 8.9. Let RC S be an FCP integral extension where S is semilocal.

1. Let T €]R,S] be such that R C T is minimal. Then, R C T is SL if and only if R C T is minimal
decomposed such that M := (R : T) satisfies R/M = Z/27Z.

2. Let T €]R,S]. Then RC T is SL if and only if T € [R,gR] and T/(R : T) = (Z/2Z)"™ for some positive
integer m.

3. Let T,V €[R,S] be such that RC T and RC V are SL. Then, RC TV is SL.
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Proof. Since R C S is an FCP integral extension such that S is semilocal, any element of [R,S] is
semilocal.

(1) Let T € [R,S] be such that R ¢ T is minimal SL. Then, T is semilocal and R C T satisfies
conditions of Theorem|[8.3] that R C T is a seminormal infra-integral extension such that R/M = Z/27Z
for M = (R : T) since MSupp(T/R) = {M}. It follows that R C T is minimal decomposed by [32]
Proposition 4.5].

Conversely, if R C T is minimal decomposed such that M := (R : T) satisfies R/M = Z/2Z, then
R C T is seminormal infra-integral with R/M = Z/27Z for M € MSupp(T/R) by the previous reference.
Then Theorem [8.3shows that R C T is SL.

(2) According to Theorem R C T is SL if and only if (i) and (ii) hold where :

(i) RC T is a seminormal infra-integral FIP extension.

(ii) R/M = Z/2Z for each M € MSupp(T/R).

Assume first that R C T is SL. By (i) and [35} Theorem 5.9], we get that R C T is u-integral, so that
T €[R,§R]. Moreover, since RC T is seminormal, it follows that (R: T) = N[N; ; | N; ; € Max(T), N; ;N
R = M;], where MSupp(T/R) := {M;};_,. Then, T/(R: T) = T/(NN; ;) =TI(T/N; ;) = II(R/M;)", where
n; == [{N; ; € Max(T) | N; ; N R = M;}| and because of (i). Then, (ii) gives that T/(R: T) = (Z/2Z)" for
some positive integer m.

Conversely, assume that T € [R,¢R] and T/(R: T) = (Z/2Z)" for some positive integer m. Since T €
[R,§R], we get that R C T is u-integral, and in particular infra-integral. Moreover, since T/(R: T) =
(Z/2Z)", a product of finitely many finite fields, T/(R: T) is reduced, so that (R : T) is an intersection
of finitely many maximal ideals of T (and R), and R C T is seminormal by [34, Proposition 2.4]. Then,
(i) holds because T/(R : T) has finitely many elements, giving that R C T has FIP. At last, (R: T) is
semi-prime, it is an intersection of the maximal ideals N; ; of T lying above the maximal ideals M; of
R of MSupp(T/R). It follows that R/M = Z/2Z for each M € MSupp(T/R) and (ii) holds. To conclude,
RC T is SL (we also can use Corollary [8.4).

(3) Let T,V € [R,S] be such that RC T and R C V are SL. Then R C T and R C V are both semi-
normal infra-integral, and so is R C TV by Lemma[8.5] Moreover, MSupp(TV/R) = MSupp(T/R) U
MSupp(V/R), so that any M € MSupp(TV/R) is either in MSupp(T/R) or in MSupp(V/R), which
implies that R/M = Z/27Z, whence RC TV is SL by Corollary [8.4] O

Theorem 8.10. Let R C S be an FCP extension where S is semilocal. There exists a greatest T € [R, S]
such that R C T is SL. It satisfies the following properties:

—_

. T =TI[V €[R,S]| R C V seminormal infra-integral, R/M = Z/2Z for any M € MSupp(V/R)].
2. T=II[Ve[RS]|RCVSL].

3. T=sup[Ve[RS]|RCVSL].

4. T=U[Ve[R,S]|RCVSL].

Proof. Let V € [R,S] be such that R C V is SL. According to Lemma we have V € [R,%R] and
R C V is u-integral, and in particular V € [R,R], where R is the integral closure of RC S. As R C S has
FCP, any element of [E, S]is semilocal. It follows that we can assume that R C S is an FCP integral
extension such that S is semilocal.

Setting 7’ :={V € [R,S]| R C V seminormal infra-integral, R/M = Z/27Z for any M € MSupp(V/R)]}
and using notation of Proposition we get that 7/ C F and V € F’ if and only if R C V is SL by
Theorem because R C V has FIP (see the proof of Lemma [8.9(2). Since R C S has FCP, 7’ has
maximal elements. Applying Lemmas and [8.9] we get that 7’ has only one maximal element T
which is the greatest V € [R,S] such that R C V is SL. Equations (1), (2), (3) and (4) follow obviously
because V C T for any V € F’ and since T € F’. O
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9 Some special cases of SL extensions

In this last section, we characterize SL extensions satisfying another property at the same time. We
recall that an extension R C S is called Boolean if R, S]is a Boolean lattice, that is a distributive lattice
such that each T € [R,S] has a complement T’ in [R,S] (suchthat TNT’=Rand TT' = S) [33].

Corollary 9.1. Let R C S be an FCP SL extension such that S is semilocal and |Vs(MS)| = 2 for each
M e MSupp(S/R). Then R C S is a Boolean extension.

Proof. Since R C S is an SL extension such that S is semilocal, Proposition gives that R € S
is a seminormal infra-integral FIP extension, and so is Ry; € Sy, for each M € MSupp(S/R). But
[Vs(MS)| = 2 for each M € MSupp(S/R) implies that Ry; C Sy is minimal decomposed by [7, Lemma
5.4] and then Boolean by [33, Lemma 3.27], from which we can infer that R C S is a Boolean extension
by [33}, Proposition 3.5]. O

Remark 9.2. The SL criteria of Theorem (resp. Corollary[8.4) may hold even if S (resp. S/(R: S)) is
not a semilocal ring.

A weaker condition is gotten with the following example. Take for instance R := [[;cy R; where R; =
Z/27Z for each i € N and set S := R%. According to [30, Proposition 1.4], R C S is seminormal infra-
integral but not FCP with (R: S) =0, so that S/(R : S) is not semilocal. But since [U(R)| =[U(S)|=1,RC S
is SL.

Example 9.3. (1) In Number Theory, we can find a lot of SL extensions R C S that are not FCP and S is
neither semilocal nor regular. Let K := Q(V-d), where d is a square-free positive integer such that d # 1, 3.
By [37, 10.2, D, p.169], U(A) = {1,—-1}, where A is the ring of integers of K. As U(Z) = {1,-1}, we get
that U(Z) = U(R) = U(A), for any R € [Z,A], so that Z C R and R C A are SL for any R € [Z,A]. Of
course, Z C A is an integral extension which has not FCP since (Z : A) = 0 [[7, Theorem 4.2] and A is
neither semilocal nor regular. This also holds for a ring of integers R with integral closure A. By Dirichlet’s
Theorem [37, Theorem 1, page 179], these are the only cases where the ring of algebraic integers A of an
algebraic number field is such that Z C A is SL.

(2) We can say more considering a particular situation of (1). Let d := 5. Then, A = Z + ZN-5 by [37,
5.4,V,p.97] and 5 is ramified in K [37, 11.2, K, p.199]. This means that 5A = M?, where M € Max(A).
Set P :=5A and R := Z + 5A. Then, R € [Z,A] with R C A SL by (1). We have P = (R : A) € Max(R)
because R/P = (Z + 5A)/5A = Z/(Z N\ 5A) = Z/5Z which is a field. Since P = M?, it follows that M is
the only maximal ideal of A lying above P. Then, Ap is a local ring. Assume that Rp C Ap is SL. Then,
ExampleS) says that Rp = Ap, a contradiction with P = (R : A) e MSupp(A/R).

This example shows that Proposition 2.9 has no converse: an extension R C S may be SL with Ry C Sy
not SL for some M € MSupp(S/R).

Let R be a ring and F its prime subring, that is F := Z/ker(c), where ¢ : Z — R is the ring morphism
defined by c(x) := x1g. Then, either F = Z or F = Z/nZ where n is the least positive integer such that
an = OR'

Proposition 9.4. Let R be a ring with F its prime subring. Then F[U(R)] — R is SL.
Proof. Use Example la). O

Corollary 9.5. If R is a local ring with prime subring F, then F[U(R)] = R. If, in addition, U(R) is a finitely
generated group, R is Noetherian.

Proof. By Proposition[9.4and Example [4.1(8) F[U(R)] = R.
Now, assume that U(R) is a finitely generated group. Let {xy,...,x,} be a system of generators of

U(R), so that any x € U(R) is of the form x =[]/, x?i, with n; € Z for each i € N,,. Then, R = F[U(R)] is
an F-algebra generated by {x;,x71|i €N, }, where either F = Z or F = Z/mZ, and so is Noetherian. [

1
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Proposition 9.6. Let S be a ring with prime subring F.

1. Let ¥ be a saturated multiplicatively closed subset of S and set R := F[X]. Then, Ry C Sy is SL and
s0is RCS.

If, in addition, Sy is regular, then Ry C Sy is u-integral, infra-integral, seminormal, quadratic and
Ry is regular.

2. Assume that ¥ is the set of regular elements of S.

(a) Then Ry C Tot(S) is SL.
(b) If, in addition, Tot(S) is regular, so is Ry.
(c) If S has few zerodivisors, then Tot(S) is semilocal as Ry.

Proof. (1) Let x = a/s € Sy, with a € S and s € . Then, x € U(Sy) < there exists y = b/t € Sy,
with b € S and t € ¥ such that xy =1 (*). Now, () & ab/st = 1 < there exists u € ¥ such that
uab = ust € X. It follows that a € ¥ and U(Sy) = {a/s € Sy | a,s € £}. Then, U(Sy) C Ry, with obviously
U(Sy) € U(Ry) € U(Sy) giving U(Ry) = U(Sy). Then Ry C Sy is SL, and so is R C S by Proposition
10

Assume, in addition, that Sy is regular. Then, according to Proposition Ry C Sy is u-integral,
infra-integral, seminormal, quadratic and Ry is regular.

(2) Now, ¥ is the set of regular elements of S. Then Tot(S) = Sy.

(a) and (b) follow from (1).

(c) If S has few zerodivisors, then Z(S) = U!"_, P; is a finite union of prime ideals of S and ¥ = S\Z(R)
gives that Sy = Tot(S) has finitely many maximal ideals, so that Tot(S) is semilocal as Ry since Ry C Sy
is integral. O

In [1I], D. D. Anderson and S. Chun introduced strongly inert extensions and related extensions in
the following way: a ring extension R C S is strongly inert (resp. weakly strongly inert) if for nonzero
a,b €S, then ab € R (resp. ab € R\ {0}) implies a,b € R.

The link between strongly inert and SL extensions has been noticed by Anderson and Chun and
gives many examples of SL extensions.

Proposition 9.7. Let R C S be a strongly inert extension. The following properties hold:

1. [1I) Proposition 3.1 (2) and Theorem 3.2] R C S is SL and either R = S or R and S are integral
domains.

2. If R#S, then 0 is the only proper ideal shared by R and S.
3. If S is J-regular, then R =S.

Proof. (2) Assume that R # S, so that R and S are integral domains. Let I be a proper ideal shared
by R and S. We claim that I = 0. Otherwise, there exists some a € I, a # 0. Since R C S is SL and
R # S, there exists some x € S \ R with x =2 0. Then, ax € I C R. It follows that ax is in R. Since RC S is
strongly inert, this implies x € R, a contradiction. Then, 0 is the only proper ideal shared by R and S.

(3) Since R C S is strongly inert, R C S is SL. If, moreover, S is J-regular, then, by Theorem
J(R) =J(S) and R C S is integral. But, [I, Theorem 3.5 (7)] says that any element of S \ R is transcen-
dental over R. It follows that R=S. O

Remark 9.8. The strongly local property is weaker than the strongly inert property in the following way:
Let RC S be SL and a,b € S be such that ab € U(R). Then ab € U(S) which implies that a,b € U(S) = U(R),
so that a,b € R.

But, in case R is a field, the following Corollary shows that the notions of SL extension and of weakly
strongly inert extension are equivalent.



Pairs of rings sharing their units

Corollary 9.9. Let K C S be an extension where K is a field. The following properties holds:
1. K C S is weakly strongly inert if and only if K C S is SL.

2. If, in addition, S is an integral domain, then K C S is strongly inert if and only if K C S is SL. In this
case, K C S is algebraically closed.

3. If K CSisSL, then K CS is an FCP extension if and only if either K =S or K = Z/2Z and S = K"
for some integer n.

Proof. Since U(K) = K\ {0}, we get that K C S is SL if and only if U(S) = K \ {0}.

(1) Assume that K C S is SL and let a,b € S \ {0} be such that ab € K \ {0}. Then, ab € U(S), so that
a,beU(S) =K\ {0} € K and K C S is weakly strongly inert. Conversely, if K C S is weakly strongly
inert, then K C S is SL according to [1, Theorem 4.1].

(2) Assume that K C S is SL and, in addition, that S is an integral domain. It follows that K C S is
weakly strongly inert by (1) and Z(S) = Z(K) = {0}, so that K C S is strongly inert by [1, Proposition
3.1] and algebraically closed by [1, Theorem 3.5]. Conversely, if K C S is strongly inert, then K C S is
SL according to [1}, Proposition 3.1].

(3) Assume that K C S is SL.

If K =S, then K C S has FCP.

If K=7Z/2Z and S = K" for some integer n, then K C S has FCP by [30}, Proposition 1.4] or because
S has finitely many elements.

Conversely, assume that K C S has FCP. Then S is semilocal by Proposition [8.7|and Definition 8.8
It follows from Theorem [8.3|that K = Z/2Z because MSupp(S/K) = {0} and S = K" for some integer
n by Lemma|[8.9since K C S is infra-integral, and then integral. O

We say that an extension R C S is semi-inert if for nonzero a,b € S, ab € R implies either a € R or
b € R. Such an extension exists by [L0, Proposition 3.1], for example a minimal Priifer extension.
More generally, if R C S is semi-inert and S C T is strongly inert, then R C T is semi-inert.

Proposition 9.10. Let R C S be a semi-inert extension. Then R C S is integrally closed. If, in addition,
R C S islocal, then RC S is SL.

Proof. Let s € S\ R and assume that s is integral over R. Then s" + Z?:_é a;s' = 0 (+) for some positive
integer n and a; € R for any i € {0,...,n—1}. We may assume that n is the least integer such that ()
is satisfied. Then, n > 1 since s ¢ R. It follows that (+) implies s(s"~! + Z?:_g aj.15') = —ay € R. Since
s # 0 because s € S\ R and s ! + Z?:_oz aj15" =0 by the choice of n, it follows that either s € R or
sl 4 ?:_02 a;.15' € R because R C S is semi-inert. In both cases, we get a contradiction, giving that s
is not integral over R. Then, R C S is integrally closed.

Obviously, U(R) € U(S). Assume, in addition, that R C S is local. Then, U(S)N R = U(R). Let
s € U(S). There exists t € U(S) such that st = 1 € R (++), that is s = 7. Since R C S is semi-inert, it
follows that either s or t € R. Assume first that s € R. Then, s € U(S)N R = U(R). Assume now that
s & R. We get that t e RN'U(S) = U(R). Then, t has an inverse in R, which is unique and is also its
inverse in S, so that s € U(R), a contradiction since s ¢ R. Hence, U(S) = U(R) and RC S is SL. O

We can also build SL extensions with cyclotomic extensions.

Proposition 9.11. Let p be a prime integer different from 2 and such that 2 is a primitive root in Z/pZ.
Set K :=7/27Z, L:= K[X])/(XP~'+---+1), R:= K[X]/(XP—-1) and S := K[X]/(XP*! = X). The following
properties hold:

1. XP~ 14 ...+1 isirreducible over K.
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2. There exists an injective ring morphism f : R — S.

3. fisSL.

Proof. (1) comes from [20, Theorem 2.47] because 2 is a primitive root in Z/pZ.

(2) Since XP -1 = (X—1)(XP~! +...+1), the Chinese Remainder Theorem shows that R = [K[X]/(X —
)] x [K[X]/(XP~! +..-+1)] = K x L with K C L a field extension of degree p — 1. Similarly, S =
[K[X)/(X)] x [K[X])/(X = 1)] x [K[X])/(XP~! +---+1)] = K? x L. There is an injective ring morphism
g:KxL— K?xL, given by (x,v) = (x,x,). Then, the following commutative diagram

KxL 5 K2xL

T 1

R Lo

implies an injective ring morphism f : R — S gotten by
f:R>KxL—>K?*xL—S§

In fact, g is defined as g := (g1, ) where g; : K — K? is the diagonal map and g, is the identity on L.
From now, we may identify R with K x L, S with K> x L and f with g.

Let x be the class of X in L, so that L = K[x]. Setting y := (0, x) € R, we get that y? = (0,1;) and any
element of R is of the form (a,b), where a € K = {0,1x} and b = Zf:_g a;x' € L with a; € K for each i.
Then, (a,b) = (a,0)+(0, Zf:_g a;x') = (a,a)—(0,a)+(0, Zf:_oz a;x') can be written as a.1R+Zf:_02 Biv', with
a and B; € K for each i. It follows that R = K[y].

Setting z := (0,0, x), we get that z = f(p), so that we have the injective ring morphism f : R — S
defined by f(y) = z. We may remark that S # K[z] because (0,1,0) € S \ K[z].

(3) Since [U(K)| = 1, we get that |[U(R)| = |[U(K x L)| = [U(L)| = [U(K? x L)| = [U(S)|. It follows that
f(U(R)) =U(S) since f(U(R)) CU(S) and f is SL. O

In the previous proposition the injective ring morphism f : R — S we built may not be unique as
it is shown in the following example:

Example 9.12. Set K := Z/27Z, R := K[X]/(X?—1) and S := K[X]/(X* - X). We will build two injective
ring morphisms f : R — S which are SL.

Let y be the class of X in R and t the class of X in S, so that R = K[y] and S = K[t]. We may use the
proof of Proposition with p = 3 since 2 is a primitive root in Z/3Z. Then, we get that [UR)| = 3
giving U(R) = {1,y,y?}. Since there exists an injective ring morphism f : R — S which is SL, we also have
|[U(S)| = 3. As f is also a linear morphism over the K-vector space R, we may define f by the image of the
basis {1,3},})2} of R over K. An easy calculation of (a+ bt + ct? + alt‘3)3 =1, with a,b,c,d € K shows that
U(S) = {1, 3 +t+ 1,3 + t> + 1}. Since we must have f(1) =1 and f(y) # f (y?) both in U(S), we get that
f(v) and f(y?) are the two different elements of {t3 +t + 1,13 + t> + 1}. Whatever the value we give to y, we
get that f(?) = f()*.

So, such an f is a ring morphism, which is obviously injective. At last, f(U(R)) = U(S) shows that
f :R— Sis SL. There are two such morphisms: fi and f, defined by f,(y) = t>+t+1and fo(y) = 3 +t>+ 1.

Proposition 9.13. Let R be a ring. Set K := Z/2Z, T := K" xR and S = K™ x R, where n < m are
two positive integers. There is an injective ring morphism f : T — S given by f(x,v) := (@(x),y) where
@ : K" — K™ is an injective ring morphism. Then, f is SL.

Proof. Since n < m, we can build an injective ring morphism ¢ : K" — K™ given, for instance, by
Q(x1,...,%,) = (X1,..., X, Xy ..., X,) Where the m — n last terms are all equal to x,,. Then, the map
f: T — S given by f(x,v) := (¢(x),v) is an injective ring morphism. Since K = Z/27Z, it follows
that [U(K)| = 1 = [UK")| = [UK™)]. But, [U(T)| = [UK")[U(R)| and [U(S) = [UK™)[[U(R)], giving
[U(T)| =|U(S)| = |U(R)|, so that f is SL. O
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