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1 Introduction and preliminaries

Roughly speaking, CAT (k) spaces are geodesic spaces of bounded curvature and generalization of
Riemanian manifold of sectional curvature bounded above. The letter C,A and T stand for Cartav,
Alexandrv and Toponogov who have made important contributions to the understanding of cur-
vature via inequalities for the distance function and k is a real number that we impose it as the
curvature bound of the space. Fixed point theory in CAT (k) spaces was first studied by Kirk [1]]-[2].
Since any CAT (k) space is a CAT (k') space for k” > k, so, all results for CAT(0) spaces immediately
apply to any CAT (k) spaces with k < 0. However, there are only a few articles that contain fixed point
results in the setting of CAT (k) spaces with k > 0, because in this case the proof seems to be more
complicated. The interplay between the geometry of Banach spaces and fixed point theory has been
very strong and fruitful. In particular, geometric properties play a Key role in metric fixed point
problems.

Gromov [9], introduced the notation of CAT(0) spaces as follows:

Definition 1.1. Let C be a nonempty subset of metric space (X,d). A mapping T : C — C is said to
be

(1) Lipschitzian if d(Tx, Ty) < kd(x,y) for all x,y € C,k > 0,

(1i) nonexpansive if d(Tx,Ty) <d(x,y) for all x,y € C

(1ii) asymptotically nonexpansive if there exists a sequence {k,,} € [0,1) with lim,_, .k, = 1 such that
d(T"x, T"y) < k,d(x,y) for all x,y € C. Class of asymptotically nonexpansive mappings includes a
class of nonexpansive mapping as proper subclass and both the mappings are Lipschitzian.

In 1974 , Kirk, substantially weaken the assumption of asymptotic nonexpansive ness of T by
replacing it with assumption, which may hold even if none of the iterates of T is lipschitzian. A
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mapping T : C — C is said to be asymptotically nonexpansive type if for each y € C the following
inequality holds:
limy, o Sup{Supyec{d(T"x, T"y)—d(x,y)} < 0.

Every asymptotically nonexpansive mapping is asymptotically nonexpansive type but converse need
not be true. The concept of asymptotically nonexpansive type mappings is more of asymptotically
nonexpansive mappings. Iterative approximation of fixed points of asymptotically nonexpansive
and asymptotically nonexpansive type mapping have been studied by various author in the setting
of Hilbert spaces, Banach spaces and convex metric spaces (see [9] and reference therein).

Definition 1.2. Let (X, d) be a metric space. A geodesic path joining x € X to y € X is a map C from
a closed interval [0,1] € R to X such that C(0) = x, C(I) = y and d(C(t),C(t')) = |t —t'| for all t,t € [0,1].
In particular, C is an isometry and d(x,y) = I. The image of C is called geodesic (or metric) segment
joining x and y. When it is unique this geodesic segment is denoted by [x,].

Definition 1.3. The space (X,d) is said to be a geodesic space if every two points of X are joined by
a geodesic, X is said to be uniquely geodesic if there is exactly one geodesic joining x and y for each
x,v € X. A subset Y C X is said to be convex if Y includes every geodesic segment joining any two of
its point.

Definition 1.4. A subset C of X is said to be bounded if diam(C) = sup{d(x,y): x,y € C} < c0.

Definition 1.5. Given k € R, we denote by M/’ the following metric spaces:
(i) if k = 0 then M/’ is the Euclidean space E";
(i) if k > 0 then M/’ is obtained from the spherical space S" by multiplying the distance function by

1
the constant —;
(iii) if k < 0 then M}’ is obtained from the hyperbolic space H" by multiplying the distance function
1
by the constant —.

V-k
Definition 1.6. If x,y;,y, are points in a CAT(0) space and if y, is the midpoint of the segment
[v1,v2], then the CAT(0) inequality implies

1 1
d2(x,y0) < ) {dz(x,yl) + d2(x,yz) - §d2(1}1,}/2)},

the above inequality named as CN—inequality. In fact, a geodesic space is a CAT(0) space if and
only if it satisfies the CN—inequality. CAT(0) spaces may be regarded as a metric version of Hilbert
spaces. For example, in any Hilbert space H we have the following extended version of parallelogram
law:

&

Iz~ (ax+ (1 -a)p)I* = allz—xI” + (1 - a)llz= > - a(1 - a)llx - yII?

forany a €[0,1] and x,y,z€ H.
CN- inequality is extended by Dhom Pongsa and Panyanak [4] as CN*—inequality such as :

d*(z,ax® (1 - a)y) < ad?(x,2) + (1 —a)d?(z,9) — a(l - a)ad?(x,p)

1
for any a € [0,1] and x,y,z € X. If a = -, then the above inequality becomes the CN—inequality.
Infact , If X is a geodesic space then the following statements are equivalent:
(i) X is a CAT(0) space
(ii) X satisfies CN —inequality
(iii) X satisfies CN*—inequality.
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Definition 1.7. Let R € (0,2], a geodesic space (X,d) is said to be R—convex for R if for any three
points x,,z € X we have

P2(z,ax (1 - a)y) < ad(x,2) + (1) (z,y) - 1) Toy)

It follows from CN*—inequality that a geodesic space (X,d) is a CAT(0) space if and only if (X,d) is
R—convex for R = 2.

-2y
2vk

Lemma 1.8. Let k be an arbitrary positive real number and (X,d) be a CAT (k) space with diam(X) <
for some 1 € (O, %) Then (X, d) is R—convex for R = (1t — 1) tany.

Lemma 1.9. Let (X,d) be a CAT(0) space, then
(i) for x,y € X and t € [0, 1] there exists a unique point z € [x,y] such that

d(z,x) =td(x,y) and d(y,z) = (1 -t)d(x,p),

we use the notation (1 —t)x @ty for the unique point z satisfying the above equalities.
(ii) for x,v,z € X and t € [0,1], we have

A((1-t)x®ty,z) <(1-t)d(x,z)+td(y,z).

Definition 1.10. Let C be nonempty subset of a CAT (k) space (X,d) and T : C — C be a mapping.
We denote by F(T) the set of all fixed points of T, i.e., F(T) = {x € C: x = Tx}. Then T is said to

(i) be completely continuous if T is continuous and for any bounded sequence {x,,};*, in C, {Tx,}*,
has a convergent subsequence in C.

(ii) be uniformly L-Lipschitzian if there exists a constant L > 0 such that

d(T"x,T"y) < Ld(x,y) forall x,y € Cand all n € N.

(iii) be asymptotically demicontractive if F(T) # ¢ and there exists k € [0,1) and a sequence {a,} with
lim,_,.4a, =1 such that

d*(T"x,p) < a2d?(x,p) + kd*(x, T"x) forall x€ C, p€ F(T) and all n € N.

(iv) be asymptotically hemicontractive if F(T) # ¢ and there exists a sequence {a,} € [0,1) with
lim,_,sa, =1 such that

d*(T"x,p) < a,d*(x,p)+d?(x,T"x) forallxe C,pe F(T) and all n € N.

Remark 1.11. It follows from the definition that every asymptotically demicontractive mapping is
asymptotically hemicontractive.

Definition 1.12. A mapping P : X — C is said to be retraction if C C X and P restricted to C is the
identity, i.e., Px = x for any x € C. Clearly P? = P, the set C is called a retract of X.

Lemma 1.13. Let C be a convex subset of X which is complete in the induced metric. Then, for every
x € X, there exists a unique point p(x) € C such that d(x,p(x)) = d(x,C) = inf,ccd(x,y). Moreover, the
map x — px is a nonexpansive retract from X onto C.

Lemma 1.14. Let {s,}; %, {t,}S € R" be sequences satisfying s, 1 <s,+t, forallne N. If Y >, t, < oo
and {s,}' has a subsequence converging to 0, then lim,_,.,s, = 0.
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Definition 1.15. Let C be a nonempty convex subset of a CAT (k) space (X,d)and T : C — C be a
mapping. Given x; € C and the sequence {x,}/* , is defined by

{ Xps1 = (L—ay)x, @ a, T"y,

Vn=(1=Bn)x, ® B, T"x,.

is called an Ishikawa iterative sequence. If §,, = 0 for all n € N, then the above algorithm reduces to
the following:

— n
Xn+l = (1 - an)xn @OK,IT Xn
is called a Mann iterative sequence.

Definition 1.16. Let C be a nonempty subset of a CAT(0) space X. A map T : C — X is said to be
asymptotically nonexpansive type, if for each y € C

limy oS up{Supyectd(T(PT)" 'x, T(PT)"'y) - d(x,p)}} < 0
where P is the nonexpansive retraction of X onto C.

Definition 1.17. Let {x,}> be bounded sequence in a CAT(0) space X and C be a subset of X. In
the rest of the present paper we use the following notations:

(1) r(x, {x}, 7)) = limyosupd (x, x,,).

(if) r({xu}2 1)—mfxexr(x {xntisy)-

(iii) rc({xn}n 1) = infrect(x, {x,};,2 =)

(iv) A({xy},5) = {x € X o r(x, {x,},57) = r({xa15,5)).

(V)Ac(fxu )2 1) freX:r(x (x,),25) = re({xa}2)-
Note that x € X is called an asymptotic center of {x,} if x € A({x,}]).

Definition 1.18. Let (X,d) be a CAT(0) space. A sequence {x,} %] in X is said to be A—convergent
to x € X if x is the unique asymptotic center of {u,} ] for every subsequence {u,} % of {x,}/, i.e.,
A({u,);27) = {x} for every subsequence {u,};% of {x,}. In this case, we write A —limx, = x and x is
called A —limit of {x,}}%

n=1*
Definition 1.19. A map T from a subset K of a metric space (X,d) into itself is said to be semi-
compact if every bounded sequence {x,};% C K satisfying d(x,, Tx,) — 0 as n — oo has a strongly
convergent subsequence.

Definition 1.20. A nonself mapping T : K — X with F(T) = 0 is said to satisfy the condition (I) if
there exists a non- decreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, )
such that d(x, Tx) > f(d(x,F(T)) for all x € K.

Lemma 1.21. Let k > 0 and (X,d) be a complete CAT (k) space with diam(X) < ’for some 1 € (0 E)

Then the following statements hold:

(1) Every sequence in X has a A—convergent subsequence;

(i1) if {x,} 1S € X and A—lim, X, = x then x € (2| CONV{Xy, Xk41,...} , where conv(A) = (g4 B where
B is closed and convex.

Lemma 1.22. Let k > 0 and (X,d) be a complete CAT (k) space with diam(X) <

n_z'l for some 1] € (O, %)

) = {x}, {u,},; %] is a subsequences of {x,} w1th A({ }:;iol) ={u)

(o)

If {x,}; %] is a sequence in X with A({x,}%
and the sequence {d(x,, 1)} converges then x = u.

The concept of asymptotically nonexpansive type mappings is more general than that of asymp-
totically nonexpansive mappings. Iterative approximation of fixed points of asymptotically nonex-
pansive and asymptotically nonexpansive type map- ping have been studied by various author in
the setting of Hilbert spaces, Banach spaces and convex metric spaces (see [3]-[17] and reference
therein).
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2 Main Results

Theorem 2.1. Let k > 0 and (X,d) be a CAT(k) space with diam(X) < 712_—\;7 for some 1 € (O,g) .

Let C be a nonempty convex subset of X and T : C — C be asymptotically nonexpansive type and
{an); S ABu) Sy €10,1]. Given x € C, define the iteration scheme {x,}/] by

{ Xn+l = (1 - an)xn EB‘)‘nTnyn
Yn= (1 - ﬁn)xn 69[511Tnxn-

then

2
d(x,, Txy) <d(x,, T"x,) + 3d(x,_1, T Tx,_q) + —.
n

Proof. Let C, =d(x,, T"x,), the we have

d(xn—lfyn—l) = d(xn—ll(l _ﬁn—l)xn—l EB,Bn—l Tn_lxn—l) (1)
< ﬁn—ld(xn—ll Tn_lxn—l)
= ﬁn—l Cn—l-
Also
d(xn—ern_lyn—l) d(xn—ern_lxn—l)+d(Tn_1xn—1!Tn_1yn—l) (2)

INIA

d(xn—lf Tn_lxn—l) + d(xn—llyn—l)

{d(Tn_lxn—li Tn_lyn—l) - d(xn—llyn—l )}
d(xn—lf Tn_lxn—l) + d(xn—l;yn—l)

SquZn[S“px,,_leC{d(Tn_lxn—li Tn_lyn—l) - d(xn—lfyn—l )}]

AN +

+

Now, since T is asymptotically nonexpansive type we can choose 1, such that n > ny implies that

_ _ 1
Supkzn[Supxnflec{d(T” 1xn—1'Tn 1yn—1)_d(xn—1ryn—1)}]S 72’

therefore
_ 1
d(xnflr T" 1%4) < Cn—l + ﬁn—l + ﬁ
So, by the above inequalities we conclude that
d(x,, Tx,) < d(x,, T"x,)+d(T"x,, Tx,) (3)
< C,+d(T"x,, T"x,_1)+d(T"x,_1,Tx,)
< Gyt [d(Tnxnr Tnxn—l) - d(xwxn—l )] + d(xn'xn—l) + d(Tnxn—l’ Txn)
< Cyt Supgonl Suprecld(T x,, T, 1) = d (x5, x,-1))]
+ d(xy,x,-1)+d(T"x,_1, Tx,)

1
Crl + ) + d(xnr xn—l) + d(Tan_l, Tx”)’
n
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and then we have

1
d(x,, Tx,) < Cy+— +d(xpx,-1) +d(T"x,1, Txy) (4)
n
1
< C,+ =+ d(xy, Xy_1) +A(T" x4, x,,)
+ [d(T(T" ")xm1, Txy) = d(T"  x,1,x,)]
1
< Cutd(xpxp1)+ —
n

SupgsalStprectd(T(TFNx, 1, Tx,) —d(TF x4, x,))]
A(T" 'x,_1,x,).

Thus 5
d(xy, Txy) < Cp+ Cyog + — +2d(x, X,1),
n
and finally we have
2 _
d(xnl Txn) < Cn + Cn—l + F + 2d((1 | )xn—l Say— T" 1(%—1):%—1)

2 _
< Cn+cn—l+ﬁ+2an—ld(Tn l(yn—l)lxn—l) (5)

IA

2
C,+3C,_1+ -
n

O]

2vk

C be a nonempty closed convex subset of X, T : C — C be a completely continuous asymptotically

Theorem 2.2. Let k > 0 and (X, d) be a CAT (k) space with diam(X) < % for some 1 € (0, %) . Let

R
nonexpansive type and {a,};>, € [E,E —k—¢| for some € > 0 where R = (1t — 21)tany . Given x; €

C, let define the iteration scheme {x,};~, by x,.1 = (1 - a,)x, ® a,,T"x,, then the sequence {x,}7>,
convergence strongly to a fixed point of T.

Proof. Let p € F(T), since (X,d) is a R—convex for R, then we have

dz(xn+1,p)

_ 2 n
< (1 —an)d2(xn,p)+and2(Tnxn,p)— Ran(l an)d (xn:T xn)

2
< (1= ay)d?(xy, p) + ay[d*(T"x,, T"p) = d*(x,, p)] (6)
Ra,(1-a,)d*(x,, T"
+and2(xn,p)_ an( an)z (xn xn)

< d?(x,,p) + @y StupgsnlStupy ccld*(TFx,, TFp) — d?(x,, p)}]
_ Ran(l — an)dz(xnf Tnxn)
2
< d?(xX,,p) + @y StupgsnlStupy ccld(Tx,, T*p) - d(x,, p)} x {d(T*x,, T*p) + d(x,, p)}]
_ Ra,(1- a,)d?(x,, T"x,)
- .

+and2(xnlp)

+and2(xnlp)

So we have
42 <d? ay s 2,42 "
(xn+1rp) = (xnrp)"'ﬁﬁ_e (xnl xn)r
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and therefore

a, T2

€2 (x,, T"x,) < d° (3, p) = (51, P) + 550,
2
and since ) ;7 # < oo then Y %, d?(x,, T"x,) < co which implies that

lim,_,od(x,, T"x,) = 0. So, by theorem we have lim,_,..d(x,, Tx,) = 0. On the other hand, since
T is completely continuous, so {Tx,},”; has a convergent subsequence in C and therefore by the last
equality, {x,}7”, has a convergent subsequence, say x,, — g € C. Moreover

d(q,Tq)<d(q,x,,)+d(x,,Tx,)+d(Tx,,Tq)— 0ask— oo,

2 2
n

and it means that g € F(T). On the other hand d?(x,,,1,p) < dz(xn,p)Jra—z% and since ) 77, % < 00,
n n
so by lemma , we have {x,}>°, — ¢q. This completes the proof.

Corollary 2.3. Let k > 0 and (X,d) be a CAT (k) space with diam(X) < 712_—\;7 for some 1 € (0, g) . Let

C be a nonempty closed convex subset of X and T : C — C be a completely continuous asymptotically
R

nonexpansive mapping. Also, {a,}> | be a sequences in [e, 7" k- s]for some € > 0 where R = (11—2n)tann

. Given x; € C and we define the iteration scheme {x,};> | by x,11 = (1-a,)x,®a, T"x,. Then the sequence
{xu}he, convergence strongly to a fixed point of T.

Proof. We know that every asymptotically nonexpansive mapping is assymptotically nonexpansive
mapping type and it is well known that every convex subset of a CAT(0) space equipped with the
induced metric is a CAT(0) space. Then (C,d) is a CAT(0) space and hence it is a CAT (k) space for

all k > 0. Notice, also that C is R—convex for R = 2. Since C is bounded, we can choose 7] € (O, %) and
k>0 so that diam(X) < 7;—_\/2}217 and then he conclusion follows from the previous theorem. O

Now, we prove the strong convergence of Ishikawa iteration for asymptotically nonexpansive type
mapping.

Theorem 2.4. Let k > 0 and (X,d) be a CAT (k) space with diam(X) < 712_—\;7 for some 1 € (0,%) .

Let R = (1t — 2n)tan(n), C be a nonempty closed convex subset of X, T : C — C is asymptotically
nonexpansive type mapping and {a,};>,{Bs);=; € [0,1] . Also, let x; € C and define the iteration
scheme {x,},”, by

Xn+l = (1 - an)xn EB‘)‘nTnyn
Yn= (1 - ﬁn)xn 69[511Tnxn-

Then the following inequality holds :

dz(xn+1;p) = dz((l—an)xn€9anTn})n;P) (7)
1+mp
< d*(x, +ann(—")
(xn,P) e

Ranﬂn(l - ﬁn)dz(xn, Tnxn) . Ran(l - an)dz(xw T"}’n)
2 2

Proof. Let p € F(T), since (X, d) is R—convex, so we have

Ra, (1 - an)dz(xnr Tnyn)
2

dz(xn+1,p) < (1 _an)dz(xnfp)"' andz(Tnynrp) -
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and

Rﬁn(l B ﬁn)dz(xw Tnxn)
5 .

dz(yn;p) < (1 - ﬁn)dz(xwp) + ﬁndZ(Tnxn;p) -
On the other hand, since T is asymptotically nonexpansive type mapping, so we obtain that

d2(T"y,,p) = [d*(T"y, T"p) = d* (¥, p)] +d*(Vp) (10)
[d(T"y,,, T"p) = d (v, p)] % [d(T",,, T"p) + d (¥, p)] + d* (v, P)

SupsnlSupxecd(T yn,T" )= AV, P)IA(T",, T"p) + d (v, p)] + A (910, D)

A )
4712\/E Y P

In a similar way we have

IA

IA

d*(T"x,,p) +d%(x,,p) (11)

nz\/_
It follows from @ and that

d*(y,,p)

IA

(1 _ﬁn)dz(xw )+ﬂn(
4n

Rﬁn(l B ﬁn)d2(xnr Tnxn)

2\/_ d*(x,, p)

2
TC
= dz(xnlp)+ﬁn(4n2\/E) (12)
_ RBu(1 = Bu)d? (%, T"x,)
5 ,

on the other hand, by substituting in (10), we get

dz nn: = L dz ns n(L)
(T"ywp) < i (X p) + P PN
Rﬁn(l - ﬁn)dz(xnl Tnxn)
5 .

Substituting in (8) , we get

d*(xwp) < (1 _a”)dz(xn'p)"’a”(élng\/ﬁ+d2(xnrp)+ﬁn(4n7;\/lz)

Rﬁn(l _ﬁn)dz(xn:Tnxn) Ran(l _an)dz(wanyn)
2 )_ 2 '

SO

Ppp) < Lo )

Ranﬁn(l B ﬁn)d (xn: Tnxn) _ Ran(l - an)dz(xw Tnyn)
2 2 ’

and the proof is completed. O]



Some New Fixed point theorems for asymptotically nonexpansive type mappings in CAT (k) spaces 19

Theorem 2.5. Let k > 0 and (X,d) be a CAT (k) space with diam(X) < 7;/2{

let R = (7 — 2n)tan(n), C is a nonempty closed convex subset of X, T : C — C be asymptotically
nonexpansive type mapping and {a,}; %, {B,},>] € [, b] for some ¢ >0 and b € (0,1) . Assume that
x1 € C and define the iteration scheme x, by

for some 1 € (0, %) . Also,

Xn+l = (1 - an)xn GB%T”V”
Yn= (1 _ﬁn)xn 69/311Tnxn-

then lim,__,d(x,, Tx,)=0.

Proof. First of all, we prove that lim,_,..d(x,, T"x,) = 0. By Theorem 2.4, we have

1+
2 2 n
d (xn+1rp) < d (xn’p)+ann(4n2\/E) (14)
Ranﬁn(l _ﬂn)dz(xn: Tnxn)
2 ’
and so D = R(1 —b) and this implies that
1-— _

2 2

+00

for all n € N . Suppose that lim,,_,o,d(x,, T"x,) # 0, then there exists ¢y > 0 and a subsequence {x,, };
of {x,}/% such that

d*(x,,, T"x,,) > €. (16)

Without loss of generality, let n; > N and then we have

R " 1+ 8,
anﬁn [5(1 _ﬁn)] dz(xan xn) < dz(xnfp) _dz(xn+1;p) + ann(w)l
then
Zanl/))nl [g(l - ﬁnl)] dz(xnll Tnlxnl) = Z amlgm [g(l _ﬂm)] dz(xmf mem) (17)
I=1 m=y,
< n;dz(xm,p)—d2<xm+1,p>+amn(i;—%)

from this, together and and this fact that € < a,,, B, for every n € N, we obtain that

D < 1+

-2 2 2 m

iet.—.g9 < E A (X, p)—d“(Xpe1,p) + @ 7(( )
2 = m m+ m 41712\/%

If we take i — oo, then the right hand side of the above inequality is bounded while the left side is
unbounded and this is contradiction. Therefore, lim,,_,.,d(x,, T"x,) = 0 and hence lim,,_,d(x,, Tx,) =
0 by theorem 2.1. m

Theorem 2.6. Let k > 0 and (X,d) be a CAT (k) space with diam(X) < 7;/2]%7 for some 1 € (O,%) .

Let R = (1t — 2ni)tan(n) , C be a nonempty closed convex subset of X, T : C — C be a completely
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continuous and asymptotically nonexpansive type mapping and {a,,}7> {,{B.};~; € [&, b] for some £ > 0
and b € (0,1) . Given x; € C and define the iteration scheme {x,}}”; by

{ Xps1 = (1 —ay)x, 630‘11Tnyn
Yn= (1 - ﬁn)xn @ﬂnT”Xn.

Then {x,};, converges strongly to a fixed point of T.

Proof. Since T is completely continuous , {Tx,};-, has a convergent subsequence in C. By using pre-
vious theorem, we can show that {x,};>, has a convergence subsequence, say {x,, };~; — q € C. Hence
q € F(T) and the continuity of T. It follows from the inequalities using in the proof of theorem 3.4
that,

1+ B, )
an2\k |

1+
On the other hand, since ) ;> a, 7 ( * B ) < 0, by lemma|l.14{we have {x,}", — q. This completes

4n>vVk
the proof. O

2(x01,p) < A p) + ann(

Theorem 2.7. Let k > 0 and (X,d) be a complete CAT (k) space with diam(X) < 712\/217 for some 1 €

T
0, E) . Also, let K be a nonempty closed convex subset of X, P be non-expansive retraction of X

on to K and T : K — X be a uniformly continuous and asymptotically nonexpansive type mapping
with F(T) =0 . If {x,};%] € K such that lim,_,.d(x,, Tx,) =0 and A -lim,_,.x, =w then w € K and
Tw=w.

Proof. By lemma w € K. Now, we define ¢(u) = limsup,_,d(x,,u) for each u € K. Since
lim,_,.d(x,, Tx,)=0, so by induction on m, we can prove

lim,_eod(x,, T(PT)" 1x,) =0 (18)
for all m € N. Because of uniform continuity of TP, we have
lim, _,od(T(PT)" x,, T(PT)"x,) =0
and then
d(x,, T(PT)"x,) <d(x,, T(PT)" 'x,)+d(T(PT)" 'x,, T(PT)"x,) — 0,
as n — co and equation is proved. This implies that
(1) = limSup,_,ed(T(PT)" 1 x,,u) (19)

for each u € K and m € N. Now, taking u = T(PT)" 'w in (19), we have

P(T(PT)" 'w)

lim Sup,_ed(T(PT)" x,, T(PT)" 'w)

lim Sup,_ o {d(T(PT)" x,, T(PT)" 'w) - d(x,, w)} + d(x,, w)
Hm Supyeo{Stupy, ek {d(T(PT)" ' x,, T(PT)" ' w) - d(x,, w)}}
d(x,,w).

IA

+

Now, since T is asymptotically nonexpansive type mapping we have

limsup,,,eW(T(PT)" 'w) < d(x,, w) < p(w). (20)
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1
Furthermore, for any n,m € N it follows from the CN*—inequality with a = 5
1 1 d*(x,,w) d?*(x,, T(PT)" 'w)
d2( —w®=T(PT)"! ) < w ”'
X, 2w€B > (PT)" " w) < > + >
Rd*(w, T(PT)"™ 'w)
8 ’
and since A —lim,_, X, = w so by letting n — oo in the above inequality, we get
1 1
PA(w) < ¢2(§w@ ET(PT)"Hw)
o PP pATRPT)"'w) Rd’w,T(PT)" 'w)
- 2 2 8 ’
which yields that
4 2 T(PT m—1 _ a2

R

On the other hand, by and (21) we have lim,_,d(w, T(PT)"'w) = 0. So, in view of the con-
tinuity of TP we obtain that w = lim,,_,.,T(PT)"w = lim,_,o TP(T(PT)" 'w) = TPw = Tw. This
completes the proof. O]

Corollary 2.8. Let K be a nonempty bounded closed convex subset of a complete CAT(0) space (X,d), P
be a nonexpansive retraction of X onto K and T : K — X be a uniformly continuous and asymptotically
nonexpansive type mapping . If {x,}1% C K such that lim,_,.,d(x,, Tx,) =0 and A —lim,_,..x, = w then
weKand Tw=w.

Proof. Itis well known that every convex subset of a CAT(0) space, equipped with the induced metric
isa CAT(0) space. Then (K,d) is a CAT(0) space and hence it is a CAT (k) space for all k > 0. Notice

also that K is R — convex for R = 2 and since K is bounded, we can choose # € (0, %) and k > 0 so that

diam(K) < ™21 The conclusion follows from theorem 2.6 . O

2vk

Theorem 2.9. Let k > 0 and (X,d) be a complete CAT (k) space with diam(X) < 712—\/2%1 for some 1 €

T
(0, E)' K be a nonempty closed convex subset of X, P be nonexpansive retraction of X onto K and

T : K — X be a uniformly continuous and asymptotically nonexpansive type mapping. Also, let
{x,}7% C K defined by

n=1 =

X1 e K
vy =P((1-By)x, & B, T(PT)" 'x,) , (22)
Xnt1 = P((l _an)T(PT)n_lxneaanT(PT)n_lyn)

where {a,}72,{B1}:5] € (0,1) such that

n=

liminf, ,.a,(1 —a,)>0
liminf, copn(l—py) >0

If F(T) =0 then {x,}'% is A—convergent to a fixed point of T.

21
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Proof. We divide our proof into three steps.

Step 1: First we prove that lim,,_,, d(x,,q) exist for each g € F(T) . For this, let g € F(T) and since
T is a asymptotically nonexpansive type mapping, so by we have

d(Vn,q)

and this implies that

d(xn11,9)

d(P((1=Bn)x, ® BuT(PT)" ' x,), 9)
d(P((1- B)x, ® B, T(PT)" ' x,), P(q))
d((1=B)xy ® B, T(PT)" "' x,), 9)

(1- lgn) (%, )+ﬁnd(T(PT)n_1qu)

(1= B)d(x,,q) + Bud(T(PT)" 'x,, T(PT)" ' q) (23)
(1= Bu)d(xy,q) + Bulsups,exd(T(PT)" ' x,,, T(PT)" ' q)}

(1= B )+ o5+ d o)) = () + B2

IAIA

IA

"x, ®a,T(PT)" 'y,),q)

"y, ®a,T(PT)" 'y,),P(q)) (24)
"Lx,®a,T(PT)" 'y,)

"x,,q) + a,d(T(PT)"'y,,q)

T
= =
P
’,_.":

|
5 s
T B

R R a5
< 9
55

A IA
B3
H
e

2 233

IA
_
Q

=

xn,q)] +ay [d(yn,q) + %]

Now, by the above inequality and we obtain that

Puay, +1
n2

d(Xpe1,9) S d(xp, q) + (25)

Step 2: Now, we prove that lim,_,.d(x,, Tx,) = 0. Since {x,}% is bounded, so there exists R’ > 0

such that {x,}7%,{v,};2 € B(q,R’) for all n € N with R" < Dzk. Therefore we have

4>y, 9)

I IAN + IANIN A

IA

Hence we obtain that

d*(P((1 - )%, ® B, T(PT)" ' x,),9)

d*(P((1 - B)x, ® B, T(PT)" ' x,), P(q))

d*((1-B,)x, ® B, T(PT)" ' x,),q)

(1= Bu)d*(xy,q) + Pud*(T(PT)" 'x,,q) -

(1-B)d*(xuq)

Butsupy ex{d*(T(PT)™ 'x,, T(PT)" ' q) — d*(x,, q)}} + Pud?(x,, q)

(1_ﬁn) 2(xnl )+ﬁn{5upx"eK{[d(T(pT)m 1xan(pT)m 16])
d(x,,q)|[d(T(PT)"™" 1xn,T(PT>’"‘1q )+ d (X )} + Bud?(x,,9)

(1_/3n)d2(xnl )+ﬁn( )+/5n (xnl )

Rﬁn(l B ﬁn)

S dX(T(PT)" xy,x,)

\/_

d*(y,,9) < d*(x,, >+/3n( n;\?) (26)
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Now, from CN*-inequality and using (26)), we get

A*(xyi1,9) = d*(P((1-a,)T(PT)" 'x,®0a,T(PT)" '1,),9)
d*(P((1-a,)T(PT)"'x,®a, T(PT)"'p,),P(q))
d*(1-a,)T(PT)"'x,®a, T(PT)" ', q)
(1-a,)d*(T(PT)" ' x,,q)+ a,d*(T(PT)""'p,,q)

Rl =) o (pryty,, TPT) )

(1-ay) Z;\F an,q>)+an(”2j_” (3,.9)
Ra,, (1

_ f“")d (T(PT)" 'y, T(PT)" 'x,)

I INIA

IA

Therefore from the last inequality and we have

TC
2(1+aup) 3 1
n? vk
Ran(l — an)

- faﬂ(T(PT)”‘lyn,T(PT)”‘lxn).

+d?(x,,q) (27)

d*(xp41,9) <

TC
20+ a,py) 2 1
n? vk

Hence by and lemma we find that lim,,_,.d(x,, q) exists for each g € F(T). Finally, we prove
that lim,,_,.,d(x,, Tx,) = 0. From we have

d*(xy41,9) < +d?(x,,q). (28)

Ra,(1-a,)d*(T(PT)" 'y, T(PT)" 'x,) < (1+ay,p,)(t—2n)
2 - n2vVk
+ d*(xq) - d*(xp11,9)-

(29)

7
2(1 5
Since Y 524 ( +ng”ﬁ”) 2\/% < oo and d(x,,q) < R’, so we have

Z;ozl ay(1- an)dZ(T(PT)n_lynl T(PT)n_lxn) <o,
and by the fact that liminf, ,a,(1 —a,)> 0 we get
lim,_od(T(PT)" 'y, T(PT)" 'x,) = 0.

On the other hand

> q) = d*(P((1-B,)x,®B,T(PT)" 'x,),9)
d*(P((1 - Bu)x, ® B, T(PT)" 'x,,), P(q))
d*((1 - B,)x, ® B, T(PT)" ' x,),q)

(1= B)d*(x,,q) + Pud*(T(PT)" 'x,,q) -

IA

RBu(1 = B,)d*(T(PT)" 'x,, x,)
5 :

IA

23
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Also, for the right hand side of the above inequality, we have

Tt
RB,(1—B,)d*(T(PT)" 'x,,x, 51
P BT 250 0) < (1 it )= 2051000+ | 2
i
Now, since ) 77, ﬁn LR < o0, d(x,,q) <R and d(y,,q) < R’, we obtain that

Z;ozl ﬁn(l - ﬁn)dz(xn! T(PT)H_Ixn) <09,
and by the fact that liminf,_,.p,(1 - B,) >0, we get

Il
o

iy ood (%, T(PT)" ' x,) (30)

Now using we get

AW xy) = d(P((1-Bu)x,®B,T(PT)" 'x,), x,)
d(P((l _,Bn)xn EBﬁnT(P’T)n_lxn)iP(Xn))

< d((l _ﬁn)xnea/jnT(pT)n_lxn)lxn)
< Bud(T(PT)"'x,),x,) — 0
Also we observe that
d(x21,%,) = d(P((1-a,)T(PT)" 'x,®a,T(PT)" 'y,),x,)
= d(P((l an)T(PT) XnGBanT(PT)”_l}/n) (xn))
< d((1-a,)T(PT)" 'x,®a,T(PT)"'p,),x,)
< (1—0(,1 (T(PT)nl )xn)+and(T(PT)n lynlxn)
< (1-ay)d(T(PT)" ' x,),x,) + ay[d(T(PT)" 'y, T(PT)" 'x,,)
+ d(T(PT)" 'x,),x,)]

|
QU

(T(PT)"'x,),x,)+a,d(T(PT)" 'y,, T(PT)"'x,) — 0,
as n — oo. Therefore, we obtain that d(x,,1,v,) < d(x,4+1,%,) +d(x,,v,) = 0 as n — oco. Furthermore

d(xn+l’T(PT)n_1yn) < d(xn+1:xn)+d(xnr ( )nl )
+ d(T(PT)"'x,, T(PT)"'y,) —0

as n — oo. So we have
d(xp41, T(PT)"y,) — 0. (31)
Furthermore, we have

d(xp, Txy)

A

d(x,, T(PT)" 'x,) + d(T(PT)" 'x,,, T(PT)" ' p,_1)

d(T(PT)" ' p,_1, Tx,,) (32)
(

(

IN +

d(x,, T(PT)" ' x,) + d(T(PT)" ' x,,, T(PT)" ' pyy1)
d(T(PT)" 1y, 1, Tx,,

+

and since lim,_,od(T(PT)" ?y,_1,x,) = 0 and TP is uniformly continuous, we have

limy,_eod(TPT(PT)" %y,_1, TPx,) = lim,_,ood(T(PT)" 'y,_,, Tx,) = 0.
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Finally, from this, , and , we have d(x,, Tx,) — 0.

Step 3: Now , we prove that {x,} %] is A—convergent to a fixed point of T.

Let wy = UA({u,)}, where the union is taken over all subsequences {u,}%] of {x,}/. First of all, we
will show that wy(x,,) C F(T). For this, let u € ww(x,) and so, there exists a subsequence {u,}% of
{x,):2] such that A({u,)} = {u}.

On the other hand, by lemma 1| there exists a subsequences {v,}/% of {u,} %] such that A —
lim, v, =v € K. Furthermore, by the fact that d(x,, Tx,) — 0 we conclude that d(v,, Tv,) — 0.
Also, it follows from theorem that v € F(T) and then by stepl, we obtain that lim,_,.d(x,,v)
exists. Thus, u = v by lemma and this implies that wy(x,) C F(T). Next, we show that wy(x,)
consists of exactly one point. Let {u,}/% be a subsequences of {x,}/> with A({u,} %) = {u} and
A(fx,}159) = {x}. Since u € wy(x,) € F(T ) so from stepl we have lim,,_,d(x,,u) exists. Again, we
obtain that x = u and therefore wyy (x,) = {x}. This means that {x,} % is A—convergent to a fixed point
of T and the proof is completed. O]

Theorem 2.10. Let X,K,P,T and {x,}> be the same as in theorem Then {x,}/ converges
strongly to a fixed point of T if and only if liminf, ,..d(x,,F(T)) =0 where d(x, P( )) =infld(x,q):

q € F(T))}.

Proof. If {x,}'> converges to q € F(T) then lim,_,.,d(x,,q) = 0 and since 0 < d(x,, F(T)) < d(x,,q), we

have llmmfn_m (x,, F(T)) =0.

Conversely, suppose that lim,,_,.d(x,, F(T)) = 0, then from step1 of the theorem-, we have lim,,_,.,d(x,, F(T))
exists . Thus by hypothesis lin,_,.,d(x,, F(T)) = 0. Next, we show that {x,} % is a Cauchy sequence.

In fact, it follows from that for any g € F(T)

a,+1 2
A(0a1,0) < () + P08 <d(x, )+
Hence for any positive integers n,m, we have
dXpimXn) < d(Xupm q) +d(q,x,)
2
< d(Xpem-1,9) + m +d(g,x,)
< d(x )+ 2 + 2 +d(q,x,)
- =2 ) 22 mam—1)2
2 2 2
< d(x,, — .. d(q,
< dlx q)+n2+ +(n+m—2)2+(n+m—1)2+ (4:%n)
So we get
n+m—1 2 n+m-1 )
A(X s Xn) < Z i +2d(x,,q) < Z 7 +2d(x,,F(T)) — 0.
1=n 1=n

as m,n — oo and this implies that {x,}7%] is a Cauchy sequence in K. Since, K is a closed subset
in a complete CAT (k) space X, it is complete. So, we can assume that {x,} /> converges strongly
to some point g* € K. Furthermore, as T is continuous, so F(T) is closed subset in K and since

lim,_,.d(x,, F(T)) = 0 we obtain g* € F(T). This completes the proof. O

Theorem 2.11. Let X,K,P, T and {x,}7%] be the same as in theorem
(i) if T is semi-compact, then {x,}/° converges strongly to a fixed point of T.
(ii) if T satisfies condition (I) then {x,}% converges strongly to a fixed point of T .



26 Moroccan Journal of Algebra and Geometry with Applications/H. R. Keshavarz and H. Azadi Kenary

Proof. It follows from stepl of theorem that {x,} %} is a bounded sequence in K. Also , since
lim,_,0d(x,, Tx,) = 0 by the semi-compactness of T , there exists a subsequence {x,, }°] C {x,};5]
such that {x,, }/°] converges strongly to some point g € K. Moreover , by the uniform continuity of T,
we have d(q,Tq) = lim,_,.d(x,, Tx,) = 0 and this implies that g € F(T). Again by [24]lim,_,,d(x,,q)
exists. Hence q is the strong limit of the sequence {x,}%. As a result {x,}/%] converges strongly to a
fixed point g of T.

For the proof of (ii), again from stepl of theorem we know that lim,_,.d(x,, F(T)) exists. Fur-
thermore, by condition (I) and the fact that lim,,_,,d(x,, Tx,) =0, we have

limn—wof(d(xan(T)) < limn—>ood(xnr Txn) =0.

That is lim,_,. f(d(x,,F(T))) = 0. since f is a non-decreasing function satisfying f(0) = 0 and f(r) >
0 for all r € (0,c0), it follows that lim,_,.d(x,, F(T)) = 0. Now theorem 2.8 implies that {x,} %
converges strongly to a fixed point q in F(T). O
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