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Abstract. In this paper, we introduce a weak version of Noetherianity that we call regular Noetherian property. A ring is
called regular Noetherian, if every regular ideal is finitely generated. We investigate the stability of this property under
localization and homomorphic image, and its transfer to various contexts of constructions such as trivial ring extensions,
pullbacks and amalgamated duplication of a ring along an ideal. Our results generate examples which enrich the current
literature with new and original families of rings that satisfy this property.
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1 Introduction

Throughout this paper, all rings are assumed to be commutative with nonzero identity and all mod-
ules are nonzero unital. Let R denote such a ring, we denote by Reg(R) and Z(R) the set of all regular
elements of R and the set of all zero-divisors of R respectively. By a “local" ring we mean a (not
necessarily Noetherian) ring with a unique maximal ideal.

Recall that a ring R is Noetherian if every ideal of R is finitely generated. In view of this we in-
troduce a weak version of Noetherianity that we call regular Noetherian property. A ring is called
regular Noetherian, if every regular ideal is finitely generated. A Noetherian ring is naturally a reg-
ular Noetherian ring, and in the domain context, these two forms coincide.

Some of our results use the R o« M construction. Let R be a ring and M be an R-module. Then
R oc M, the trivial (ring) extension of R by M, is the ring whose additive structure is that of the ex-
ternal direct sum R@® M and whose multiplication is defined by (ry,my)(ry, my) := (ry 1y, rymy + rymy)
for all r;,r, € R and all my,m, € M. The basic properties of trivial ring extensions are summa-
rized in the books [14, [15]. Mainly, trivial ring extensions have been useful for solving many open
problems and conjectures in both commutative and non-commutative ring theory. See for instance
(4,159} 10} 11,14} 15, 16,17, [18].

Let T be a ring and let M be an ideal of T. Denote by 7 the natural surjection t: T — T/M. Let D
be a subring of T/M . Then, R := _}(D) is a subring of T and M is a common ideal of R and T, such
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that D = R/M. The ring R is known as the pullback associated to the following pullback diagram:

7t|g

(D)—=D=R/M

d T/M

R

where 7 and j are the natural injections.
A particular case of this pullback is the D + M-construction, when the ring T is of the form K + M,
where K is a field and M is a maximal ideal of T, and R takes the form D + M. See for instance [14]].

Let A be aring and I an ideal of A. The following ring construction called the amalgamated dupli-
cation of A along I was introduced and investigated by D’Anna in [7]] with the aim of applying it to
curve singularities (over algebraic closed fields) where he proved that the amalgamated duplication
of an algebroid curve along a regular canonical ideal yields a Gorenstein algebroid curve [7, Theorem
14 and Corollary 17]. It is the subring A > of A x A given by

Ax=I={(a,a+i)acAandiecl}.

This extension has been studied, in the general case, and from the different point of view of pull-
backs, by D’anna and Fontana [8]. One main difference of this construction, with respect to the
idealization, is that the ring A »< I can be reduced (and it is always reduced if A is an integral do-
main). If ] is an ideal of A, then J e« I := {(j,j+i)|j € ],i € I} is an ideal of A »a | with 45 = 4.
Under the natural injection A <> A > defined by i(a) = (a,a), we identify A with its respective image
in A > I; and the natural surjection A > I - A yields the isomorphism A=L =~ A. See for instance

(0)=l
[6,17, 8, 10} 12, [13}, [T9].

In this paper, we investigate the possible transfer of regular Noetherian property to the direct
product of rings and various trivial extension constructions. Also, we examine the transfer of regu-
lar Noetherian property to a particular pullbacks and to the amalgamated duplication of ring along
an ideal. Using these results, we construct several classes of examples of non-Noetherian regular
Noetherian rings.

2 Main Results

A ring is called regular Noetherian and noted reg-Noetherian, if every regular ideal is finitely gen-
erated (that is every proper regular ideal is finitely generated). Now we give the following natural
results.

Proposition 2.1. 1. A reg-Noetherian ring provided a Noetherian ring.
2. Assume that R is an integral domain. Then R is reg-Noetherian if and only if R is Noetherian.
3. All total ring is reg-Noetherian.
Proof. Straightforward. O

A ring R is coherent if every finitely generated ideal of R is finitely presented; equivalently, if
(0:a) and I N] are finitely generated for every a € R and any two finitely generated ideals I and ] of
R. Examples of coherent rings are Noetherian rings, Boolean algebras, von Neumann regular rings,
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valuation rings, and Priifer/semihereditary rings. See for instance [1}, 2,14, [17] (see figure 1 below).
Hence, we have :

Noetherian
reg-Noetherian coherent

Figure 1:
Now, we give a new example of a non-Noetherian reg-Noetherian ring. Also, we show that the
notions reg-Noetherian and coherent are not comparable.

Example 2.2. Let (A, M) be a local ring with a non finitely generated maximal ideal M (for instance,
take A = K[[Xy,..., X,,,...]] be a power series ring with infinite indeterminates over a field K) and set
R:= A/M?. Then:

1. Ris alocal total ring with maximal ideal M/M?. In particular, R is reg-Noetherian.
2. Ris a non-Noetherian ring since M/M? is not finitely generated.

Example 2.3. Let R be a non-Noetherian coherent domain (for instance, take R = K[[Xj, ..., X,,,...]] be
a power series ring with infinite indeterminates over a field K). Then:

1. Ris coherent.
2. Ris non-reg-Noetherian since it is a non-Noetherian domain.

Example 2.4. Let (A, M) be a local ring, E := (A/M)* be an infinite (A/M)-vector space, and R:= A
E be a trivial ring extension of A by E. Then:

1. Ris alocal total ring. In particular, R is reg-Noetherian.
2. Ris non-coherent by [17, Theorem 2.6(2)] since E is an (A/M)-vector space with infinite rank.
Now, we study the transfer of reg-Noetherian notion to a direct product.

Proposition 2.5. Let R:=[]"_, R; the direct product of a rings R;. Then R is a reg-Noetherian ring if and
only if so is R;, for every i =1,...,n.

Proof. By induction, it suffices to show the proof for n = 2. Assume that Ry and R, are reg-Noetherians
and let ] be a regular ideal of R. Then, it is easy to see that | = I; x I, where I; is a regular ideal of R;
for i =1,2. Hence, I; is a finitely generated ideal of R; and so ] := I; x I, is a finitely generated ideal
of R, as desired.

Conversely, assume that R is reg-Noetherian and let I; be a regular ideal of R;. Then, I; xR, is a
regular ideal of a reg-Notherian ring R, hence I; x R; is a finitely generated ideal of R. Therefore, I;
is a finitely generated ideal of Ry, as desired.

By the same argument, we show that R, is also a reg-Noetherian ring which completes the proof. [
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We know that a localization of a Noetherian ring is Noetherian. Now, we give an example showing
that the localization of a reg-Noetherian ring is not always a reg-Noetherian.

Example 2.6. Let A = K[[Xy,...,X,,,...]] = K+ M be a local power series ring with infinite indetermi-
nates (X;);en over a field K, where M is its maximal ideal generated by (X;);cn over a field K. Set
E := (A/M)>®(= K*) be a K-vector space with infinite rank and set R = A « E be the trivial ring exten-
sion of A by E. Let S := {X{/n € IN} be a multiplicative set of A and set S := Sy o« 0 a multiplicative
set of R. Then:

1. Ris reg-Noetherian since R is a total ring.

2. ST'IR= S 1A is a non-Noetherian integral domain. In particular, S~!R is a non-reg-Noetherian
ring.

Proof. 1. Straightforward.

2. If we take Sy = {X{/n € N} and S = Sy « 0, we have S7IR = SglA = [Sgl(K[Xl])][Xz,...Xn,...]
which is a non-Noetherian integral domain. Hence, S™'R is a non-reg-Noetherian ring, as

desired.
O

Now, we study the transfer of reg-Noetherian property in trivial ring extension.

Theorem 2.7. Let A be aring, E be an A-module and set R := A « E be the trivial ring extension of A
by E. Then:

1. Assume that A be an integral domain which is not a field, K := qf(A), E be a K-vector space
and R := A « E be the trivial ring extension of A by E. Then:
i) R:= A « E is a reg-Noetherian ring if and only if A is Noetherian.
ii) R is non-coherent. In particular, R is non-Noetherian.

2. Assume that A is an integral domain, E is a finitely generated torsion free A-module, and set
R := A « E be the trivial ring extension of A by E. Then the following assertions are equivalents:
i) R is reg-Noetherian.
ii) A is Noetherian.
iii) R is Noetherian.

3. Assume that (A, M) is a local ring, E is an (A/M)-vector space, and set R := A « E the trivial ring
extension of A by E. Then R is reg-Noetherian.

Proof. 1. i) Assume that A is Noetherian and let | be a proper regular ideal of R. Then there exists
(a,e) € ] such that a # 0 (since (0 o< E)(0,e) = 0). Since (4,e)R = aA « E, hence ] := I « E for
some proper ideal I of A. Therefore, I := ) ! | Aa; for some a; € I \ {0} and n € N\ {0} since A is
Noetherian and so ] := ) ?' ; R(4;,0) is a finitely generated ideal of R, as desired.

Conversely, assume that R is a reg-Noetherian ring and let I be a proper ideal of A. Then,
J:=1@),R=IR=1E (since R is a flat A-module) is a regular ideal of R and so ] is a finitely
generated ideal of R since R is a reg-Noetherian ring. Assume that J := ) ' | R(a;,¢;) for some
(aj,e;) €] :=1 o E and n € N\{0}. Hence, I := ) ! | Aa; is finitely generated, as desired.

ii) R is non-coherent by [17, Theorem 2.8(1)]. In particular, R is non-Noetherian.

2. 1) =>1ii):
Assume that R is reg-Noetherian and let I be a proper ideal of A. Then, ] :=I « IE is a proper

221
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ideal of R which is regular. Indeed, let (4,0) € ], where a € I — {0} and let (b, f) € R such that
(0,0)=(a,0)(b, f) = (ab,af). Hence,ab=0in A and af = 0in E which imply that b = 0 (since A is
an integral domain) and f = 0 (since E is a torsion free A-module). Hence, (4,0) is a regular ele-
ment in ] and so ] is a regular ideal of R. Therefore, ] := ) "' | R(a;, ¢;) since R is reg-Noetherian,
where (a;,¢;) € J,and so I =) ! | Aa;, as desired.

i) & iii):
Clear since E is a finitely generated A-module.

iii) =1):
Straightforward.

3. Straightforward since R is a total ring.
O

Corollary 2.8. Let A be an integral domain, E be a finitely generated free A-module, and set R := A o« E be
the trivial ring extension of A by E. Then:

1. R is reg-Noetherian.

2. Ais Noetherian.

3. Ris Noetherian.

By Theorem [2.71), we obtain the following example:
Example 2.9. Let R =Z «x Q. Then:

1. Ris reg-Noetherian.

2. Ris non-coherent. In particular, R is non-Noetherian.

We know that the homomorphic image of a Noetherian ring is Noetherian. The next example
shows that the homomorphic image of a reg-Noetherian ring is not always a reg-Noetherian.

Example 2.10. Let (A, M) be a non-Noetherian local integral domain ( For instance, take A = Z, +
XQ[[X]] where X is an indeterminate over Q), E be an (A/M)-vector space, and R := A « E be the
trivial ring extension of A by E. Then:

1. Ris areg-Noetherian ring since R is a total ring.
2. R/(0 « E) = A is non-reg-Noetherian since it is an integral domain which is non-Noetherian.
Now, we study the transfer of reg-Noetherian property in a particular case of pullbacks.

Theorem 2.11. Let T = K+ M be a local ring, where K is a field and M is a maximal ideal of T such
that for each m € M, there exists n € M such that mn = 0 (take for instance M" = 0 for some a positive
integer n). Let D C K be a subring of K and set R=D + M. Then R is reg-Noetherian if and only if D
is Noetherian.

Proof. Assume that R is a reg-Noetherian ring and let I be a proper ideal of D. Set ] =1+ M be an
ideal of R and we claim that ] is a regular ideal of R. Indeed, let d € I — {0} C ] and let a + m € R such
that d(a+m) =0, where a€ D and m € M. Then 0 =da+dm and so da=01in D and dm = 0 in M.
Therefore, a = 0 since D is an integral domain and d € D — {0} and m = 0 since 0 =dm € M and d is
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invertible in K, hence d is a regular element in J. Hence, ] is a finitely generated ideal of R since R is
reg-Noetherian, thatis J =) [ | R(a; + m;) = (}_i_; Da;)+ (X_i_; Rm; + Ma;) =Y ', Da; + M, for some a
positive integer 1, a; € I and m; € M, and so I = ) ! | Da; a finitely generated ideal of D. Hence, D is
a Noetherian domain.

Conversely, assume that D is Noetherian and let | be a proper regular ideal of R. Then ] ¢ M
since J is a regular ideal of R and so there exists d + m € |, where d € D — {0} and m € M. Hence,
J2d+mM=dM+mM =M (since mM C M =dM) and so ] = I + M, where [ is a proper ideal
of D. Hence, I = ) !, Dd, for some a positif integer n and d; € D — {0} since D is Noetherian and so
J=I+M=Y",Dd;i+M =}, Rd; since d;M = M for each d; € D —{0}.

Therefore, ] is a finitely generated ideal of R and so R is a reg-Noetherian ring which completes the
proof of theorem[2.11] O

Example 2.12. Let T = % = Q+ XT, where X is an indeterminates over Q, Q[[X]] is the power

series ring over Q, and < X" >= X"Q[[X]] where n is a positive integers. Set R =Z+ XT. Then:
1. Ris a reg-Noetherian ring by theorem 2.11}
2. Ris non-Noetherian.

We end this work by studying the transfer of reg-Noetherian to the duplication.

Theorem 2.13. Let A be aring, I be an ideal of A, and R := A< be the duplication of A by I. Then:
1. Aisreg-Noetherian provided sois A»<1.

2. Assume that A is a total ring and I C J(A), where J(A) is the Jacobson radical of A. Then
R:= A is a reg-Noetherian ring.

Proof. 1) Let b be a regular element of a regular ideal I, of A. Set | be the ideal of R generated by

{(a,a)/a € Iy}. Hence, ] is a regular ideal of R since (b,b) is a regular element in ] since b is a regular

element in I,. Therefore, | is a finitely generated ideal of R since R is reg- Noetherian and so I is a

finitely generated ideal of A, as desired.

2) Assume that A is a total ring and I C J(A). To show that R := A< is reg-Noetherian, it suffices to

show that R := A <] is a total ring.

Let (x,x+1) € Av<a]. Two cases are then possible:

Case 1: xe Z(A):

In this case, (x,x+i) € Z(A> ) since Z(A)><1 C Z(A1I), as desired.

Case 2: x is invertible in A:

In this case, let y := x™! and set j := —ip?(1 +vi)~!. Since I C J(A), then j € I. Further, we have

(x,x+1)(y,v+j)=(1,1) and so (x,x + i) is invertible in R := A »< I, completing the proof of Theorem
O

Now, we construct a non-Noetherian reg-Noetherian ring by using the above Theorem

Example 2.14. Let Ay = K[[X},...,X;,...]] = K+ M be a local power series ring with infinite inde-
terminate {X;/i € IN*} over a field K, where M is its maximal ideal generated by {X;/i € IN*}. Set
A= 11\1;1?1 =K+ % be a local ring with I := % its maximal ideal, where n > 3 be a positive integers
and set R := Aw<]. Then:

1. R is a reg-Noetherian ring by theorem since A is a local total ring with maximal ideal

I:= AIZIH and I" = 0.

223
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2. Ris a non-Noetherian ring by [8, Corollary 3.3(b)] since A is a non-Noetherian ring (since I is
non-finitely generated ideal of A).

Remark 2.15. The above example is neither a trivial ring extension (since I2 = %—,2, # 0) nor a pullback

of the type studied in this paper.
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