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Abstract. The Pélya group Po(K) of a finite Galois extension K of Q is the subgroup of the class group of K formed by the
strong ambiguous classes of K. In this paper, we state a general formula which gives the order of Po(K) when K is a bicyclic
biquadratic number field by means of classical indices, namely, the unit index of K, the number of ramified primes, and
the number of fundamental units with norm 1 of the quadratic subfields of K. Then we study separately the imaginary
case and the real case.
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1 Introduction

Recall first some definitions, notations, and results.
Definition 1.1. [2, Definition I1.3.8] and [25] § 1]

1. The Pélya-Ostrowski group or simply the Pélya group of an algebraic number field K is the sub-
group Po(K) of the class group CI(K) of K generated by the classes of the products of all the
maximal ideals of the ring of integers Og with the same norm.

2. A Pélya field is a number field whose Pélya group is trivial.

Notation. We classicaly denote by I1,(K) the product of all the maximal ideals of Og with norm g.
If g is the norm of no maximal ideal, we set I1,(K) = Og. Obviously, if I1,(K) # Ok, then q is a prime
power: g = p/.

The Galois Case. When K/Q is a Galois extension, that is in the case that interests us here, denoting
by e, and f, the ramification index and the inertial degree of p in the extension K/Q, we have

IT £, (K) = I_[ m and pOg =1II

p i (K). (1)

p
meMax(Ok), m|p

Consequently, following Ostrowski [20], if p in not ramified in the Galois extension K/Q, prp (K)

is principal generated by p. Thus, the Pélya group Po(K) is generated by the classes of the pr,,(K)

where p is ramified in K/Q, so that, Po(K) is nothing else than the group of strongly ambiguous
classes of K.

There are already contributions of several authors who studied the Pélya group of a bicyclic bi-
quadratic number field, for instance: Chattopadhyay and Saikia 6], Heidaryan and Rajaei ([10] and
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[111), Leriche ([16] and [17]), Maarefparvar ([18]] and [19]), Taous and Zekhnini ([22], [23] and [26]),
and Tougma [24]).

We begin in the next section with some preliminaries, in fact some well known facts that will be
useful for our study of the bicyclic biquadratic number fields K. Then, in the following section, we
establish a formula giving the order of the Pdlya group of K by means of several indices and we
deduce upper bounds for the number sg of ramified primes for K to be a Polya field. In the fourth
section, we consider the imaginary case and end, in the last section, with the real case.

2 Preliminaries

General Notation
For every algebraic number field K, we denote by
Ok the ring of integers of K,
Oy the units of Ok,
Ik the group of nonzero fractional ideals of Ok,
Pk the subgroup of Zx formed by the principal ideals,
CI(K) = Zx/Px the class group of K.
Moreover, when K/Q is a Galois extension, we denote by
G = Gal(K/Q) the Galois group of K/Q,
ZI? the subgroup of Zx formed by the ambiguous ideals,
PI? =Pk ﬂIg the subgroup of Py formed by the principal ambiguous ideals,
Po(K) = II?/PI? the Polya group of K,
II?/PQ and PI?/PQ the quotient of II? and PI? by the extension of Pg in 789,
ep and f, the ramification index and the inertial degree of p in K/Q.

Some Exact Sequences

Proposition 2.1. If K/Q is a Galois extension with Galois group G, the following sequence of abelian

groups is exact:
0 — PZ/Pg — ®pep Z/e,Z — Po(K) — 0. (2)

Proof. The containments Py C P¢ C Z¢ lead to the obvious exact sequence:
0—PE/Po—Ig/Po—IS/PE — 0.

We already said that by definition Po(K) = Ig/PI?. It remains to show that Ig/PQ ~ @pep Z/epZ.
The group II? of ambiguous ideals is the free group generated by the ideals prp (K). Thus we can
consider the natural isomorphism

L=] [0, (K)*® € Z¢ o (ky (1)) perp € Bper Z,
pelP

which induces a surjective morphism

Ie II? — (kp(I))peIP € GBPG]pZ/epZ.

The kernel of this last morphism is clearly formed by the ideals I such that, for each p € P, k,(I) =
epm, with m, € Z, that is, the ideals I = (]—[p p")Ok, in other words, the kernel is the image by

extension of Pg in II?. O
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The exact sequence (2) should be compared with the well known following cohomological exact
sequence.

Proposition 2.2. [25] p. 163] If K/Q is a Galois extension with Galois group G, the following sequence of
abelian groups is exact:
0— HY(G,0%) > @,ep Z/e,Z — Po(K) > 0. (3)

Sequences (2) and (3) together show that
PE/Po~HYG,0%)  (Iwasawa [13]). (4)
It is not a surprise, indeed, from the short exact sequence
150 >K ->Px—1,

the left exactness of the functor U > U on the abelian category of G-modules leads, with Hilbert
90, to:

Proposition 2.3. [1, Lemma 2.1] If K/Q is a Galois extension with Galois group G, the following sequence
of abelian groups is exact:
1 - QY/{*1} - P§ - HY(G,0) — 1. (5)

Quadratic Fields
The first important result about Pélya groups is due to Hilbert who was interested in the ambigu-
ous ideals.

Proposition 2.4. (Hilbert [12, Theorem 105-106]) Let k = Q(Vd) be a quadratic number field where d
is a square-free integer. If si denotes the number of ramified prime numbers in the extension k/Q, then

2572 ifkis real and Ny,p(OF) = {1}

[Po(k) ={ poel e (6)

Let us recall that the reason of this formula comes from the fact that the group of classes of am-
biguous ideals is generated by the classes of the ramified prime ideals of k. But, when d = -1, the
principal ambiguous ideal VdOx leads to a relation between the previous generators. Moreover, it is
known that there is another relation induced by another principal ambiguous ideal if and only if k is
real and the norm of the fundamental unit ¢ is +1. In this case, there are @ € Oy and a € Z such that
a? =ea and a|2d.

3 The order of the Polya group of a biquadratic number field

Let us introduce some more notations with some indices.

Notation. From now on, K denotes a bicyclic biquadratic number field, that is, K = Q(v/d;, Vd,)
where d; and d, are two distinct square-free integers. The three quadratic subfields of K are

d1d;

ki = Q). ko = Q) and ks = Q(Yds) where ds = 0 s

e We denote by sg the number of ramified primes in the extension K/Q and analogously by s; (i =
1,2,3) the number of ramified primes in the extension k;/Q.

e We set i; =1 or 0 depending on whether 2 is, or is not, totally ramified in K/Q.

o If k; is real, ¢; > 1 denotes the fundamental unit, O;;l_ = {ief |teZ} ~Z/2Z x 7.
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o If k; is imaginary, O;;_ = pk, where py. denotes the group of roots of unity.

e For 1 <i <3, weletv;=1or 0according to the fact that k; is real and the norm Ny, /q(¢;) is equal to
1 or not.

e Now we introduce two ‘global” indices:

Vg =V1+Vr+Vv3

and the unit index
gk = (Og :O,:O,fz(’),fs).

An odd prime number is ramified in k; if and only if it divides d;, thus an odd prime number which
is ramified in one of the subfields is ramified in exactly two subfields. The prime 2 is ramified in k; if
and only if d; = 2 or 3 (mod 4), so that, if 2 is ramified in one of the subfields, then it is ramified in at
least two subfields. Moreover, 2 is totally ramified in K if and only if it is ramified in each subfields
k;. Consequently, we have the relation

Sl+52+53:25K+i2. (7)

The prime 2 is not totally ramified in K/Q if and only if at least one of the three integers d; is
congruent to 1 modulo 4. Equivalently, 2 is totally ramified in K/Q if and only if two of the integers
d; are even and the third one is congruent to 3 modulo 4.

From the natural morphisms
j,{f rq; €Ly, > a0k eIy (1<i<3),
we deduce a morphism:
(a1,ap,a3) € Ly, X Iy, x Iy, > 212,33 Ok € I,
which itself induces a morphism:
@k : Cl(ky) xCl(ky) x Cl(k3) — CI(K).

It is easy to see that the Pdlya groups behave well by extensions when all the considered fields are
Galois extensions of Q (see [3, Proposition 3.4]). Thus, @i itself induces by restriction a natural
morphism:

g : Po(ky) x Po(ky) x Po(ks) — Po(K).

Proposition 3.1. The natural morphism g : Po(ky) x Po(k,) x Po(ks) — Po(K) is surjective either if 2 is
not totally ramified or if I1,(K) is principal. Else, the quotient Po(K)/Im(yg) has order 2.

Proof. Let p be a ramified prime number which is odd or equal to 2 if 2 is not totally ramified in K.
There is a quadratic subfield k; of K in which p is ramified, and then, IT,(k;) is not ramified in the
extension K/k;, else p would be totally ramified in K/Q. Thus, we have IT,(k;)Ox = I1,(K) or I1,2(K)
according to the fact that I, (k;) is decomposed or inert in the extension K/k;.

Assume now that 2 is totally ramified. Then, whatever the quadratic subfield k;, we have I'T,(k;)Ok =
(IT,(K))?. Thus, denoting by Im(tpx) the image of g, we have the isomorphism

Po(K)/Im(ipg) =~ (TT(K)/TT,(K)?)
which allows us to conclude. ]

Finally, following Kubota, we have:
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Proposition 3.2. [14] Satz 4] With the previous notation

L (K/Q) ifKisreal and vg =0

_ ax Lpp
|Ker(4’1<)|—{ ﬁnpep(K/Q) else.

We are now able to state a formula for the order of the Pélya group of K.
Theorem 3.3. The order of the Polya group Po(K) of K is equal to

g x 25 +=2-max(Lvk) if K is real

g X 25K T2k if K is imaginary

[Po(K)| = {

where j, =1 if 2 is totally ramified and I'T,(K) is not principal and j, = 0 else.
Proof. By Proposition

[Po(ky) x Po(ky) x Polks)| = 2551 (5711) = psivsarss=3-vi
By Kubota’s result,

_ |P0(k1) X PO(kz) X Po(k3)| B 251+52+S3—3—VK

IIm ()| = Ker (g ) = e, Xk x(Lor2).

Proposition says that &7;0((1)[1}1);' = 2J2. We may conclude with Formula . O

Remark 3.4. It is known (Hasse [8]) that

1,2,4 ifKisreal

_ X . X MX X\ _
qax = Ok : O Op O ) = { 1,2 if K is imaginary. (10}

We will prove the two cases in the next sections by means of elementary remarks. Let us start here
with a rough result: g divides 8 in the real case and divides 4 in the imaginary case.
Letting Gal(k;/Q) = (o;), then

Vx e OF  x*Ngo(x) = x*01(x) 0 (x)03(x) € O OF OF.

Thus,
(O cO; OF OF < O%.

In the real case, Of = {+1} x Z?, and hence, Oﬁ/(@ﬁ)(z)
the imaginary case, Ox ~ ug x Z , and hence, Ox/(O%)?

1

(Z/2Z)*, as moreover —1 ¢ (Ol’é)(z), qk|8. In
~ (Z/27Z)?, consequently, qx|4.

—

From Formula (9) we easily deduce an upper bound for the number of ramified primes in a bicyclic
biquadratic Pélya field.

Corollary 3.5. If K is a bicyclic biquadratic Pélya field, then

2+ vk if K is imaginary
<
SK_{ 3 +max{0,vg —1} if K is real (1)

In particular, we always have sx <5 and, if K is imaginary, sg < 3.

Remark 3.6. Zantema [25] §4] proved that this bound sx < 5 is sharp since the field Q(V5.7,V3.127)
where 2,3,5,7,127 are ramified is a Pdlya field. Note that, by Corollary [4.7] below, the bound sg <3
is sharp in the imaginary case.
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Corollary [3.5|gives necessary conditions on sk for K to be a Pdlya field. On the other hand, sg can
provide sufficient conditions for K to be Pdlya.

Proposition 3.7. Let K = Q(v/d, \d,) and assume that 2 is not totally ramified.
(1) If sk <2, then K is a Pdlya field.

(ii) If dy t dy and vy = 1, then sg < 3 implies that K is a Pélya field.

(1ii) If (dy,dp) =1 and vy = v, =1, then sg < 4 implies that K is a Pélya field.

Proof. (i) Assume that sg < 2. Note first that, as s; > 1 for each i = 1,2,3, Formula leads to
3 <2sg +i; < 4+1i,. Under the hypothesis i, = 0, sy = 1 is impossible. Thus, sx = 2 and, for instance,
s; =s, =1 and s3 = 2. Since, s; = s, = 1 implies that k; and k, are Pélya fields, we may conclude with
Proposition [3.8|below.

(ii) As vy = 1, there are a; € Z and «; € k; such that af = ¢1ay and a|2d;. Assume that a1O =
\/d,0k, and hence, that d,0x = a;Ox.

Assume also that a; does not divide d,. Then, a, is even, d; is odd, and 2 is ramified in Q(V/d;). As
d,0k = a0k, 2 divides d,, and hence, d3. The prime 2 would be totally ramified. Thus, a; divides
(strictly) d; and the hypothesis d, | d; implies that a; # +d,, and hence, a;Og = Vd,Ox.

The group PI? contains obviously the ideals of Ok generated by vVd;, Vd,, and a;. These principal
ideals are not congruent modulo Pg because their norms in the extension K/Q, namely dlz, d%, and

2 d,

a?, are not congruent modulo z* for any z € Q* thanks to the fact that d} = @4y * =1 is coprime to

d; and a,. Thus, 23 divides the order of the group PI?/PQ. It follows then from the exact sequence
(2) that the order of Po(K) divides 253,

(iii) Since v; = v, = 1, for i = 1,2, there are a; € Z and «; € k; such that aiz = ¢;a; where a;|2d;.
It follows from the proof of assertion (ii) that a; is a strict divisor of d;. Consequently, the group
PI? contains in particular the ideals of Ok generated by vd;, Vd,, a;, and a;,. These ideals are not
congruent modulo Pg because their norms in the extension K/Q, namely dz, d%, a%, and a%, cannot
be congruent modulo z* for any z € Q. Thus, 2* divides the order of the group PI?/PQ and, it follows
from the exact sequence (2) that the order of Po(K) divides 2574, O

Another way to obtain sufficient conditions for K to be Pélya comes from the idea that if two
number fields are Pdlya, then the field they generate is likely to be too. This is not completely wrong,
nor completely true according to the following proposition.

Proposition 3.8. [16, Proposition 4.3] The compositum K of two quadratic Pélya fields is a Polya field if
and only the ideal I1,(K) is principal. This is the case in particular if 2 is not totally ramified.

Proof. Let k; (1 < i < 3) be the three quadratic subfields of K. If p be a prime such that e,(K/Q) =
2, then p is ramified in exactly two of the three subfields. By hypothesis, at least two subfields
k; are Pdlya fields. Clearly, there is a Pdlya subfield k; such that p is ramified in k;/Q. Thus, on
the one hand, p is not ramified in K/k; and, on the other hand, IT,(k;) is principal. Consequently,
prp(K/Q)(K) =11, (k;)Ox is principal. O

4 Imaginary Bicyclic Biquadratic Number Fields

The biquadratic field K is imaginary, that is, is not real, if one, and only one, of the three integers d;
is > 0. We introduce some specific notation for the imaginary case.

Notation. In this section, K = Q(v/n, vV—m) where n and m are two square-free positive integers. The
real quadratic subfield Q(+/n) is denoted by K* and its fundamental unit by ex+. We let vg = vg+ = 1
or 0 according to the fact that Ng+/gp(ex™) =1 or —1.
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mxn

aed(mn)?” Most often we choose a

While the integer 7 is uniquely determined, we can replace m by

priori the smaller of the two, but not always.

The Unit Index. If K = Q(\/E,V—l) = Q(Cg), we always have the equality uxO%x. = O;:l (9;;2(9;3, and
therefore, g is equal to Hasse’s unit index

qx = (Og 1 px Og+) (K= Q(Cg)).
We already said that qg = 1 or 2 [8] Satz 14]. Indeed, recall the containments
(03 cO; OF OF < O%.

If the first inclusion was an equality, V-1 =i would be in some kj, then (g = Vi= %(1 + z)\/z would

be in K and V2 would be in some k;, and finally, K = Q(V-1,v2) = Q(Cg). But the fundamental unit
1+ V2 of Q(V2) does not belong to (OGXQ(Cs))(Z)' Thus, gk is a strict divisor of 4.

Following Zantema [25], being a cyclotomic field, Q(i,V2) = Q((g) is a Pélya field, where 2 is
totally ramified. This is a very particular case as shown by the following lemma.

Lemma 4.1. Let K be an imaginary bicyclic biquadratic number field distinct from Q(Cg). If 2 is totally
ramified in the extension K/Q, the ideal P lying over 2 is not principal and K is not a Polya field.

Proof. Let K = Q(v/n,V—m) and assume that 2 is totally ramified in K/Q. Denote by P and p the prime
ideals lying over 2 of respectively K and Q(v=m). As K # Q(V-1,V2), either m > 2 or 2 > 2. Thus,

(m,n)?
we may assume that m > 3, and then there is no element of Q(v/—m) with norm +2. Consequently, p
is not principal and Lemma below shows that P cannot be principal. As I1,(K) =P, K is not a
Pélya field. O

Lemma 4.2. Let L be a number field and p be a prime number which is totally ramified in L/Q. Assume that
the ideal I1,(L) is principal, and hence, generated by an element y of Op such that Np,q(y) = p or —p. Then,
for every subfield K of L, I1,(K) is principal generated by an element x € O such that Ny,q(x) = N1/o(y)

(=por-p).

Proof. As p is totally ramified in L/Q, and hence, in K/Q, T1,(L) is the prime of L and TI,(K) the
prime of K lying over p. Then we have Nf(l_lp(L)) = I1,(K). Consequently, if IT;(L) = O, for some
v € O, then I1,(K) = Nk () Og and x = Np/k(v) satisfies Nx,q(x) = Np/o(y)- O

Proposition 4.3. An imaginary bicyclic biquadratic field K which is the compositum of two quadratic
Pélya fields is a Polya field if and only if, either K = Q(Cg), or 2 is not totally ramified in K/Q.

Proof. The necessary condition is an obvious consequence of Lemma [4.1] while Proposition im-
plies the sufficient condition. O

Example 4.4. According to Leriche’s assertion [16}, Proposition 4.3] (our Proposition [3.8), the follow-
ing fields are Polya fields.

(a) K = Q(\/E,\/—_q) where g =3 (mod 4):sg =2,i, =0,vg- =0,9x = 1.

(b) K = Q(+/p, V-2) where p=1 (mod 4): sg = 2,ip = 0, vg+ = 0,qx = 1.

(c) K =Q(v29,V—q’) where g=q’ =3 (mod 4):sg =3,i, =0,vg+ =1, qg = 1.

Note that these three examples do not agree with [23, Theorem 3] which describes the Pdlya groups
of all imaginary bicyclic biquadratic number fields and says that in the three examples Po(K) =~
Z/27.
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Remark 4.5. There are examples of imaginary biquadratic Pélya fields that are not the compositum
of two quadratic Pélya fields: for instance, let p and g be two primes such that p =1 and g = 3
(mod 4), then the field Q(+/g,/=p) is a Polya field (by Proposition ii)) which contains only one
Polya quadratic subfield (namely Q(+/g)) by Formula (@) If moreover (g) = -1, then Q(y/=p,/—9) is
another example [10, Theorem 3.3].

Proposition 4.6. If K = Q(Cg) is an imaginary bicyclic biquadratic number field, then
[Po(K)| = g 272727, (12)
More precisely,

(Z/27Z)* Vi Hog, dx if T1,(K)? is principal,

13
(Z/AZ) x (Z/2Z)< 3V 108k g, (13)

Po(K) ~ {
Note in particular that either when 2 is not totally ramified in K/Q or when IT,(k;) is principal for
some subfield k;, then IT,(K)? is principal.

Proof. When K = Q(Cg), Formula is just Formula (9) where i, replaced j, thanks to Lemma
Formula is a consequence of Formula since I1,(K) is the only ambiguous ideal whose class
could be of order > 2. O

As a consequence, we obtain Zantema’s characterization of the imaginary bicyclic biquadratic
number fields that are Pélya fields (which confirms that Examples [4.4]are Pélya fields).

Corollary 4.7. [25, Theorem 4.1] An imaginary bicyclic biquadratic number field K is a Pélya field if and
only if one of the following conditions holds:

1. 2 is the only ramified prime: K = Q(V2,V-1) = Q(Cy),
2. there are exactly two primes that are ramified in K/Q and 2 is not totally ramified,

3. there are exactly three primes that are ramified in K/Q, 2 is not totally ramified, vg+ = 1 and O =
HK OX+.

Proof. If K is a Polya field distinct from Q(Cg), then necessarily sy < 3 by Corollary and 2 is not
totally ramified by Lemma If sx =2, ip = 0 is sufficient for K to be Polya by Lemma (i).
It remains the case where sy = 3 and it follows from Formula that K is Pélya if and only if
gk = VK = 1. L]

Remark 4.8. Zantema obtained Corollary by another way. Indeed, the 4 parameters in For-
mula , namely, s, 15, Vg+, and qg, which are needed to compute the order of the Pélya group of
K, are also those that are needed to describe the first terms of the exact sequence (3): the first two pa-
rameters, sg and iy, characterize easily the middle term &,cp Z/e,Z, while the last two parameters,
vi+ and g, characterize the first term H'(G, O%) as shown by the following lemma due to Zantema.

Lemma 4.9. [25, Lemma 4.3] Let K = Q(Cg) be an imaginary bicyclic biquadratic number field. Then,

(2/22)3 lf VK+ XK = 1

1 X) =~
H (Z/zZXZ/ZZ;OK)—{ (Z/zz)z else.

Since Po(K) is trivial if and only if H'(Z/2Z x Z/2Z, Ox) = ®pcp Z/e,Z, we see once again that 2
cannot be totally ramified if K is a Pélya field (except if K = Q(Cg) ). Formulas and describe
Po(K) up to an isomorphism, but when 2 is totally ramified we have to know the order of the class
of the prime ideal P of K lying over 2. By Lemma this order is 2 or 4. Here are some particular
results about this order.
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Lemma 4.10. Let K = Q(\/n, \/=m) be an imaginary bicyclic biquadratic number field such that 2 is totally
ramified but distinct from Q(Cg). Let P (resp. p™) be the prime ideal of K (resp. of K*) lying over 2. Then

1. If, for some i € {1,2,3)}, the prime ideal P Nk; of k; is principal, then the ideal P? is principal.
2. If m{2n, the ideal P? is principal if and only if the ideal p* is principal.

Recall that p, is principal if and only if, either Z(TrK+/Q(€K+) + 2) ez, or 2(TrK+/Q(£K+) - 2) €

Z'?). Note that, in particular, the ideal P? is principal if one of the quadratic subfields k; is a Pélya
field. This is the case for m =1, or 2, or any prime p =3 (mod 4), or forn=2,3,...

Proof. (1) If, in one of the three quadratic subfields k;, the ideal p; = PN k; is principal, then P? is
principal since p;Ox = P2.

(2) Assume that m | 21 and that P? is principal and let us prove that p* is principal. If n = 2 or 3,
then Ok- is a principal ideal domain, in particular p* is principal. Thus, we also assume that n > 3.
If we can prove that the morphism 8§+ : CI(K*) — CI(K) is injective, then the fact that p*Og = P? is
principal will imply that p* itself is principal.

The fact that m { 2n implies obviously that m = 1, which implies that |pg| =2 (mod 4), indeed it is
easy to check that |pg| =0 (mod 4) if and only if m = 1. Moreover, as m is assumed to be square-free,
the fact that m t 2n implies the existence of some odd prime number p dividing m and not #n. Such
a p is not ramified in K*/Q but is ramified in the extension K*(1/-=m)/K*, which is then ‘essentially
ramified” in Hasse’s sense [8, Chapter III] or in Lemmermeyer’ sense [15, § 1]. Finally, the injectivity
of €§+ follows from Lemmabelow. O

Lemma 4.11. (Hasse [8, Satz 17] or Lemmermeyer [15, Theorem 1 (i)]) If |ux| = 2 (mod 4) and the
extension K/K™ is essentially ramified, then qx = 1 and eé : CI(K*) — CI(K) is injective.

Noticing that the hypotheses of Lemma are satisfied when m | 2n, we are able to describe the
group Po(K) in this case.

Proposition 4.12. [5, Proposition V.30] Let K = Q(+/n, \/=m) be an imaginary bicyclic biquadratic num-
ber field where 2 is totally ramified. Assume that mt2n. Then Po(K) is isomorphic to

1. (Z)2Z)« ' ifn=2,

2. (Z/2Z)x3 x (Z/AZ) if n # 2 and vk =0,

3. (Z/2Z)* x (Z/AZ) if vi- = 1 and O+ has no element with norm +2,
4. (Z/2Z)72 if n = 2 and Ok has an element with norm +2.

Proof. By Lernrna gk = 1 and, by hypothesis, i, = 1. Thus, |Po(K)| = 25~1=7*_ Let P (resp. p*) be
the prime of K (resp. of K*) lying over 2. By Lemma [4.10} the class of P is of order 2 or 4 depending
on whether p* is principal or not. In order to use Lemma 4.9 we just have to know whether vg+ =1
or 0. Note also that, if p* is principal, then vg+ =1 or n = 2. O]

Propositions and characterize Po(Q(y/n,v/-m)) up to an isomorphism. One finds de-
scriptions of Po(K) for imaginary bicyclic biquadratic number fields based on Corollary |4.7| due to

Zantema [25]] when the field is of the form Q(V-1,+/n) in [22], or of the form Q(V-2,+/n) in [26]
(note that Formula gives also such descriptions since the class number of the fields Q(V-1) and
Q(V-2) is one). We already spoke about [23] and its Theorem 3.
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5 Real Bicyclic Biquadratic Number Fields

In the real case, the three square-free integers are positive. Let us recall Formula (9) in the real case:
[Po(K)| = gy x 252 2max(Lvi), (14)

Luckily, our formula agrees with the different formulas provided by [19, Theorem 3.3]. About the
unit index gg, we proved in Remark that, in the real case, gx|8, but said that in fact qg|4 (For-
mula (10)). Let us see that qg # 8 by means of the simple arguments that Jacques Boulanger suggested
to me.

Proposition 5.1. If \/e| € K, then either d,ds3 = dy or d,d3 = 4d,.

Proof. Since /€] € K, for every o € Gal(K/Q), o(¢;) = (0‘(\/5))2 > 0, in other words, ¢; is totally
positive, in particular Ny /q(€1) = 1. Let Gal(k;/Q) = (01) and to simplify write ¢r instead of Tr q.
Then for 6 € {+1}, one see easily that
(€1 +0)(01(e1) +8) = try(e1) + 26 and e1(eq +0)(oy(e1)+6) = (1 +6)>.
Consequently,
&1+ o
irq (51) +206

Ve =

If /tri(e1)+ 26 was a square in IN, then 4/¢; would be in Oy, but this is impossible since ¢; is a
fundamental unit in k;, thus /] is of degree 4. Consequently, the integers tr(&1)+20 are not square

in IN and the fields Q(+/tr(e1)+ 20) are quadratic subfields of K. Both subfields are distinct from k;
because, if one of them was equal to k;, it would contain 4/¢;. They can not be equal to each other

since else they would be a quadratic field containing +/tr;(&1)? — 4, and then equal to k;. Indeed, if
€1 =a+bvdy, then \/tr)(e1)? —4 = b\/d; since 1 = Ny, jp(e1) = a® —dy b

Thus, for instance, Q(+/tr(e1) + 2) = Q(Vd,) and Q(+/tr(e1) — 2) = Q(V/d3). Consequently, gcd(d,, d3) |
ged(try(ey) + 2,tri(e1) — 2) | 4. As ged(d,, d3) is square-free, it is equal to 1 or 2 which means that

d2d3 = dl or d2d3 = 4d1 O
Corollary 5.2. If \fe| and +[e; € K, then d3 = 2.

Proof. By Proposition dyds = 4"d, and d,d3 = 4d, where u,v € {0,1}. Consequently, d3 = 2"*7,
and hence, d; = 2. O

Corollary 5.3. The unit index qi divides 4.

Proof. The containments

(0P ¢ {1} x (0)?) € OF OF OF < O%
together with |OIX</(OI§)(2)| = 16 show that, the assumption gx = 8 implies that {+1}x(0%)?) = (’)]f1 O;;O,z,
and hence, that \/¢; € K for i = 1,2,3. By Corollary this would imply d; = d, = d3 = V2, this is a

contradiction. 0

In view of a partial converse of Lemma we recall Setzer’s following result.

Proposition 5.4. [21}, Theorem 4] Let K be a real bicyclic biquadratic number field. Let H = HY(G,O%¥)
and denote by H[2] the subgroup of H formed by the elements of order < 2. Then, (H: H[2]) =1 or 2. It is
2 if and only if 2 is totally ramified in K/Q and there exist integers x; € k; such that

Ni,/0(x1) = Ni,/0(x2) = Niyjo(x3) = +2 or —2.
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Corollary 5.5. Let K be a real bicyclic biquadratic number field. If 2 is totally ramified in K, the following
assertions are equivalent:

1. the ideal I1,(K) is principal,

2. there exist integers x; in each quadratic subfields k; such that
Nkl/Q(Xl):Nkz/Q(xZ):Nk3/Q(x3):+2 or —2. (15)

Proof. We already know that (1) implies (2). Assume that (2) holds. By Proposition H'(G, Ox) #
H'(G,0%)[2]. Now consider PE/PQ and its subgroup (PI?/PQ)[Z] formed by the elements of or-
der < 2. By Iwasawa’s isomorphism (Formula (7)), PI?/PQ ~ Hl(G,Oﬁ), and hence, (PI?/PQ)[2] ~
HY(G,0%)[2]. Thus, (PI?/PQ)[Z] # PI?/PQ which means that 2 is totally ramified and that the ideal
IT,(K) is principal. O]

As a consequence of Corollary[5.5]and Proposition we have:

Corollary 5.6. Let K be the compositum of two real quadratic Pélya fields. The following assertions are
equivalent:

1. K is a Pélya field,
2. the ideal I1,(K) is principal,

3. either 2 is not totally ramified, or there exist integers x; in each quadratic subfields k; such that
Ni,/0(x1) = Ni,jq(x2) = Ni,g(x3) = +2 or 2.

The study of the composita of two real quadratic Pélya fields is undertaken by Leriche in [16] and
[17] and more precise results are then given by Tougma [24].

Remark 5.7. There are Pdlya bicyclic biquadratic number fields which are not obtained as such a
compositum: the number of ramified primes in the compositum of two Pdlya real quadratic number
fields is bounded by 4, while, following Zantema [25]], there exist bicyclic biquadratic Pdlya fields
where 5 primes are ramified, namely the number field Q(\/ﬁ,\/3.127) which contains only one
quadratic Polya subfield. Maarefparvar [18, Theorem 4.4] generalizes Zantema’s example by pro-
viding a family of biquadratic Pélya fields with five ramified primes and only one quadratic Pélya
subfield. There are other counterexamples with less ramified primes: Q(\/g, \/3_5) is a Pdlya field with
4 ramified primes and only one quadradic Pélya subfield [11], Theorem CJ; Q(V7, V10) is a Pélya field
with 3 ramified primes and only one quadradic Pdlya subfield. But, following Maarefparvar [18,
Theorem 4.1], there are examples of biquadratic Pdlya fields with no Pélya quadratic subfield.

References

[1] A. Brumer and M. Rosen, Class number and ramification in number fields, Nagoya Math. ]. 23
(1963), 97-101.

[2] P.-]J. Cahen and J.-L. Chabert, Integer-Valued Polynomials, Amer. Math. Soc. Surveys and Mono-
graphs, 48, Povidence, R.I., 1997.

[3] J.-L. Chabert, Factorial groups and Polya groups in Galoisian extensions of Q, in Commutative
Ring Theory and Applications, Lecture Notes in Pure and Applied Mathematics, vol. 231, pp. 77-
86, Marcel Dekker, New York, 2003.

11



12 Moroccan Journal of Algebra and Geometry with Applications/]. L. Chabert

[4] J.-L. Chabert, From Poélya fields to Pdlya groups (I), Galois number fields, J. Number Theory 203
(2019), 360-375.

[5] J.-L. Chabert, Pdlya Groups of Number Fields of Small Degrees in Integer-Valued Polynomials (II),
to appear.

[6] J. Chattopadhyay and A. Saikia, Totally real bi-quadratic fields with large Pdlya groups, Res.
Number Theory 8 (2022), n° 2, Paper 30.

[7] PE. Conner and J. Hurrelbrink, Class Number Parity, vol. 8, World Scientific Series in Pure Math.,
1988.

[8] H. Hasse, Uber die Klassenzahl abelscher Zahlkorper, Berlin, 1952.

[9] Y. Hayashi, Reelle biquadratische Zahlkorper mit ungerader Klassenzahl, Manuscripta math. 62
(1988), 65-82.

[10] B. Heidaryan, A. Rajaei, Biquadratic Pélya fields with only one quadratic Pélya subfield, J. Num-
ber Theory 143 (2014), 279-285.

[11] B. Heidaryan, A. Rajaei, Some non-Pdélya biquadratic fields with low ramification, Rev. Mat.
Iberoam 33 (2017), 1037-1044.

[12] D. Hilbert, Die Theorie der algebaischen Zahlkirper (1897), in Jahresbericht der Deutschen
Mathematiker-Vereinigung 4 (1894-95), 175-546.

[13] K. Iwasawa, A note on the group of units of an algebraic number field, J. Math. Pures Appl. 35
(1956), 189-192.

[14] T. Kubota, Uber den bizyklischen biquadratischen Zahlkorper, Nagoya Math. J. 10 (1956), 65-85.
[15] Fr. Lemmermeyer, Ideal class groups of cyclotomic fields I, Acta Arithmetica 72 (1995), 347-359.

[16] A. Leriche, Pélya fields, Pdlya groups and Pdlya extensions: A question of capitulation, J. Theor.
Nombres Bordeaux 23 (2011), 235-249.

[17] A. Leriche, Cubic, quartic and sextic Polya fields, J. Number Theory 133 (2013), 59-71.
[18] A.Maarefparvar, Pélya group in some real biquadratic fields, . Number Theory 228 (2021), 1-7.

[19] A. Maarefparvar, Polya-Ostrowski group and unit index in real biquadratic fields,
ArXiv:2108.01904v2.

[20] A. Ostrowski, Uber ganzwertige Polynome in algebraischen Zahlkérpern, J. reine angew. Math.
149 (1919), 117-124.

[21] C.B. Setzer, Units over totally real C, x C, fields, J. Number Theory 12 (1980), 160-175.

[22] M. Taous, On the Pdlya group of some imaginary biquadratic fields, in Non-associative and non-
commutative algebra and operator theory, 175-182, Springer, 2016.

[23] M. Taous and A. Zekhnini, Pdlya groups of the imaginary bicyclic biquadratic number fields, J.
Number Theory 177 (2017), 307-327.

[24] C. Tougma, Some questions on biquadratic Polya fields, J. Number Theory, 229 (2021), 386-398.



What can we say about the Pélya Group of a Bicyclic Biquadratic Number Field? 13
[25] H. Zantema, Integer valued polynomials over a number field, Manuscripta Math. 40 (1982),
155-203.

[26] A.Zekhnini, Imaginary biquadratic Pélya fields of the form Q(\/E, \/—_2), Gulf. ]. Math. 4 (2016),
182-188.



	Introduction
	Preliminaries
	The order of the Pólya group of a biquadratic number field
	Imaginary Bicyclic Biquadratic Number Fields
	Real Bicyclic Biquadratic Number Fields

