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Abstract. In a recent article [2], we studied the superzeta functions on function fields. In this paper, we continue our

investigation on the superzeta functions of the first kind. We prove results concerning their link with the Euler-Stieltjes

constants and we give formulas for the r-depth regularized product of their zeros.
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1 Introduction

1.1 Background

Functions defined by using the zeros of the Riemann zeta function as the building block of new
Dirichlet series were studied firstly by Mellin in [6] (see an English translation in [12, Appendix D, p.
139]). Voros in [12] gave the name Superzeta functions and introduced three types of such functions,
and in [12, Chapter 10, p. 91] discussed possible extensions to other classes of zeta functions.

The purpose of the present paper is to continue our study on superzeta functions of the first kind
on function fields started in [2].

For the convenience of the reader, let us recall the definition and some proprieties of the zeta
function of a function field as stated in [2, §1.1] (for more details see [11, Chapter 5, Section 5.1 and
Section 5.2, pp. 185–218] or [9]).

Let K denote an algebraic function field of genus g whose field of constants is the finite field Fq.
Let ZK (X) be the following power series

ZK (X) =
+∞∑
n=0

CnX
n =

∏
D prime

(
1−Xdeg(D)

)−1
,



On superzeta functions of the first kind on function fields 29

where Cn = # {D ∈Div(K); D ≥ 0, deg(D) = n}; ZK (X) is actually a rational function

ZK (X) =
L(X)

(1−X)(1− qX)
, (1)

where L(X) factors in C[X] as

L(X) =
2g∏
j=1

(1−αjX) ∈Z[X]. (2)

The special value L(1) =
2g∏
i=1

(1 −αi) is the class number of K , denoted by hK . The complex numbers

α1, ...,α2g are algebraic integers and can be arranged so that αjαg+j = q holds for j = 1, ..., g. Since
the Riemann hypothesis for function fields (abbreviated to RH) proved by A. Weil [13] states that αi ,
i = 1, ...2g have absolute value q1/2, we may order the indices j ∈ {1, ..., g} so that αg+j = αj , and we
then can write αj = q1/2 exp(iθj ) with θj ∈ [0,π].

Now, we define the (classical) zeta function ζK of K as follows: for s ∈ C, we substitute X with q−s

in ZK (X) to get the function

ζK (s) := ZK (q−s) =
+∞∑
n=0

Cnq
−ns, (3)

which converges for Re(s) > 1. We define the following completed zeta function

ξK (s) := qs(1− q−s)(1− q1−s)q(g−1)sζK (s) = qgsL(q−s), (4)

which is an entire function of order one, whose zeros coincide with the zeros of ζK . Moreover, ξK
satisfies the functional equation

ξK (s) = ξK (1− s). (5)

Let us recall that all zeros of the zeta function ζK lie in the critical strip 0 ≤ Re(s) ≤ 1, and they are
symmetric with respect to the real axis and the line Re(s) = 1/2. Note that the RH in this context is
equivalent to saying that the zeros of ζK lie on the line Re(s) = 1/2. Let Z(K) be the set of the zeros ρ
of ζK . Using (1) and (2), we obtain

Z(K) =
{

1
2
± i

θj

logq
+ i

2kπ
logq

, j ∈ {1, ..., g}, k ∈Z
}
.

For an integer n , 0, the nth Li coefficient for the function field K is defined as the sum

λK (n) =
∑

ρ∈Z(K)

∗
(
1−

(
1− 1

ρ

)n)
:= lim

T−→+∞

∑
ρ∈Z(K);|Im(ρ)|≤T

(
1−

(
1− 1

ρ

)n)
. (6)

From the definition of Z(K), we deduce that Z(K) = 1 −Z(K) = 1 −Z(K). Hence, the Li coefficients
λK (n) are real and λK (−n) = λK (n) = λK (n), for all n ∈N. The Li criterion for ζK states: the zeros of
ζK lie on the line Re(s) = 1/2 if and only if the Li coefficients λK (n) are nonnegative for all n ≥ 1. Let
us recall that

ξ ′K (z)
ξK (z)

=
∑

ρ∈Z(K)

∗ 1
z − ρ

(7)
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for all z ∈C \Z(K) (here
∑ ∗ is defined as in (6)). One has the following Hadamard product

ξK (z) =
∏

ρ∈Z(K)

∗
(
1− z

ρ

)
:= lim

T−→+∞

∏
ρ∈Z(K)
|Im(ρ)|≤T

(
1− z

ρ

)
. (8)

Using (6) and (8) we obtain
d
dz

log
(
ξK

( 1
1− z

))
=

+∞∑
n=1

λK (n)zn−1. (9)

The Li coefficients λK (n) associated to the function field K can be expressed for any positive integer
n as follows (see, [5, Proposition 3.1])

λK (n) = − 1
(n− 1)!

dn

dzn
(
(z − 1)n−1 logξK (z)

)∣∣∣∣
z=0

.

1.2 Superzeta functions of the first kind on function fields

In this subsection, we recall definitions and previous results on superzeta functions of the first kind
on function fields (we refer to [2] for more details).

Following the ideas of Voros in [12, Chapter 10, 10.2, p. 93], the authors in [2] define two types of
superzeta functions on K . The superzeta functions of the first kind are

ZK (s,z) =
∑
ρ

1
(z − ρ)s

, Re(s) > 1, (10)

where the sum is taken over the zeros ρ of the function ζK and z ∈ XK = {z ∈C, ∀ρ ∈Z(K), z−ρ <R−}.
Note that these functions are well-defined in the half-plane Re(s) > 1, which can be seen if we put
(z −w)−s := e−s log(z−w) for w ∈ C \ [z,+∞[, using the convention that log(z −w) is real-valued for real
w < z. The authors in [2, Theorem 1.1] proved that for fixed z ∈ XK\]−∞,1], the superzeta function
ZK (s,z) of the first kind has a holomorphic continuation to all s ∈ C. Furthermore, they expressed
ZK (s,z) in terms of the Hurwitz zeta functions which provides a holomorphic continuation of it to the
whole s-plane. An expression for the zeta regularized product associated to the superzeta functions
of the first kind is also given.

1.3 Main results

In this subsection we give the main results of the paper.
In Section 2, we study special values of the derivative of the superzeta functions of the first kind

using Seri’s results (see Proposition 2.1 below from [10]).
Let us define ZK,∗(n) := ZK (n,1). Let γK (n) be the coefficients appearing in the Taylor series expan-

sion of the function ξ ′K (z)
ξK (z) around z = 1 so that

ξ ′K (z)
ξK (z)

= g logq+
+∞∑
n=0

γK (n)(z − 1)n. (11)

The coefficients γK (n) are called the Euler-Stieltjes constants of the second kind on K .
In the following theorem, we consider some special values of ZK (s,z) and relate them to γK (n).

Theorem 1.1. Let n be a positive integer. Then

ZK,∗(n) =
{

g logq+γK (0) if n = 1,
(−1)n−1γK (n− 1) if n ≥ 2.

(12)
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In Section 3, we give in Theorem 3.1 and Proposition 3.3 two different expressions for the r-depth
regularized product associated to the superzeta functions of the first kind which are generalizations
of Proposition 3.1 in [2] for r ≥ 1.

2 The superzeta functions of the first kind and the Euler-Stieltjes con-
stants of the second kind

2.1 Special values of the derivative of the superzeta functions of the first kind

In this subsection, we only give an idea of how to obtain an expression for Z(m)
K (0, z) and Z(m)

K (−n,z), as
the formulas used (16) and (14) below are complicated. However, these expressions can be evaluated
numerically for the first m values, as Seri has done in [10].

The Hurwitz zeta function ζH (s,z) is defined for ℜ(s) > 1 and z ∈ C \ {−N} by the absolutely

convergent series ζH (s,z) =
+∞∑
n=0

1
(n+ z)s

. Let us recall the following formulas.

Proposition 2.1. For large |a| and |arg(a)| < π, we have (see [3, p. 3223] recalled in [10, Equation (2)])

ζ
′

H (z+ 1, a) = −
(1
z

+ lna
)
ζH (z+ 1, a) +

1
2z

a−z−1 +
1
z

∑
1

(z,a), (13)

where ∑
1

(z,a) :=
∞∑
k=2

Bka
−z−k

k−1∑
j=0

(z)k
j!(k − j)

and for m ≥ 2, (see [10, Equation (4)])

ζ
(m)
H (z+ 1, a)

=
(−1)mΓ (m+ 1, z loga)

zm+1 +
(−1)m

2
logm(a) a−z−1 +

1
z

∑
m

(z,a) (14)

+
1
z

m−1∑
i=0

∑
i

(z,a)

Cm,m−i +
m−i−1∑
l=1

∑
1≤k0<k1<...<kl−1<m−i

 l−1∏
j=0

Cm−kj−1,kj−kj−1

Cm−kl−1,m−i−kl−1

 ,
where ∑

m

(z,a) =
+∞∑
j0=2

Bj0a
−z−j0


j0−1∑
j1=0

1
j0 − j1

j1−1∑
j2=0

1
j1 − j2

...

jm−1−1∑
jm=0

(z)jm
jm!(jm−1 − jm)

 ,
the Bk are the Bernoulli numbers and (n)k := n(n + 1)...(n + k − 1) = Γ (n+k)

Γ (n) and for m ≥ 1 and 1 ≤ j ≤ m,

Cm,j := Cm,j(z,a) := −
(m
j

)( j
z + loga

)
logj−1 a.

Let denote

b±j =
1
2
±

iθj

logq
and a±j (z) =

(z − 1
2 ) logq
2iπ

±
θj

2π
.
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From [2, Proposition 2.1], for z ∈ X ′K = {z ∈ XK and
(z− 1

2 ) logq
2iπ ± θj

2π <Z} one has

ZK (s,z) = −
g∑

j=1

1(
z − 1

2 ±
iθj

logq

)s +
(

2iπ
logq

)−s g∑
j=1

ζH

s, (z − 1
2 ) logq
2iπ

±
θj

2π


+

(
− 2iπ

logq

)−s g∑
j=1

ζH

s, −(z − 1
2 ) logq

2iπ
±

θj

2π

 (15)

forℜ(s) > 1 and by analytic continuation for all s ∈ C. The m derivative of (15) with respect to the
variable s gives

Z(m)
K (s,z) =

g∑
j=1

(−1)m+1
logm(z − b±j )(

z − b±j
)s

+
g∑

j=1

m∑
k=0

[
(−1)m−k

(
m
k

)(
2iπ
logq

)−s
logm−k

(
2iπ
logq

)
ζ

(k)
H (s,a±j (z)

]

+
g∑

j=1

m∑
k=0

[
(−1)m−k

(
m
k

)(
− 2iπ

logq

)−s
logm−k

(
− 2iπ

logq

)
ζ

(k)
H (s,−a±j (z)

]
. (16)

Now, substituting s by 0 and −n in (16), for large q and |a±j (z)| < π, we get an expression for

Z(m)
K (0, z), where the terms ζ(k)

H (0, a±j (z)) (resp. ζ(k)
H (−n,a±j (z))) can be obtained from Proposition 2.1 by

substituting z by −1 and a by a±j (z) (rep. z by −n−1 and a by a±j (z)). Since they are very long formulas
we will write them only for m = 1 and s = 0.

Example 2.2. For m = 1 and s = 0 one has

Z
′

K (0, z) =
g∑

j=1

log(z − b±j ) +
g∑

j=1

(
ζ
′

H (0, a±j (z))− log
(

2iπ
logq

)
ζH (0, a±j (z))

)

+
g∑

j=1

(
ζ
′

H (0,−a±j (z))− log
(
− 2iπ

logq

)
ζH (0,−a±j (z))

)
. (17)

Let us recall that

ζH (−n,z) = −Bn+1(z)
n+ 1

,

where n ∈ N and Bn denotes the n-th Bernoulli polynomial. If n = 0, using B1(z) = z − 1/2, we get
ζH (0, z) = −B1(z) = 1/2− z, then ζH (0,−z) = z+ 1/2. Furthermore, by (13), we have

ζ
′

H (0, a) = (1− lna)ζH (0, a)− 1
2
−
∞∑
k=2

Bka
1−k

k−1∑
j=0

(−1)k
j!(k − j)

= (1− lna)
(1

2
− a

)
− 1

2
−
∞∑
k=2

Bka
1−k

k−1∑
j=0

(−1)k
j!(k − j)

.

Hence, we get

Z
′

K (0, z) =
g∑

j=1

log

 (z − b±j )(a±j (z))a
±
j (z)−1/2

(−a±j (z))a
±
j (z)+1/2

+
∞∑
k=2

(
1 + (−1)1+k

)
Bk × (a±j (z))1−k

k−1∑
j=0

(−1)k
j!(k − j)

 .
□
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2.2 Superzeta functions of the first kind and the Euler-Stieltjes constants

In this subsection, we will consider special values of ZK (s,z) when s is a positive integer and relate
them to the Euler-Stieltjes constants of the second kind γK (n).

Proof of Theorem 1.1. By differentiating the logarithm of the Hadamard product formula (8), we ob-
tain: for z ∈ XK and n ≥ 1

ZK (n,z) =
(−1)n−1

(n− 1)!
(logξK (z))(n) .

Since the zeros are invariant by ρ 7−→ 1− ρ, one has

ZK (n,z) = (−1)nZK (n,1− z).

Using ξK (z) = ξK (1− z), we get

ZK,∗(n) =
(−1)n−1

(n− 1)!

[
(logξK (z))(n)

]
z=1

=
−1

(n− 1)!

(ξ ′K (1− z)
ξK (1− z)

)(n−1)
z=0

. (18)

From equations (18) and (11), we obtain the theorem.

Proposition 2.3. Let n be a positive integer. We have

ZK,∗(n) =


g logq+γK (0) if n = 1,

n∑
j=1

j∑
l=1

(−1)j+1
(
n
j

)(
j
l

)
γK (l − 1) if n ≥ 2.

Proof. From [2, p. 19, line 8], one has

∑
ρ∈Z(K)

1
ρn

=
n∑

j=1

(−1)j+1
(
n
j

)
λK (j).

Since Z(K) = 1−Z(K), then

ZK,∗(n) =
n∑

j=1

(−1)j+1
(
n
j

)
λK (j).

Hence, the proposition follows from the following formula (see [1, Theorem 2])

λK (j) = jg logq+
j∑

l=1

(
j
l

)
γK (l − 1)

and

g logq
n∑

j=1

(−1)j+1j

(
n
j

)
=

{
g logq if n = 1,

0 if n ≥ 2.
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3 Superzeta functions of the first kind and the r-depth regularized prod-
uct

In this section, we derive an expression for the r-depth regularized product associated to the su-
perzeta functions of the first kind.

The zeta regularized product of a complex sequence (bn)n∈I is defined by∏
n∈I

bn := exp
(
− d
ds

ζb(s)
∣∣∣∣
s=0

)
,

where ζb(s) :=
∑

n∈I b
−s
n is the zeta function attached to (bn)n∈I , b−sn := exp(−s logbn), with log being the

principal branch of the logarithm; we assume that ζb converges absolutely in some right half-plane,
has a meromorphic continuation to a region containing the origin and is holomorphic at the origin.

Let r be a positive integer and consider the function

φK,r(z) := exp
(
− d
ds

ZK (s,z)
∣∣∣∣
s=1−r

)
. (19)

For r = 1, the right-hand side of (19) is the zeta regularized product of the sequence (z − ρ)ρ∈Z(K).
For r > 1, following [4] and [7] we call the function φK,r(z) an r-depth regularized product of the
sequence (z − ρ)ρ∈Z(K).

Let us consider the Milnor gamma function of depth r defined by

Γr(z) := exp
(
d
ds

ζH (s,z)
∣∣∣
s=1−r

)
.

For r = 1, the authors proved in [2, Proposition 3.1] that

φK,1(z) =
(

2iπ
logq

)g( 1
2−

(z−1/2)logq
2iπ

) (
− 2iπ

logq

)g( (z−1/2)logq
2iπ − 1

2

)

×
g∏

j=1

(z − b±j )

Γ (a±j (z))Γ (−a±j (z))

2π

−1

. (20)

In the following theorem we generalize (20).

Theorem 3.1. Let r be a positive integer. We have

φK,r (z) =
g∏

j=1

(z − b±j )−(z−b±j )r−1
(

2iπ
logq

)− 1
r

(
2iπ
logq

)r−1
Br (a

±
j (z)) (

− 2iπ
logq

) 1
r

(
2iπ
logq

)r−1{
Br (a

±
j (z))+r(a±j (z))r−1

}

× Γr (a±j (z))−
(

2iπ
logq

)r−1

Γr (−a±j (z))−
(
− 2iπ

logq

)r−1]
. (21)

Proof. The first derivative of (15) yields

− d
ds

ZK (s,z) = −
g∑

j=1

log(z − b±j )(z − b±j )−s

+ log
(

2iπ
logq

)(
2iπ
logq

)−s g∑
j=1

ζH (s,a±j (z))−
(

2iπ
logq

)−s g∑
j=1

ζ′H (s,a±j (z))

+ log
(
− 2iπ

logq

)(
− 2iπ

logq

)−s g∑
j=1

ζH (s,−a±j (z))−
(
− 2iπ

logq

)−s g∑
j=1

ζ′H (s,−a±j (z)).
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Recall that ζH (1− r,w) = −Br (w)
r , then

− d
ds

ZK (s,z)
∣∣∣
1−r = −

g∑
j=1

log(z − b±j )(z − b±j )r−1

−1
r

log
(

2iπ
logq

)(
2iπ
logq

)r−1 g∑
j=1

Br(a
±
j (z))−

(
2iπ
logq

)r−1 g∑
j=1

log
(
Γr(a

±
j (z))

)
−1
r

log
(
− 2iπ

logq

)(
− 2iπ

logq

)r−1 g∑
j=1

Br(−a±j (z))−
(
− 2iπ

logq

)r−1 g∑
j=1

log
(
Γr(−a±j (z))

)
.

Using Br(−x) = (−1)rBr(x) + (−1)rrxr−1, we obtain

− d
ds

ZK (s,z)
∣∣∣
s=1−r = −

g∑
j=1

log(z − b±j )(z − b±j )r−1

−1
r

log
(

2iπ
logq

)(
2iπ
logq

)r−1 g∑
j=1

Br(a
±
j (z))

−1
r

log
(
− 2iπ

logq

)(
− 2iπ

logq

)r−1 g∑
j=1

{
(−1)rBr(a

±
j (z)) + (−1)rr(a±j (z))r−1

}
−
(

2iπ
logq

)r−1 g∑
j=1

log
(
Γr(a

±
j (z))

)
−
(
− 2iπ

logq

)r−1 g∑
j=1

log
(
Γr(−a±j (z))

)
.

Therefore (21) follows from φK,r(z) := exp
(
− d
dsZK (s,z)

∣∣∣∣
s=1−r

)
.

Remark 3.2. The expression of φK,r(z) can be written differently using the following identity (see [8,
Equation (14)]) in equation (21) :

ζ′H (1− r,w) = − 1
r2

(
Br(w) +

r
2
wr−1

)
+

1
r
Br(w) logw − 1

r

+∞∑
k=2

Bk

k!

[
d
ds

(s)k

]
s=−r

wr−k ,

where d
ds (s)k =

∑k−1
l=0

(s)k
s+1 and (−r)k = (−1)kr!/(r − k)!. □

Let r be a positive integer. Let us consider the polylogarithm function Lir of degree r which is
defined for |z| < 1 by Lir(z) :=

∑+∞
m=1

zm
mr . Put Kr(z) := exp(−Lir(z)) and let ζ(r)

K be the poly-zeta-function
defined by

ζ
(r)
K (s) =

∏
D

Kr

(
1

qsdeg(D)

)−(logD)1−r

, ℜ(s) > 1. (22)

Note that when r = 1, since Li1(z) = − log(1− z) and K1(z) = (1− z), we have ζ
(1)
K = ζK .

In the following proposition, we give another expression for φK,r(z) using the poly-zeta-function

ζ
(r)
K defined above (similar definition is given by Kurokawa et al. in [4, Section 4.2]).
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Proposition 3.3. For r ≥ 1 andℜ(z) > 1, we have

φK,r(z) = (z − 1)(z−1)1−r
zz

1−r ( 2πi
logq

)− 1
r

(
2πi
logq

)r−1[
Br

(
z logq
2πi

)
+Br

(
(z−1)logq

2πi

)]

×
(
− 2πi

logq

)− (−1)r

r

(
− 2πi

logq

)r−1
{
Br

(
z logq
2πi

)
+Br

(
(z−1)logq

2πi

)
+r

(
− z logq

2πi

)r−1
+r

(
− (z−1)logq

2πi

)r−1
}

×
[
Γr

(
z logq
2πi

)
Γr

( (z−1)logq
2πi

)]−( 2πi
logq

)r−1

×
[
Γr

(
− z logq

2πi

)
Γr

(
− (z−1)logq

2πi

)]−(− 2πi
logq

)r−1

×
(
ζ

(r)
K (z)

)(−1)r (r−1)!
.

Proof. By [2, Proposition 4.1], we have

(−1)r (r − 1)! logζ(r)
K (z)

=
log(z − 1)
(z − 1)1−r +

logz
z1−r

+
1
r

(
2πi
logq

)r−1

log
(

2πi
logq

)[
Br

(
z logq
2πi

)
+Br

(
(z − 1)logq

2πi

)]
+

(−1)r

r

(
− 2πi

logq

)r−1

log
(
− 2πi

logq

)Br

(
z logq
2πi

)
+Br

(
(z − 1)logq

2πi

)
+ r

(
−
z logq
2πi

)r−1

+ r

(
−

(z − 1)logq
2πi

)r−1


+
(

2πi
logq

)r−1

log
(
Γr

(
z logq
2πi

)
Γr

(
(z − 1)logq

2πi

))
+

(
− 2πi

logq

)r−1

log
(
Γr

(
−
z logq
2πi

)
Γr

(
−

(z − 1)logq
2πi

))
− d
ds

ZK (s,z)
∣∣∣
s=1−r .

We finish the proof by using φK,r(z) = exp
(
− d
dsZK (s,z)

∣∣∣
s=1−r

)
.

Remark 3.4. Let us note that for r = 1 andℜ(z) > 1 we get (see [2, Corollary 4.4])

φK (z) = z(z − 1)
(

2πi
logq

)1− (2z−1)logq
2πi

(
− 2πi

logq

)1+ (2z−1)logq
2πi


Γ

(±z logq
2πi

)
√

2π


Γ

(±(z−1)logq
2πi

)
√

2π

ζK (z)


−1

.

□

4 Concluding remarks

The zeros of the function ζK are denoted by

ρ±k,j =
1
2

+ iτ±k,j , where τ±k,j =
±θj + 2kπ

logq
, j = 1, .., g and k ∈Z.

As in [2] and [12, Chapter 8 and 9], the superzeta functions of the second kind ZK and the third kind
ZK are defined by

ZK (s, t) =
∑
k∈Z

g∑
j=1

1(
(τ±k,j )

2 + t2
)s , Re(s) >

1
2
,
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where t ∈C such that t2 + (τ±k,j )
2 <R− for all k, and

ZK (s,τ) =
∑
k∈Z

g∑
j=1

1
(τ±k,j + τ)s

, Re(s) > 1,

where τ ∈C such that τ + τ±k,j <R− for all j = 1, .., g.
As Voros did in [12, (9.3) and (9.4), pp. 87-88] for the classical zeta function, a perspective of this

paper is to describe the family of ZK using that of ZK and get similar results for superzeta functions
of the third kind as for superzeta functions of the first kind and the second kind (see [2]).

References

[1] K. H. Bllaca, K. Mazhouda, Explicit formula on function fields and application: Li coefficients,
Ann. Mat. Pura Appl. (4) 200 (5) (2021) 1859–1869.

[2] K. H. Bllaca, J. Khmiri, K. Mazhouda, B. Sodaïgui, Superzeta functions on function fields, Finite
Fields Appl. (95) (2024), Paper No. 102367, 22 pp.

[3] E. Elizalde, A simple recurrence for the higher derivatives of the Hurwitz zeta function, J. Math.
Phys. (34) (7) (1993) 3222–3226.

[4] N. Kurokawa, M. Wakayama, Y. Yamasaki, Milnor-Selberg zeta functions and zeta regulariza-
tions, J. Geom. Phys. (64) (2013) 120–145.

[5] K. Mazhouda, L. Smajlović, Evaluation of the Li coefficients on function fields and applications,
Eur. J. Math. (5) (2019) (2) 540–550.

[6] Hj. Mellin, Über die nullstellen der Zetafunktion, Ann. Acad. Sci. Fenn. A 10 (11) (1917).

[7] J. Milnor, On polylogarithms, Hurwitz zeta functions and the Kubert identities, Enseign. Math.
(29) (1983) 281–322.

[8] S. Rudaz, Note on asymptotic series expansions for the derivative of the Hurwitz zeta function
and related functions, J. Math. Phys. (31) (1990) (12) 2832–2834.

[9] G.D.V. Salvador, Topics in the theory of algebraic function fields, in: Nolan Wallach Ed., Mathe-
matics: Theory and Applications, Birkhäuser (2006).

[10] R. Seri, A non-recursive formula for the higher derivatives of the Hurwitz zeta function, J. Math.
Anal. Appl. (424) (2015) (1) 826–834.

[11] H. Stichtenoth, Algebraic function fields and codes, 2nd ed., GTM, vol. 254, Springer-Verlag,
Berlin, 2009.

[12] A. Voros, Zeta functions over zeros of zeta functions, Lecture Notes of UMI, vol. 8, Springer,
2010.

[13] A. Weil, Sur les courbes algébriques et les variétés qui s’en déduisent, Publ. Inst. Math. Univ.
Strasbourg (7) (1945). Actualités Scientifiques et Industrielles [Current Scientific and Industrial
Topics], No. 1041 Hermann & Cie, Paris, 1948. iv+85 pp.


	Introduction
	Background
	Superzeta functions of the first kind on function fields
	Main results

	The superzeta functions of the first kind and the Euler-Stieltjes constants of the second kind
	Special values of the derivative of the superzeta functions of the first kind
	 Superzeta functions of the first kind and the Euler-Stieltjes constants 

	Superzeta functions of the first kind and the r-depth regularized product
	Concluding remarks
	Finite Direct Projective Envelope
	Partial sums and generating function
	Sums of products
	On finiteness of Gröbner bases of -1(I) with a finite coefficient field
	2-nil-clean property in amalgamated algebra
	Pullbacks
	Cubic residues modulo prime powers and encoding functions
	The cubic Pell Curve over fields

	Encoding into the cubic Pell curve
	A New RSA-like Scheme
	General presentation of candidates
	Classic McEliece
	BIKE (Bit Flipping Key Encapsulation)

	Cryptanalysis of the different candidates
	Discussion

