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Abstract. Given arbitrary integers Gy and Gy, not both zero, Fibonacci-like numbers, G]', are defined for all non-megative

integers j by the recurrence relation Gj = Gj_1 + Gj— (j = 2). In this paper, we derive a general identity involving the
n n

squares of Fibonacci-like numbers. Closed formulas exist for ijG]Z and ZG]'Jrij,k. We extend these results by

j=0 j=0
n n
providing evaluations for Zx] Gj+k and ZxJ Gj+kGj+s for integers n, s and k and a real or complex variable x. Various
=0 =0
other properties are developed, including double binomial summation identites. As a bonus unexpected result we derive

a generalization of the alternating sum of the products of three consecutive Fibonacci-like numbers.
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1 Introduction
The Fibonacci numbers, Fj, and the Lucas numbers, Lj, j € Z, are defined by:

Fo=0,F =1, Fj=F_1+F_,(j>2), F=(-1)"'F (1.1)

-]
and

Ly=2,Li=1,Lj=Li 1 +Li»(j>2), L;=(-1)L; (1.2)

-]
Both (F})jcz and (L;);cz are examples of a Fibonacci-like sequence. We define a Fibonacci-like se-
quence (also called a gibonacci sequence), (G;);ez, as one having the same recurrence relation as the
Fibonacci sequence, but with arbitrary initial terms. Thus, given arbitrary integers G, and G;, not

both zero, we define
G] = Gj—l + G]'_z (] > 2), (13)
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and also extend the definition to negative subscripts by writing the recurrence relation as
G_j=G_j;2-G_j1. (1.4)

We have [2, equation (1.5)]

G_j = (-1Y(GoL; - G;). (1.5)

_]':

The identity (see Brousseau [4, equation (2)])

F? +Fl,=2F] +2F},, (1.6)

or, more generally,

2 2 _ A2 2

Gi1+Gj, =2Gj +2Gj,, (1.7)

is well known.

Less familiar are identities such as
G}, +2G7 ,=3G7 | +6G7, (1.8)
3G},3+G7 3 = 16G7,, +12G7 (1.9)
and

FyFi1 Gl —FkFea Gr oy = G,y = Fra Fea G (1.10)

Our aim in writing this paper is to derive the identity

FsFmFm—sG]a.k = Fm—sFm—sz—kG]‘z + (_1)s+kaFmFm—kG]2+5
~ (1) FeFoFo i G

j+m’

of which (1.7), (1.8), (1.9) and (1.10) are particular cases, being evaluations at certain m, k, j and s

choices.

n

n
Closed formulas are known for ij G]z and ZGj+ij,k. We will extend these results by provid-

=0 7=0
n

n
ing evaluations for Zx] G]?Jrk and Zx] G;+kGjss for integers n, s and k and arbitrary x.
j:O ]:0

As a bonus surprise result we will discover a generalization (Theorem [4.3) of the following alter-
nating sum of products of three consecutive Fibonacci-like numbers:

n
2 Z(_l)] Gj+k+1 Gj+ij+k—1 = (_1)11 G,31+k+1 + (_1)n+1 Gn+k+2G5+k
j=0
+G; - Gr1GE_;.

Finally, we will derive double binomial identities involving the squares of Fibonacci-like numbers.
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2 Main identity

The main identity with which we are concerned, proved in Theorem utilizes the result stated in
Lemma [2.1]

Lemma 2.1. The following identity holds for arbitrary integers s, k, m and j:
Fs—ij+m = Fm—ij+s + (_1)S+k+1pm—st+k-

Proof. Let h, n and r be arbitrary integers. Let (Gj)jcz and (H;)jcz be two Fibonacci-like sequences.
It is known [5, Formula (18)] that:

HyGuiner = HuonGuar + (_1)n+1 (HnG, — HoGhyk)-

Choosing (H;)jez as the Fibonacci sequence gives

FuGuiner = FuanGuar + (_1)n+1FhGr- (2.1)
Setting h=m—s,n=s—kand r = j + k in (2.1) gives the identity stated in Lemma O

Theorem 2.2. If j, k, m and s are integers, then

1:‘5137111:111—5G2 = Fm—sFm—sz—kG]z + (_1)s+kaFmFm—kG2

j+k j*s
— (-1 FyFFo 4GP,
Proof. Setting m = 0 in the identity stated in Lemma[2.1|gives
(-1)*Fs_¢G; = F,Gjyx — Fx Gy, (2.2)
from which, by squaring and re-arranging, we get
2FFG4kGjss = F§G]?+k +F,§G]?+S —Pf_kcf. (2.3)

The statement of the theorem now follows by squaring the identity stated in Lemma and using
to eliminate the cross-term G;,xGj,s from the right hand side, while making use also of the
multiplication formula

SFuEy=Lyyn— (_1)an—n' (2.4)

O]

3 Partial sums and generating function

Theorem 3.1. The following identity holds for arbitrary x and integers k and n:

iij2 ~ xGl - (2x-1)G} -x*G}_,
- ke x3-2x2-2x+1
J=0 (3.1)
1 2 2 22
X (xGn+k+2 —(2x-1) Gn+k+1 -X Gn+k)

x3-2x2-2x+1
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Proof. Write j +k for j in (I.7), multiply through by x/ and sum to obtain

n

2 2 2
Zx G]+k 1+Z{x G]JrkJr2 = Zx G]+k+2Zx G]+k+1. (3.2)
j:

j=0 j=0
Shifting the summation index in each case gives

n

) XGl =Gl —x"1G +xS(xm k), (3.3)
j=0
- 1
D HC i =G X" G + LS k), (3.4)
j=0
and
= i L o 1o n-1-2 1
Zx]G]+k+2 = _x_sz - ;Gk+1 +X" G g T X Gn+k+2 + 5S(x;1,k); (3.5)
j=0
where .
. 2
S(mk)=) ©G2,.
j=0
Substituting (3.3), (3.4) and (3.5) into (3.2) and solving for S(x;n, k) gives the identity of Theorem 3.1]
O
In particular,
ifo? _xGj - (2x 1) G5 - x%(G; - Gy)?
— —2x2-2x+1
I= (3.6)
X (XG£+2 (2x )G;3+1 _X2G721)'
—2x2-2x+1 '
so that
n 2
]FZ _ X=X
th Joox3-2x2-2x+1
J=0 (3.7)
X"+l (xFﬁ —(2x— 1)Ffl+1 —sz,%)
-2x2-2x+1
and
ix]Lz 4 7x - x?
] x3-2x2-2x+1
j=0 (3.8)
x"+1 (xL,z1+2 (2x - 1)L31+1 2L%)

x3-2x2-2x+1

65
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We also have

n
) Glk = GurkGuikst — Ge1 Gro (3.9)
j=0
with the special value
n
DG} =GuGu1 = (G1 = Go) Go, (3.10)
i=0
giving the classical results
n n
ZF]? =F,F,.1, ZLf =L,L,. +2. (3.11)
— )

Observe that setting x = —1 in the identity of Theorem [3.1]makes the right hand side to be an inde-
terminate form. Application of L'Hospital’s rule however provides

n

n+2 3n +5 n+3 5
Z( )] G]+k (-1)" ( Gn+k+2 Gn+k+1 Gn+k)
=0 (3.12)

1 2
tz Gy - < Gi11Gyoa.

Theorem 3.2 (Generating function of F]2)

= x(1-x) 3-45
Zo' T x— 2+ 2 <=5~ (3.13)
Proof. 1dentity (3.7) as n approaches infinity; with x"F2 — 0 as n approaches infinity. O

n n
Next, we provide an alternative evaluation of Zx] G]?+k in terms of ZxJPjZ.
j=0 j=0

Theorem 3.3. The following identity holds for arbitrary x # —1 and integers k and n:

n n

2 2 2 -
Zx Gl = (i +xGE +2(1-x)Gk Gy ) fopj
=0 L,

+(1-x""F})(G} - 2Gi Gy )
1+ (=1)mxn+!
/" | .

+( 1o x Gk Gii1

Proof. Squaring the addition formula Gy = Fj_1 Gy + F; Gy gives

GZ

k= GiF} + G F7 +2GkGy FiFj ). (3.14)

But,
FjFj_y = Fj_y(Fj;1 —Fj_1) = Fj_1Fjs1 —F},

] ]
. (3.15)
2 2

= F] _Pj—l + (_1)]x
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by Cassini’s identity. Using (3.15) in (3.14), multiplying through by x/ and summing over j yields
the identity of the theorem. O

Setting x = 1 in the identity of Theorem [3.3|produces

n
D Giu = EuFun (Giy + G+ (FE = DGR, ~ GLy)
j=0

(3.16)
+(1+(=1)")Grs1Gy;
so that
2n-1
Y Gl =FauiFanl(GE,y + G+ (F3,, ~1)(G},, - G} ) (3.17)
j=0
and
2n
ZG;Jrk = F2nF2n+1(G]%+1 + G}%) + (F%n - 1)(G13+1 - GI%—l)
P (3.18)
+ 2Gj41 G-
In particular,
n
Y = FuFuat Faor + (Fy = DFog+ (1+ (<)) FxFeen (3.19)
j=0
so that
2n-1
Y Fl=FayFaoy 1 Fopr + (F3, = )Fy (3.20)
j=0
and
2n
) _Fly = FauFapat Fagar + (F3, = 1)Foi + 2FkFi1. (3.21)

j=0
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4 Sums of products

Theorem 4.1. The following identity holds for integers #, s, k and arbitrary x:

n
2FFy Zx] GjkGijss
=0
22 2 22 22 2 22 22
(F G2, | +F] Gsﬂ) (2x—1)(Fs G} +F}G2)-x2(F2G]_, + F{GL )
- X2 —2x+1
1 22 22 22 22
A (x(F2G2,,,, + F? Gn+5+2) (2x—1)(F2GZ,,, + FEG2,.,1))
—2x2—2x+1 (41)
) FZ,(xG} - (2x— 1)G? —x2(Gl - Go)?)
—2x2-2x+1
+x”+1F52_ (xGﬁJr2 (2x — 1)G2+1—X2G%)
x3—-2x?2-2x+1
. x”+3(F52G5+k +F2G,%+s)
—2x2-2x+1

Proof. Multiply through (2.3) by x/ and sum over j, obtaining

n n n
2F5szxfcj+kcj+s = F Zx Gl + L Zx]G]zH Ff_kzxfc;]?,
j=0 j=0 j=0
from which (4.1) follows upon using (3.1) and (3.6). O

In particular, setting x = 1 in (4.1) produces

n
2FFy ZGj+ij+s = F}% (GissGuyse1 — Gs-1Gs) + F52 (GuskGriks1 — Gr-1Gy) (4.2)
j=0 2

—F2 . (GyGy1 + G~ GoGy ),

which, by shifting the summation index and writing k + 1 for k and s+ 1 for s, can also be written as

n
2Fs11Fiiq ZGj+ij+s
j=0

(4.3)
= F]3+1 (Gn+s+1 Gn+s+2 G Gs+1) + F5+1 (Gn+k+1 Gn+k+2 - Gka+1)
—F2 (GuGus1 + G5 = GoGi ) = 2F¢1 Fie1 (ka1 Grisi1 — GiGo);
giving, in particular,
n
Y Gj1Gja = (Gy= Gy +Go)(Gy + Gi = Go). (4.4)

j=0

Identity (4.3) subsumes Berzsenyi’s results [3].
The next result provides an evaluation of the partial sum of the products of two consecutive
Fibonacci-like numbers.
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Theorem 4.2. The following identity holds for arbitrary integers n and k and arbitrary non-zero
number x:

(1 —x—xz)(xG]%Jrl —(2x—1)G£—x2Gz_l)

n
2 1Gii Gisr g =
j—ox Jrkjeko x(x3-2x2-2x+1)
x"+1 (1 - X —xz)(xGﬁJrk+2 —(2x-1) G5+k+1 —x? G5+k) (4.5)
x(x3-2x2-2x+1)
1
+ x2G13+k+1 + " G2+k - ;Glz - Glz—l'
In particular,
n ; (1—x—xz)(xG%—(2x—1)G(2)—x2(G1—G0)2)
2 GiGj_1 =
j_ZO.x 17t x(x3-2x2-2x+1)
x"“(l—x—xz)(xGiJrz—(bc—1)Gﬁ+1 —xZGfl) (4.6)
- x(x3-2x2-2x+1)
1
+x"G2, + "1 G2 - ;Gg —(G1-Gp)?,
with the special value
n
2) GGt = Gt Gt + (G = Go)(Gy + Go) +(G1 = Go)(2Go — Gy). (4.7)
j=0
Proof. Squaring and re-arranging the recurrence relation
Gjtk+1 = Gjk + Gjrk-1
and multiplying through by x/ and summing, gives
n ) n ) n ) n )
2) MGiGupr= ) WGl -) HG, =) WG, . (4.8)
j=0 j=0 j=0 j=0

Shifting the summation index in each case provides

n n
j2 _ j 2 2 o+l 2
Zx Glik-1 ‘XZX Gik t G =% G
j=0 j=0
and
& 1 v 1
72 _ - i2 -2 ne~2 .
Zx Gj+k+1 T x Zx Gj+k ka tx Gn+k+1’
j=0 j=0

which when substituted in (4.8) gives (4.5) in view of (3.1). O
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Theorem 4.3. If (Gj)jcz and (H;);ez are two Fibonacci-like sequences, then

2 Z H]+rG]+kG]+k 1= (_ ) Hn+rG2+k+1 +( 1)n+1 Hn+r+1 Gn+k (4 9)
+H, G} -H,G}_,.

In particular, we have the alternating sum of the products of three consecutive Fibonacci-like
numbers, namely

n
2 Z(_l)] Gj+k+1Gj+ij+k—1 = (-1 ) G3+k+1 + (- 1)n+1 Gn+k+2G,2l+k

‘ (4.10)
+G{ = Gr1GE_;.

Proof. Set x = —(1+V5)/2 = —a in (&.5) and multiply through by a’, where r is an arbitrary integer,
to obtain

zZ "GikGjapr = (1) @™ G2, + ()" @™ G2 o Gl GE L (411)

Similarly, x = —(1 - V5)/2 = - in (&.5) gives

2Z ]+kG]+k 1_(_1) ﬁn+rG2+k+1 +( 1)n+1 ﬁn+r+1G2+k+ﬁr le /5 Gk L (412)

The identity of the theorem now follows by combining (4.11) and (4.12), since

~_Cal-Dp
7 a-p

b

where
C:Hl—Hoﬁ, D:HI—H()OC.

O]

The next lemma facilitates deriving an alternative version of Theorem and the evaluation of

the product ij GikGjik-
j=0

Lemma 4.4. If j, k and s are integers, then

G4k Gjss = Fs-1 Fko1G] + (Foo1 F + FoFy1) GjGja + FoFx G, (4.13)
and
Gk Gjok = (-1 Fiet Fraa G} + (<) F{ GGy + (-1 F{GF, . (414)

Proof. Since, for integers j and m,

Gj+m =Fpu1 Gj + FmGj+1f
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we have
Gjok = o1 G, + FxGioy, (4.15)
Gjrs = ForG; + F,Gia, (4.16)
and
Gjk = <—1>k FenGj+ (-1 BGj. (4.17)
Multiplication of (4.15) and (4.16)) gives (4.13) while multiplication of (4.15) and (4.17) produces (4
D

In view of (4.13) we now state an alternative version of Theorem

Theorem 4.5. The following identity holds for integers j, s, k and arbitrary x:

n

(1-x) ijGj+ij+s

j=0
(1-x) u
:((I—X)Fs_le_l+Fs_1Fk+Fst_1+ X FSFk)Z),x]G]z (418)
]:
+ (Fs—1 Fi + FsFj1) (_xn+1Gn+1Gn + GOG—l)
1-
+P5Fk(—TxG§ +x(1 —x)G,3+1)
Proof. Multiply through (4.13) by x/ and sum over j. O
Theorem 4.6. If k and n are integers and x is a variable, then
= K FE\N- cFi -
ZX] GjkGjk = (-1) [FklPk+1 - Y]Zx]Gf +(-1)" =) ¥GjaG;
]:O ]:0 ]:0
1
F2
+(-1)F £ (=G_1Gy + 2" G, G 1),
x
n
where Z’x]G2 and Zx] Gj_1G;j are as given in (3.6) and (4.6).
j=0 j=0
Proof. Multiply (4.14) by x/ and sum. O
In particular,
F2
ZG] (Gjat = (-1 (G} = Gyt Gt +GoG2 - G
(4.20)

+G;Gpi1 — Go1Go;

on account of (3.10) and (4.7).
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Corollary 4.7 (Generating function of G;,xGj_)-

(o)

; K
Zx] Gj kG =(-1) (Fk—1Fk+1 -
py

Ff]xG%—(

—-2x2-2x+1

(1 X - x)(fo—(Zx—l)G(z)—Xz(Gl—Go)z)

k
+(-1) Pk 532

valid for |x| < (3 - V/5)/2

5 Double binomial sums

-2x2-2x+1)

(1) B 5) -5 (G- GoP?

(4.21)

Lemma 5.1 ([1I, Lemma 5]). Let (X,) be any arbitrary sequence, X, satisfying a four-term recurrence
relation hX, = X, ,+ L X,y + [3X,_c, where h, fi, f, and f3 are arbitrary non-vanishing functions and

a, b and c are integers. Then, the following identities hold:

j
Z( )( ) 371 4 n+] lfl r—cn+(c—=b)j+(b-a)i

3 ()
I

]
e f(
j=0 i=0

+j—i
fn]n

N

|
)fn] et ji

j=0

a\ (i
il
"G

and
n

7=0 i=0

Theorem 5.2. The following identities hold for non-negative integer n and integers s, k, m, r:

noj

j=0 i=
= (PkaFm,ka—sPsfk)nGrzy

2 £ X (b—c)jir(c—ayi = W' 3 X,
1 fz r—an+(a—c)j+(c—b)i =hn" f3 s

A\ (i
])(])h fg,i1 i 2] er (c—a)n+(c-b)j+bi = fl T

—(c=b)n+(c—a)j+ai =

j .
[n . i i
R

Z l+ S+k+1 ( )(])F” ]‘HF'H']FZH ZFn ]F”+] lFl kG

r+kn+(s—k)j+(m—s)i
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noj
k)( J\on+j on—j+i 2 n+] i n— ]
Z e H]( )( )F T ST N L
j=0 i= j (5.8)
= (_1)(5+k_1)H(FmFsFm_sFm—sz—k)nt,
noj n\(j
s+k1+] Pﬂ+]1F FWHFﬂ+]l G2
j=0 ; (J)(Z) m—k T remn (k=m)j+(s—k)i (5.9)

= (-1)(F, FoF i Fo_Fp, )G}
Proof. Change j to r and re-arrange the identity of Theorem as
FmskaFSkG2 (- V%Fﬂ:FskGHm

+ (=1 FFy F i G
+F,F,,F,_.G*

r+k°

In Lemma [5.1] with X, = G2, set h = F,,_Fy_yFs, fi = (-1)"*FeFFoy, fo = (<1 EFyFi
f3 = F,F,,F,_sG* ,a=-m, b=-sand c = —k in identities (5.1) - (5.6). O

r+k’
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