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Abstract. Let R be a commutative ring with identity and n a positive integer. In [1]], Anderson and Badawi define a proper
ideal I of a commutative ring R to be n-absorbing if whenever xj...x,,11 €I for xy,...,x,41 € R, then there are n of the xlfs
whose product is in I. In this paper we investigate the transfer of the property n-absorbing from the ideal I of R to the
ideal I[[X]] of the formal power series ring R[[X]].
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1 Introduction

All rings considered in this paper are commutative with an identity different from zero. Let R be
a commutative ring and n be a positive integer. In [1]], Anderson and Badawi define a proper ideal
I of a commutative ring R to be n-absorbing if whenever x;...x,,,1 € I for xq,...,x,,;1 € R, then there
are n of the xjs whose product is in I. They also define wg(I) = min{n | I is an n-absorbing ideal of
R}. The ideal I is called strongly n-absorbing if whenever I;...I,,; € I for ideals Iy,...,I,,,1 of R, then
there are n of the I/s whose product is in I. They define wj(I) = min{n | I is a strongly n-absorbing
ideal of R}. It is clear that if I is strongly n-absorbing, then it is n-absorbing, so wr(I) < wy(I). They
conjecture that the converse is true (Conjecture 1). It is clear that for n = 1, an ideal I is (strongly)
1-absorbing if and only if I is a prime ideal so Conjecture 1 is true for n = 1. Note that for n = 2, an
ideal I of R is strongly 2-absorbing if and only if I is 2-absorbing [ [4], Theorem 2.13]. Note also that
in Prifer domains the two concepts of n-absorbing and strongly n-absorbing ideals are equivalent.
On the other hand, they conjecture that wg[x)(I[X]) = wg(I) for any ideal I of R (Conjecture 3). A
1-absorbing ideal is just a prime ideal and it is well known that I is a prime ideal if and only if I[X]
is a prime ideal so Conjecture 3 is true for n = 1. In [1]], the authors proved that Conjecture 3 is true
for n = 2. Many authors investigated this conjecture. For example in [14], the author showed that
Conjecture 3 is true if one of the following conditions hold:

(1) The ring R is a Prufer domain.

(2) The ring R is a Gaussian ring such that its additive group is torsion free.

(3) The additive group of the ring R is torsion-free and I is a radical ideal of R.

In [L3], the author proved that if I is a strongly n-absorbing ideal of R and R/I is Armendariz, then
I[X] is n-absorbing (R is said to be Armendariz, if ¢(f)c(g) = 0 for all f,g € R[X] such that fg = 0).
Moreover, he proved that if I is n-absorbing, then I[X] is n-absorbing in each of the following cases:

(1) The ring R/I is Armendariz and |[R/M| > n for each maximal ideal M of R containing I.

(2) The ring R/I is Armendariz and is (n —1)!-torsion-free as an additive group.

(3) The ring R/I is torsion-free as an additive group.
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(4) The ring R/I is locally Bézout.
He showed also that Conjecture 3 is true in an arithmetical ring.

In this paper, we consider n-absorbing ideals of the form I[[X]] of the power series ring R[[X]].
More precisely we explore the transfer of the property (strongly) n-absorbing from an ideal I of R
to the ideal I[[X]] of R[[X]]. The case n = 1 is clear since it is well known that an ideal I of R is
prime if and only if the ideal I[[X]] is prime. In [10], the authors proved that for an ideal I of a
commutative ring R, I is 2-absorbing if and only if I[[X]] is a 2-absorbing ideal of R[[X]] (see also
[13]]). It was also shown in [10] that if R is a Priufer domain, then I is n-absorbing if and only if I[[X]]
is n-absorbing. The proof was based on the characterization of absorbing ideals in Priifer domains.
In addition, they showed that if R is a Noetherian Gaussian u-ring, then I is n-absorbing if and only
if I[[X]] is n-absorbing (a commutative ring R is called u-ring provided R has the property that an
ideal contained in a finite union of ideals must be contained in one of those ideals). Moreover, they
proved that if R is a pseudo-valuation domain and I is an ideal of R with a non maximal radical, then
wgrx)I[[X]]) = @gr(I). On the other hand, in [14], the author proved that for a Dedekind domain R,
wgrx)(I[[X]]) = wr(I) for every ideal I of R. Moreover, if R is a Noetherian ring whose additive group
is torsion-free, then wgjx)(I[[X]]) = wr(I) for every radical ideal I of R.

In this paper we prove first that if the ideal I[[X]] is n-absorbing, then the ideal I is strongly n-
absorbing. Conversely, we prove that if the ideal I is strongly n-absorbing, then the ideal I[[X]] is
n-absorbing if one of the following conditions hold:

(1) The ring R is P-gaussian.

(2)The ring R is a Krull domain and I is a divisorial ideal.

(3) The ring R is a formally integrally closed domain and I is a t-ideal.

Most of the results proved here are based on content formulas for power series.

On the other hand, we prove that if the ideal I is n-absorbing, then I[[X]] is n-absorbing if one of
the following conditions hold:

(1) The ideal I is radical.

(2) The ring R is a Krull domain and I is of the form (P;...P,), where the P; are height one prime
ideals of R.

(3) The ideal I has exactly n minimal prime ideals which are comaximal.

(4) The ideal I is a P-primary ideal where P is a prime ideal of R.

2 Absorbing ideals of the form I[X]

Let R be a commutative ring, n a positive integer and I a proper ideal of R. In [13]], Laradji showed
that if I[X] is an n-absorbing ideal of R[X], then I is a strongly n—absorbing ideal of R. We present
here another proof which is completely different and which may be of independent interest, so we
include it below.

Proposition 2.1. Let R be a commutative ring, n a positive integer and I a proper ideal of R such that I1[X]
is an n-absorbing ideal of R[X] then I is a strongly n—absorbing ideal of R.

Proof. By [[6], Lemma 2.1], let I,...,I,,; (n+ 1) finitely generated ideals of R such that I;...I,,; C
I. We shall prove that there are n of the I/s whose product is in I. For j € {1,..,n+ 1}, put I; =<
a1,j5 5 Ak, j > and let fj =a; 1 X +...+ aklllel e[X] f»= allszl + azlzszl +. ak2,2Xk1k2 e L[X],...,
fo1 = al,n+1Xk1(k2+1)“'(kn+l) Tt ak,,+1,rl+1Xk1k"+l(k2+1)“'(k"+1) € I1[X] then fi...fu1 € L[X]..L 1 [X] C
(Iy...1.41)[X] C I[X]. Hence there are n of the f;'s whose product is in I[X]. Suppose for example that
fifu€1[X], thus a, y...a; , €1, for every 1 <I; <k; and i € {1,..,,n}. Hence, I;...I,, C I. O
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In the sequel, we will prove that for some class of rings, we have the equivalence: I is a strongly
n-absorbing ideal of R if and only if I[X] is an n-absorbing ideal of R[X] and so wgx|(I[X]) = wy(I).
Recall that a commutative ring R is called Gaussian if ¢(fg) = c(f)c(g) for all f,g € R[X], where c(f)
denotes the content of the polynomial f € R[X].

Proposition 2.2. Let R be Gaussian ring, n a positive integer and I a proper ideal of R. The ideal I is a
strongly n-absorbing ideal of R if and only if 1[X] is an n-absorbing ideal of R[X]. Hence wg(x)(I[X]) =
wi(I).

Proof. Itis sufficient to prove that if I is strongly n-absorbing, then I[X]is n-absorbing. Let fi,..., f,11 €
R[X]such that fi...f,,;1 € I[X] then ¢(f;...fu+1) C I. As Ris a Gaussian ring then c(f;)...c(f,.+1) C I. Since
I is strongly n-absorbing, there are n of the c(f;)’s whose product is contained in I. But f;...f, €

c(frfullXT C e(fr)-c(f)[X] C I[X]. =

In [14], the author proved that if I is a radical n-absorbing ideal and the additive group of the ring
R is torsion-free, then I[X] is n-absorbing. In[11]], the authors proved that if the ring R satisfies (++)
(that is each proper ideal I of R with wg(I) < oo, wg(I) = |[Ming(I)|, where Ming(I) denotes the set of
prime ideals of R minimal over I), then if I is a radical n-absorbing ideal, then I[X] is n-absorbing.
Note that for a radical strongly n-absorbing ideal I, the ideal I[X] is n-absorbing (without any addi-
tional assumption on the ring R) by the Dedekind-Mertens lemma. In the following proposition, we
generalize the results of [14] and [11]] by releasing the additional assumption on the ring R.

Proposition 2.3. Let I be a proper radical ideal of a commutative ring R and n a positive integer. The
following are equivalent:

1. I is a strongly n-absorbing ideal of R.

2. I is an n-absorbing ideal of R.

3. I[X]is an n-absorbing ideal of R[X].

4. 1[X] is a strongly n-absorbing ideal of R[X].

5. VkeN, I[Xy,..., Xi] is an n-absorbing ideal of R[X, ..., Xi].

6. Yk e NN, I[Xy,...,X¢] is a strongly n-absorbing ideal of R[ X1, ..., X].

Proof. 1 = 2 is clear.
2 = 3 Since [ is an n-absorbing ideal of R then |[Ming(I)| < n by [[1], Theorem 2.5]. Let P,,..., P the
minimal prime ideals over I. Hence I = VI = P, N...N B,. Therefore I[X] = P,[X]N...N P[X]. By [[1],
Theorem 2.1], I[X] is k-absorbing so it is also n-absorbing.
3 = 1 is clear.
The other equivalences result from the equality 4/I[X] = VI[X], so since I is radical then I[X] is also
radical and then use an induction on k > 1.

0

Since every ideal of a von Neumann regular ring is radical, we get the following corollary:

Corollary 2.4. Let R be a von Neumann regular ring, n a positive integer and I a proper ideal of R. The
following are equivalent:

1. I is an n-absorbing ideal of R.
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2. I is a strongly n-absorbing ideal of R.

3. I[X] is an n-absorbing ideal of R[X].

I[X] is a strongly n-absorbing ideal of R[X].

Vk e, I[Xy,..., Xy] is an n-absorbing ideal of R[ X, ..., Xk].

A

Vk e, I[Xy,..., Xy] is a strongly n-absorbing ideal of R[X, ..., Xi].

Recall that an ideal I of an integral domain R with quotient field K is called divisorial (or v-ideal)
if =1, where I, = (I"!)™ and I"! = R: I = {x € K | xI C R}. In the sequel we prove that if I is a
divisorial strongly n-absorbing ideal of an integrally closed domain R, then I[X] is n-absorbing.

Lemma 2.5. Let R be an integrally closed domain. For every m € N* and fi,..., f,, € R[X], (c¢(fi---fu))v =
(C(fl)"'c(fm))v-

Proof. By [[15], Lemme 1], if R is an integrally closed domain, then for every f,g € R[X], (c(fg)), =
(c(f)c(g))y, hence the result is obtained by a simple induction on . O

Proposition 2.6. Let R be an integrally closed domain, I a divisorial ideal of R and n a positive integer.
Then 1 is strongly n-absorbing if and only if I[X] is n-absorbing. Hence wgx)(I[X]) = wy(I).

Proof. Let fi,..., fuy1 € R[X] such that f;...f,,1 € I[X] then ¢(fi...f,+1) C I. Hence (c(f1...fys1))v C I, = 1.
As R is integrally closed then (c(fi...fus1))v = ¢(f1)v--€(frs1)y- Therefore c(f1)...c(f,41) C I. Since I is
strongly n-absorbing then there are n of the ¢(f;)’s whose product is in I. Suppose for example that

c(f1)...c(f,) c I. Consequently, fi...f, € c(fi...fu)[X] C c(fr)...c(f)[X] C I[X]. O

3 Absorbing ideals of the form I[[X]]

Let R be a commutative ring, I a proper ideal of R and #n a positive integer. It is clear that if I[[X]]
is an n-absorbing ideal of R[[X]], then I[X] is an n-absorbing ideal of R[X] and so I is a strongly
n-absorbing ideal of R. In fact, let fi,..., f,41 € R[X] such that fi...f,;1 € I[X] then f...f,.1 € I[[X]] so
there are n of the fs whose product is in I[[X]] N R[X] = I[X].

Note that for a Noetherian ring R, if I is a strongly n-absorbing radical ideal, then I[[X]] is an
n-absorbing ideal. In fact, recall first that in [7], the authors established the following Dedekind-
Mertens lemma for power series rings:

Proposition 3.1. [[7]] Let R be a Noetherian ring and let 0 # g € R[[X]]. There exists a positive number
k such that c(f)kc(g) = c(f)*'c(fg) for any f € R[[X]], where c(f) is the ideal of R generated by the

coefficients of f.

Using this result, we prove that if I is a strongly n-absorbing radical ideal of a Noetherian ring
R, then I[[X]] is an n-absorbing ideal. Indeed, let fi,..., f,.1 € R[[X]] such that fi...f,.1 € I[[X]]
then c(f;...f,41) C I. By the Dedekind-Mertens lemma there exist positive integers «y,.., a, such that
() el forfun1) = () (i furr) € L c(f) 2 e(fene fur) = ()2 frow frrst ) vor € fi) O e frran) =

c(f))% c(fofus1)- Now, we multiply the first equality by c(f,)%2, we get c(f;)* Le(f)% e(fz.. fue1) C L.
Continuing this process, we get c(f;)**!...c(f,)* c(f,+1) C I. As I strongly n-absorbing then there

exists (kq,...,k,.1) € N™1 such that k; + ... + k.1 = n and c(f;)*1...c(f,)*c(fpq) 1 € I. Suppose for
example that k,.; = 0, so c(f,)...c(f,)% c I. Since I is radical then c(f;)..c(f,) € I. But fi...f, €
(i fullIXT] € e(fi)ocCfIXT] € TIX]L

In the sequel we prove that the hypothesis R is Noetherian can be released. More precisely we
show that if I is a radical n-absorbing ideal of a commutative ring R, then I[[X]] is n-absorbing.
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More generally, in the first part of this section, we prove that if I is an n-absorbing ideal of R, then
I[[X]] is an n-absorbing ideal of R[[X]] if one of the following conditions hold:

1. The ideal I is radical.

2. The ring R is a Krull domain and I is of the form (P,...P,), where the P; are height one prime
ideals of R.

3. The ideal I has exactly n minimal prime ideals which are comaximal.

4. The ideal I is a P-primary ideal where P is a prime ideal of R.

In the next proposition we generalize Corollary 16 of [14] for any commutative ring R.

Proposition 3.2. Let I be a proper radical ideal of a commutative ring R and n a positive integer. The
following are equivalent:

1. I is a strongly n-absorbing ideal of R.

2. I is an n-absorbing ideal of R.

3. I[[X]] is an n-absorbing ideal of R[[X]].

4. I[[X]] is a strongly n-absorbing ideal of R[[X]].

5. VkeN, I[[Xy,..., Xk]] is an n-absorbing ideal of R[[X1, ..., Xk]].

6. Yk e N, I[[Xy,..., Xk]] is a strongly n-absorbing ideal of R[[ X, ..., Xk]].

Proof. The proof is similar to the case of polynomial rings. For the sake of completeness, we include
it here.

1 = 2 is clear.

2 = 3 Since I is an n-absorbing ideal of R then |Ming(I)| < n by [[1], Theorem 2.5]. Let P, ..., P, the
minimal prime ideals over I. Hence I = VI = P, N...N B,. Therefore I[[X]] = P,[[X]]N...N B[[X]]. By
[[1], Theorem 2.1}, I[[X]] is k-absorbing so it is also n-absorbing.

3 = 1is clear.

The other equivalences result from the equality \/I[[X]] = VI[[X]]. In fact, \/I[[X]] c VI[[X]] for
any ideal I of R, since if P is a prime ideal of R containing I, then P[[X]] is a prime ideal of R[[X]]

containing I[[X]], so y/I[[X]] C P[[X]] for any prime ideal P containing I which implies that /I[[X]] C
VI[[X]]. Conversely, if I is an n-absorbing ideal of R, then by [5]], (VI)" c I so (VI[[X]])" ¢ (VI)"[[X]] €
I[[X]], which implies that VI[[X]] € /I[[X]] and then the equality+/I[[X]] = VI[[X]].

Now since I is radical then I[[X]] is also radical and then use an induction on k > 1. O

Corollary 3.3. Let R be a von Neumann regular ring, n a positive integer and I a proper ideal of R. The
following are equivalent:

1. I is a strongly n-absorbing ideal of R.

2. 1 is an n-absorbing ideal of R.

3. I[[X]] is an n-absorbing ideal of R[[X]].

4. I[[X]] is a strongly n-absorbing ideal of R[[X]].

5. VkeN, I[[Xy,..., Xk]] is an n-absorbing ideal of R[[ X1, ..., Xk]]-
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6. Vke N, I[[Xy,..., Xk]] is a strongly n-absorbing ideal of R[[X,..., Xk]].

Proposition 3.4. Let R be a Krull domain, n a positive integer and Py, .., P, be heigt one prime ideals of R
and I = (P,...P,), then I[[X]] is an n-absorbing ideal of R[[X]]. Hence wgyx}(I[[X]]) = wr(I).

Proof. Note that, by [[1]], Corollary 4.5], the ideal I is n-absorbing. We have I[[X]] = ((P;...P,)[[X]]), =
((Pr.Py)-A[[X]])y = ((PA[[X]])...(Py- A[[X]])y- SO I[[X]] = ((P-A[[X]])p--(Pa- AL[X D)0 )o = (P LIX Dy (Pal[X )0 )w =
(PL[XT]--Pu[[X]])o-

By [9], R[[X]] is also a Krull domain and for each k € {1,...,n}, B[[X]] is a height one prime ideal of

R[[X]]. Hence by [[1]], Corollary 4.5], the ideal I is n-absorbing. O

In the following, we give two cases where the property n-absorbing is stable when passing from I
to the ideal I[[X]].

Proposition 3.5. Let I be an n-absorbing ideal of a ring R such that I has exactly n minimal prime ideals
which are comaximal then I[[X]] is n-absorbing. Hence wg(x)(I[[X]]) = wr(I).

Proof. Let {Py,...,P,} be the minimal prime ideals over I. By [[1]], Corollary 2.15], I = P;...P, =P, N...N
P,, so P[[X]] =P [[X]]N...NP,[[X]]. Again by Theorem 2.1 of [1]], the ideal I[[X]] is n-absorbing. [

Proposition 3.6. Let P be a prime ideal of a ring R and I be a primary ideal of R such that P" C I then
I[[X]] is n-absorbing. Hence wgyxy(I[[X]]) = wg(I).

In particular if P" is a P-primary ideal of R, then P"[[X]] is n-absorbing. Moreover, if M is a maximal
ideal of R, then M"[[X]] is n-absorbing.

Proof. By [[1], Theorem 3.1], the ideal I is n-absorbing. By [[8]], Corollary 4], I[[X]] is a P[[X]]-primary
ideal of R[[X]] and (P[[X]])" c P*[[X]] C I[[X]]. So again by [[1], Theorem 3.1], the ideal I[[X]] is n-
absorbing. O

In the sequel, we prove that if I is a strongly n-absorbing ideal of R, then I[[X]] is an n-absorbing
ideal of R[[X]] if one of the following conditions hold:

1. The ring R is P-Gaussian.
2. The ring R is a Krull domain and I is a divisorial ideal.

3. The ring R is a formally integrally closed domain and I is a t-ideal.

Recall from [16], that a commutative ring R is called P-Gaussian if for every f,g € R[[X]], c(fg) =
c(f)c(g). For example a Noetherian Gaussian ring is P-Gaussian.

Proposition 3.7. Let R be a P-Gaussian ring, n a positive integer and I an ideal of R. Then I[[X]] is
n-absorbing if and only if I is strongly n-absorbing. Hence wg(x))(I[[X]]) = @R (I).

Proof. Let fi,..., fus1 € R[[X]] such that fi...f,,1 € I[[X]] then c(f;...f,41) C I. As R is a P-Gaussian
ring then c(f;)...c(f,+1) C I. Since I is strongly n-absorbing then c(f;)...c(f,) C I for example. But

frofu € c(fr S IXT] € e(fo)enee () [IXT] C TTIX]: u

Proposition 3.8. Let R be an integral domain such that R = (\V,, where (V,), is a collection of rank one
a
valuation overrings of R and I a strongly n-absorbing ideal such that I = (\I1V, then I[[X]] is n-absorbing.

a
In particular, if R is a Krull domain and I is a strongly n-absorbing divisorial ideal, then I[[X]] is n-
absorbing. Hence wgyx)(I[[X]]) = wi(I).
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Proof. Consider the star operation * defined by E* = (1V,, for every nonzero fractional ideal of R.

By [[2], Theorem 2.5] for nonzero f,g € R[[X]], (c(fg))(f = (c(f)c(g))"- Let fi,..., fus1 € R[[X]] such that

fro-fus1 € I[[X]] then c(fi...fr1) C I. Hence ¢(fy)...c(f,) C (c(f1)-..c(fn))* = (c(fi...fn)) € I* = I. Now the
result follows from the fact that I is strongly n-absorbing. O

Now we can recover Corollary 11 of [14] since a Dedekind domain is a Krull domain in which
every ideal is divisorial. Moreover a Dedekind domain is a Priifer domain so by [[1]], Corollary 6.9],
every n-absorbing ideal is strongly n-absorbing.

Corollary 3.9. Let R be a Dedekind domain, then wg(x)(I[[X]]) = wr(I).

More generally if R is a completely integrally closed domain and I is a strongly n-absorbing divi-
sorial ideal, then I[[X]] is n-absorbing by [[12], Theorem 2.11].

Recall from [3]], that an integral domain R is called formally integrally closed if for nonzero f,g €
R[[X]], (c(fg)): = (c(f)c(g)):, where I; = U{J, | ] is a finitely generated non zero fractional ideal of R
such that J C I}, for every non zero fractional ideal I of R. A nonzero fractional ideal I of R is called
a t-ideal if I; = I. Integral domains R such that R, is a one dimensional valuation domain for every
t-maximal ideal of R are examples of formally integrally closed domains. We get then the following
proposition:

Proposition 3.10. Let R be a formally integrally closed domain, n a positive integer and I a strongly
n-absorbing t-ideal then I[[X]] is n-absorbing. Hence wg(ix))(I[[X]]) = @Rk (I).
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