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Abstract. In a recent article [2], we studied the superzeta functions on function fields. In this paper, we continue our
investigation on the superzeta functions of the first kind. We prove results concerning their link with the Euler-Stieltjes
constants and we give formulas for the r-depth regularized product of their zeros.
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1 Introduction

1.1 Background

Functions defined by using the zeros of the Riemann zeta function as the building block of new
Dirichlet series were studied firstly by Mellin in [6] (see an English translation in [12, Appendix D, p.
139]). Voros in [12] gave the name Superzeta functions and introduced three types of such functions,
and in [12, Chapter 10, p. 91] discussed possible extensions to other classes of zeta functions.

The purpose of the present paper is to continue our study on superzeta functions of the first kind
on function fields started in [2].

For the convenience of the reader, let us recall the definition and some proprieties of the zeta
function of a function field as stated in [2}, §1.1] (for more details see [11, Chapter 5, Section 5.1 and
Section 5.2, pp. 185-218] or [9]).

Let K denote an algebraic function field of genus ¢ whose field of constants is the finite field [F,.
Let Zg(X) be the following power series

ZK(X):iCnX": |_[ (1—Xdeg<D>)_1,
n=0

D prime
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where C,, = #{D € Div(K); D >0, deg(D) = n}; Zx(X) is actually a rational function
L(X)
Zx(X)= ——F——, 1
K= 00 -4%) W
where L(X) factors in C[X] as
28
L(X) = I_[(l ~a;X) € Z[X). (2)
j=1

28
The special value L(1) = ]_I(l — a;) is the class number of K, denoted by hg. The complex numbers
ay,..., ayg are algebraic iritégers and can be arranged so that ajag,; = q holds for j = 1,..,g. Since
the Riemann hypothesis for function fields (abbreviated to RH) proved by A. Weil [13] states that «;,
i = 1,..2¢ have absolute value g'/2, we may order the indices j € {1,...,g} so that ag.j = aj, and we
then can write a; = q'? exp(i0;) with 6, € [0, 7t].
Now, we define the (classical) zeta function Cg of K as follows: for s € C, we substitute X with g~°
in Zg(X) to get the function

+00
Ck(s)i=Zk(47) =) Cug™, (3)
n=0
which converges for Re(s) > 1. We define the following completed zeta function

Ex(s):=q° (1 —q7)(1 = q")g 8k (s) = ¢*°L(g ™), (4)

which is an entire function of order one, whose zeros coincide with the zeros of Cx. Moreover, &g
satisfies the functional equation

Ek(s) =&k (1 —s). (5)

Let us recall that all zeros of the zeta function Cg lie in the critical strip 0 < Re(s) < 1, and they are
symmetric with respect to the real axis and the line Re(s) = 1/2. Note that the RH in this context is
equivalent to saying that the zeros of Ck lie on the line Re(s) = 1/2. Let Z(K) be the set of the zeros p
of Ck. Using (1)) and (2), we obtain

(oF
Z(K) = lii—]+i2k—n,]’e{1,...,g},kez .
2" logqg logg

For an integer n = 0, the nth Li coefficient for the function field K is defined as the sum

* 1\" . 1\"
o NN [ |
peZ(K) peZ(K);lIm(p)IST

From the definition of Z(K), we deduce that Z(K) = 1 — Z(K) = 1 — Z(K). Hence, the Li coefficients
Ak (n) are real and Ag(—n) = Ax(n) = Ag(n), for all n € IN. The Li criterion for Cx states: the zeros of
Ck lie on the line Re(s) = 1/2 if and only if the Li coefficients Ag () are nonnegative for all n > 1. Let

us recall that
éx(2) « 1
= E (7)
&x(2) peZTK) zZ=p

29
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for all z€ C\ Z(K) (here }_ * is defined as in (6)). One has the following Hadamard product

pez(K) peZ(K)
lm(p)|<T
Using (6)) and (8)) we obtain
d 1 'S n—1
log(ex ()= )_Ax(m"", (©)

The Li coefficients Ag(n) associated to the function field K can be expressed for any positive integer
n as follows (see, [5, Proposition 3.1])

1 dr

Ak = =07

((z=1)" M logk (2))

2=0

1.2 Superzeta functions of the first kind on function fields

In this subsection, we recall definitions and previous results on superzeta functions of the first kind
on function fields (we refer to [2] for more details).

Following the ideas of Voros in [12], Chapter 10, 10.2, p. 93], the authors in [2] define two types of
superzeta functions on K. The superzeta functions of the first kind are

Zx(s,2) = Zﬁ Re(s)> 1, (10)
P

where the sum is taken over the zeros p of the function Cx andz€ Xg ={z€ C, Vp € Z(K), z—p & R_}.
Note that these functions are well-defined in the half-plane Re(s) > 1, which can be seen if we put
(z—w)™* := e5198(¥) for w € C\ [z, +o0[, using the convention that log(z — w) is real-valued for real
w < z. The authors in [2, Theorem 1.1] proved that for fixed z € Xg\]—o0,1], the superzeta function
Zk(s,z) of the first kind has a holomorphic continuation to all s € C. Furthermore, they expressed
Zk(s,z) in terms of the Hurwitz zeta functions which provides a holomorphic continuation of it to the
whole s-plane. An expression for the zeta regularized product associated to the superzeta functions
of the first kind is also given.

1.3 Main results

In this subsection we give the main results of the paper.

In Section |2 we study special values of the derivative of the superzeta functions of the first kind
using Seri’s results (see Proposition [2.1]below from [10]).

Let us define Zg ,(n) := Zg(n,1). Let yx(n) be the coefficients appearing in the Taylor series expan-

sion of the function Z 22 around z =1 so that
T —glogq+§m<n)<z—1>. (11)

The coefficients y(n) are called the Euler-Stieltjes constants of the second kind on K.
In the following theorem, we consider some special values of Zk(s,z) and relate them to yx(n).

Theorem 1.1. Let n be a positive integer. Then

_ ) glogg+yx(0) if n=1,
ZK’*(H)_{ (1) lyg(n-1) if n>2. (12)
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In Section 3} we give in Theorem [3.1]and Proposition [3.3|two different expressions for the r-depth
regularized product associated to the superzeta functions of the first kind which are generalizations
of Proposition 3.1 in [2]] for r > 1.

2 The superzeta functions of the first kind and the Euler-Stieltjes con-
stants of the second kind

2.1 Special values of the derivative of the superzeta functions of the first kind

In this subsection, we only give an idea of how to obtain an expression for Zﬁ}”)(o, z) and Z(I;n)(—n, z), as
the formulas used and below are complicated. However, these expressions can be evaluated
numerically for the first m values, as Seri has done in [10].
The Hurwitz zeta function Cy(s,z) is defined for Re(s) > 1 and z € C \ {-IN} by the absolutely
o 1

convergent series Cy(s,z) = Z .
= (n+2)

. Let us recall the following formulas.
Proposition 2.1. For large |a| and |arg(a)| < 1t, we have (see [3} p. 3223] recalled in [10, Equation (2)])
7 1
Cylz+1l,a)=- ( +1na)CH(z+1 a)+—za =1y 2 Zza (13)

where
00 k-1 (Z)
— -z—k k
Z(Z,a) = ZBka z Zm
1 k=2 j=0
and for m > 2, (see [10, Equation (4)])

an)(er 1,a)

_ (=)"T'(m+1,zloga) (-1)" 1
= g + 5 log"( Ly e ; z,a (14)
1 m—1 m—i—1
+; ' Z(Zfa) Cm m—i t Z 1 Cm—kj_],kj—kj_] Cm—kl_l,m—z'—kl_l ’
i=0 i I=1 1<ko<k;<..<k;_j<m—i| j=0

where

+00 B Pl 1 -1 1 Jm-1~1 (Z)j
(z,a) = Bja =0 : - : te —
; j; " ];Jo—h ];Jl—]z L JitGm=1= jm)

jm:O
the By are the Bernoulli numbers and (n)g := n(n+1)..(n+k—-1) = r(rizz)k) andform=1and 1<j<m
Cm,]‘ = Cm’]‘(Z, a):= —(7]”)(% + 10ga)10gf‘1 i
Let denote
16, - Llogq 6,
bt =4 and at(z) = L0
j 2+10gq an a](z) o +2n
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From (2| Proposition 2.1], for z € X}, = {z € Xk and ﬂ + 5 ’ ¢ Z} one has

g 1 2im | (z-5)logg 6
Zen) = =) i0 )S+(logq) ZCH[S’T 2_]

= (Z—%i o =1
2im \ U @ ~(z-%)logq 0,
i (_1ogq) ;CH(S’ 2im 2 (15)

for Re(s) > 1 and by analytic continuation for all s € C. The m derivative of with respect to the
variable s gives

§ m . —s .
P L2 e ) e el

m)(_Zz_n) log™* (— 217 )Cg)(s,—a;—'(z)]. (16)

logg logg

Now, substituting s by 0 and —n in (16), for large q and |a;(z)] < 7, we get an expression for

Z(Km)(O, z), where the terms Cg)(O, a;—'(z)) (resp. Cg{)(—n, a;—'(z))) can be obtained from Propositionby
substituting z by —1 and a by a;—“(z) (rep. zby —n—1 and a by a?(z)). Since they are very long formulas
we will write them only for m =1 and s = 0.

Example 2.2. For m =1 and s = 0 one has

g 8 .
Zc(0,2) = ) log(z—b?)+ (ch,a;(z))—lg(lf);”)cmo,a;(z)))

j=1 j=1
g

- z(ch, a;(z))—log(—fl“)cmo, a;(z))) (17)
j=1

Let us recall that B
I ]

where n € IN and B,, denotes the n-th Bernoulli polynomial. If n = 0, using B(z) = z - 1/2, we get
Cu(0,2) = —By(2z) = 1/2 -z, then Cy(0,~z) = z+ 1/2. Furthermore, by (13), we have

' Loy ey (D)
Cp(0,a) = (1_1na)CH(0r“)_§—;Bkal k;j!(k_’})
o0 k-1
= 1 N1 1-k (—1)k
= (1 —lna)( a) > ;Bka 2, FIC

Hence, we get

g . b+)( i(z))a;(z)—l/z ©
o N S s
; z :

=1
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2.2 Superzeta functions of the first kind and the Euler-Stieltjes constants

In this subsection, we will consider special values of Z(s,z) when s is a positive integer and relate
them to the Euler-Stieltjes constants of the second kind yk(n).

Proof of Theorem By differentiating the logarithm of the Hadamard product formula (8], we ob-

tain: forze Xg and n>1
_ =t ()
Zin,2) = (o og (@)

Since the zeros are invariant by p — 1 —p, one has

Zx(n,z)=(-1)"Zx(n,1 -2).

Using £k (z) = &k (1 —z), we get

_ ) (n-1)
_(=p™! w1 1 Ex(l-2)
e Ty e U e e v P I W "
From equations and (L1), we obtain the theorem. O
Proposition 2.3. Let n be a positive integer. We have
glogq +yx(0) if n=1,
Ziam) =3 NN i (1)1
K, - j+ _ .
) (1) (],)(l)yK(l 1) if n>2

e f(—l)f'”(’;)AK(j).

j=1

Since Z(K) =1 - Z(K), then

n

Zi,(n) = Z(—l)f“(’;)AK(j).
j=1

Hence, the proposition follows from the following formula (see [1, Theorem 2])

.
Ak(j) = jglogq + Z(;)mz -1)
I=1

and

n .
i+l _ ] glogg if n=1,
glogq;( 2 ](]') { 0 if nx2.
]:

33
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3 Superzeta functions of the first kind and the r-depth regularized prod-
uct
In this section, we derive an expression for the r-depth regularized product associated to the su-

perzeta functions of the first kind.
The zeta regularized product of a complex sequence (b,,),¢; is defined by

where Cy(s) :=)_,c; b;,° is the zeta function attached to (b,),c;, b;,° := exp(—slogb,,), with log being the

principal branch of the logarithm; we assume that (;, converges absolutely in some right half-plane,

has a meromorphic continuation to a region containing the origin and is holomorphic at the origin.
Let r be a positive integer and consider the function

L) .

For r = 1, the right-hand side of is the zeta regularized product of the sequence (z — p)jcz (k)
For r > 1, following [4] and [7] we call the function ¢ ,(z) an r-depth regularized product of the

sequence (z—p)pez(k)-
Let us consider the Milnor gamma function of depth r defined by

d
$x,(2) = eXP(—%ZK(S; z)

[(z):= exp(%CH(s,z)L:l_r).

For r = 1, the authors proved in |2, Proposition 3.1] that

217 g(%_(Hﬁlogq) 2i7 g(%_%)
Prate) = (logq) _logq)
£ T(a*(2))l(-at(2)) \] "
Xl_l[[(z_b]#)[ T ﬂ | (20)
i

In the following theorem we generalize (20).

Theorem 3.1. Let r be a positive integer. We have

1(2im \"lp =+
br(2) = ; l(z bi)<zb}>r1(zin )v(logq) B*(“/’(Z))( 2in)
K,r = Y
=1

S

(2 )”1 {BrlaZ(2)+r(at(2)) 7

logq

! logq ~logq
2ir \"1 2ir |1
x L (ax(2) (55 I (cat(z) ) ] (21)
Proof. The first derivative of yields
d g
~Zk(s2) = —Zlog<z—b]¢)(z—bji)—s

j=1
2im \ [ 2im \ & N 2im \°& , .

+log(logq)(logq) ;CH(S’aj(Z))_(logq) J;CH(S’% )
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Recall that Cyx(1 -7, w) = —M, then

_diZK(S z Zlogz b+ )z - b )t
1 2im \( 2im \"N & N 2in 1 E N
—;log(log (2x) ;Brw;(z))—(@) ) tos{refc)
L[ 2im ([ 2in g _— 2im \'! gl S
- "g(‘logq)(‘log q) ]Zl r<—aj<z>>—(—10g q) ];Og( (~a5(2).

Using B,(—x) = (=1)"B,(x) + (-=1)"rx"~!, we obtain

d
_EZK(S,Z -1, = —Zlogz b )(z— b )
-1 &
1 2irt \( 2im "
_7log(10gq)(logq) 2_BAa; @)
—llo _21'71 2im "
P logq ]\ loggq
' Zlo (@)~ [~ rlZlo (T (-5 (2))
logq gl “logg s\ '

Therefore follows from ¢ ,(z) := exp (—%ZK(S, z)

) .
s=1-r

Remark 3.2. The expression of ¢k ,(z) can be written differently using the following identity (see (8}
Equation (14)]) in equation (21) :

: _ L L
Cy(l-rw) = p (Br(w)+ 5w )
1w B[ d —k
+—Br(w)logw—;;ﬁ[%( )k]s—_rw )
where £ (s); = Y12, Y and (=r)g = (=1)krl/(r = k). O

Let r be a positive integer. Let us consider the polylogarithm function Li, of degree r which is

defined for |z] < 1 by Li,(z) := Y 1%, ;—Wi Put K,(z) := exp(-Li,(z)) and let Cg) be the poly-zeta-function
defined by

(1o _ 1
CK (S) - ]_[Kr(qsdeg(D)
D

Note that when r =1, since Li;(z) = —log(1 — z) and K;(z) = (1 —z), we have Cg) = (k-
In the following proposition, we give another expression for ¢k ,(z) using the poly-zeta-function

—(log D)}~
) , Re(s)>1. (22)

Cg) defined above (similar definition is given by Kurokawa et al. in [4} Section 4.2]).
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Proposition 3.3. For r > 1 and Re(z) > 1, we have

-1 1 (z-1)1
) = (o 1y T )
r 0gq
_1)r -\ -1 r—1 _ r—1
(- (o e (o)
logq
zlogq (z—1)logg logq
X[PT( 211 ) 271 )]
-1
zlogq (z—1)logg logq
X[rr(_ 2mi ) ( 2mi ]

d(ewa)

Proof. By [2], Proposition 4.1], we have

(~1)"(r=1)tlog ) (2)
log(z—1) logz
(Z— 1)1—r Z1-1

L\ =1 .
+l 27 log 27t B, zlogq +B, (z—l)l‘ogq
r \loggqg logg 27 27
v r—1 _ r—1 _ r—1
+( D" 2mi 2mi zlogq B, (z l)llogq oy _zlog.q +r(_(z l)llogq
r logg “logg 2mi 2mi 2mi 2mi
.\ r—1
] (W) < 2
logg
N _ 2mi Fl zlogq logq
logg

d
- gzK(s,z)|

s=1-r"
We finish the proof by using ¢ ,(z) = exp(—%ZK(S,z)L:l_r). O

Remark 3.4. Let us note that for r = 1 and Re(z) > 1 we get (see [2, Corollary 4.4])

_(2z-1)lo (2z-1)lo +z1 +(z—1)1 -1
ox(2) —z(z—l)( 27 )1 o (_ 2mi )H o F( 2272?‘1) F( > 27zi0gq) Cx(2)
: logg logg Var var |

4 Concluding remarks

The zeros of the function Cg are denoted by

+0; + 2km
logg

As in 2] and [12], Chapter 8 and 9], the superzeta functions of the second kind Zx and the third kind

3k are defined by
1 1
Zg(s,t) = — , R -
k(s 1) ZZ +y‘)2+t2)s e(s)>

+

1
Prj =7 TiT; where ;= ,j=1,,gand ke Z.
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where t € C such that t2 + (Tki’].)2 ¢ R_ for all k, and

g

g(;): +—,R()>1,
k(s T é;’(ﬁzj‘”)s e(s

where 7 € C such that T + ’c]:—"j gR_forallj=1,.,g.

As Voros did in [12} (9.3) and (9.4), pp. 87-88] for the classical zeta function, a perspective of this
paper is to describe the family of Jx using that of Zx and get similar results for superzeta functions
of the third kind as for superzeta functions of the first kind and the second kind (see [2]).
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