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Abstract. In this paper, we give an elementary proof of the result given by Schenzel that there are functorial isomorphisms
between local cohomology groups and Cech cohomology groups, by using weakly proregular sequences. The existence
of these isomorphisms was well-known for Noetherian rings, but he generalised it to non-Noetherian rings and gave
necessary and sufficient conditions for cohomology to coincide. In 6], he used notions of derived category theory in his
proof, but we do not use them in this paper. We give a proof within Abelian category theory.
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1 Introduction

In this note, we assume all rings are commutative with the identity element. Let A be aring and I an
ideal of A. The functor Ij is defined by;

I (M) :={xeM|I"x =0 for some n > 0}

for an A-module M. Then, the local cohomology functors HII(—) are defined as the right derived
functors of I;(—). In other words, let J® be an injective resolution of the A-module M, then HIi(M) =
Hi(T;(J*)). In Noetherian cases, the local cohomology can be written by using the Cech cohomol-
ogy. Let a = ay,...,a, be a sequence of elements of A, and I = (ay,...,4,). H'(a, M) denote the Cech
cohomology group (see Definition [3.1). It is well-known that there are isomorphisms;

H{(M) = H'(a, M) (*)

for any A-module M if A is a Noetherian ring and I = (ay,...,4,), see for example [1, Theorem 3.5.6.].

This result was generalised by [6]. For an arbitrary ring A and sequence a = ay,...,a, with I =
(ay,...,a,), he showed that formula (+) is true for any A-module M if and only if a is a weakly proreg-
ular sequence. Let H;(a) be the Koszul homology group of the sequence a. a = ay,...,4a, is called a
weakly proregular sequence if for any 1 <i < r and for each n > 0 there is an m > n such that the
natural map;

Hj(a") — H;(a")

is the zero map, where a" is the sequence defined by af,...,a}.

The goal of this note is to explain the following result without using notions of derived category
theory.

Theorem 1.1 (Theorem . Let A be a ring, a4 = ay,...,4, a sequence of elements of A and I =
(ay,...,a,). ais a weakly proregular sequence if and only if for any i and A-module M, H;(M) =
H'(a, M) functorially on M.
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In section 2, we summarise the o-functors introduced by [3]]. It is also mentioned in [4, Chap.3.1]
without proof. And in section 3 we resume the definition of Cech cohomology in commutative al-
gebra. In section 4, we present the theory of weakly proregular sequences, following [6, Sect.2]. As
for the weakly proregular sequence and Koszul homology, [5, Sect. 4] also obtain the results using
derived categories with a different approach from this note. Finally, we prove Theorem|I.T]in section
5 within Abelian category theory.

2 oO-functors

In this section, we outline the d-functors according to [3].

Definition 2.1. Let .o/, % be Abelian categories, and suppose </ has enough injectives. Let F: &/ — &
be an additive left exact functor. I*® denotes an injective resolution of A € /. The functor;

R'F: of — B, A H (F(I*))
is called the right derived functor of F.

Note that derived functors are independent up to natural transformation of the choice of an injec-
tive resolution. The following is a characteristic property of the derived functor.

Proposition 2.2. Let o7/, % be Abelian categories, and suppose </ has enough injectives. Let F: o/ — X
be an additive left exact functor. Then

1. ROF = F (as functors).

2. For any exact sequence in </;

0 > Ay > Ay > As > 0

and for each i > 0, there are connecting morphisms 6': R'F(A3) — RI*1F(A,) such that;

F F N
0 —— F(A) —s pa,) 28 pag) s .
Gi-1 . R'F . R'F ) (i
O RIE(A) Y RIE(A,) SN Rip(AS) -2

is an exact sequence in A.

3. For given a commutative diagram of the form (where the rows are exact) in <7;

and for any i > 0 the following diagram;

R'F(A;) —— R™IF(A;)
R'E(y) \LR"”F(a)
R'F(B;) — RI*1F(By)

is commutative in A.
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4. For each injective object I € o7 and for any i >0, R'F(I) = 0.

See a textbook on homological algebra for the proof of this proposition. The o-functor can be
thought of as an extract of the above property.

Definition 2.3. Let </, % be Abelian categories. A family of additive functors T* := {T'} is called a
o-functor when the following conditions hold;

1. For any exact sequence in &7;

and for each i > 0, there are connecting morphisms 6': T?(A3) — T'*!(A,) such that;

70 70 0
0 — T4;) % 104, T8 o4y 2 ..
Si-1 . Ti . Ti . i
O ricay) T Tiga,) T8 piag) 2
is an exact sequence in 4.

2. For given a commutative diagram of the form (where the rows are exact) in .<7;

f g

0 b A > Ay > As > 0
b b
f’ g
0 > By > B, > By > 0

and for any i > 0 the following diagram;

T'(A3) — T™(Ay)
l (y) iT"“(a)
T'(B3) — T'*1(By)
is commutative in 4.

Let us define that two o-functors are isomorphic in the following way. Let T*, U® be o-functors. A
family of natural transformations 6° = {6': T' = U’} is called a morphism of 5-functors if for each
exact sequence ;

in &7, the following diagram;
. o .
T(As) —— T™(Ay)

b

. 5 .
U'(A3) —— U*H(A))
is commutative. An isomorphism is a morphism which has a two-sided inverse.
Definition 2.4. Let </, be Abelian categories. The o-functor T* is called universal if for each

o-functor U® and natural transformation 6: T = U?, there is an unique morphism of s-functors
0°: T* — U*® such that 6° = 6.
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by the definition, two universal 6-functors such that T = U° are isomorphic up to unique isomor-
phism. So for each additive functor F: &/ — %, if an universal -functor T* with T? = F exists, it is
unique up to unique isomorphism. An universal o-functor T*® with such property is called a right
satellite functor of F.

The following property gives a sufficient condition for the o-functor to be universal, which shows
that the derived functor is also universal if .27 has enough injectives.

Definition-Proposition 2.5. Let 2/, % be Abelian categories, F an additive functor. F is said to be
effaceable if for each A € &7, there are an M € &/ and an injection (monomorphism) u: A — M such
that F(u) = 0. A o0-functor T* is universal if for each i > 0, T* is effaceable.

Proof. Let U*® be a o-functor and 6: T° = U? a natural transformation. We show that there exists
uniquely a morphism of 6-functors 0°: T* — U* such that 6° = 0. We construct it inductively. For
any A € o7, there is an injection u: A — M such that T!(u) = 0 since T! is effaceable. Let C be the cok-
ernel of u. We consider the long exact sequences induced by 0 »yA—— M —"— C >0 .
So we get the following commutative diagram.

0 T(1) o 0% 1 =0
T°M) —— T°(C) —— T (A) —— 0

Om Oc

0 60
U%(M) v u'c) —4» U

Now 0 , == 6{;00c 0 (69)"": T'(A) » U'(A) is well-defined since the rows are exact. We show
0}, , is independent of the choice of u. Let u’: A — M’ be an injection such that T'u')=0. My M’
denote the cofibre product of M and M’ on A. Then we get an injection u”: A — M UM’ such that
T'(u”) = 0. Let C” be the cokernel of u”. Then the following diagram;

|

|

|
'

(A)

—_

T°(C) s THA) ————— 0
Ocr / 0.
T9(C”) s T1(A) > 0

QCN

-~
)/

(
u’(C)
(

uoc”

<
E

is commutative. So we have 9}1’” = 9}1,14"' similarly we obtain Ql’u, = 9}1’”,,, then we get 9114,14 = 6114’14,.
So 9}‘ is independent of the choice of u.
Secondly, we show that for each f € Hom (A, B) the following diagram;

T(4) —2 T1(B)
Lo Lo
UL(f)

UY(A) —= UY(B)

is commutative to prove 6! is a natural transformation. For any injections u: A— M and v: B—> N
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with T!(u) = T!(v) = 0, we take the cofibre product;

A——— M

b ]

N —“5 MUy N

then u’ is injective. So we have an injection u’ov: B — M LIN with T!(u’ov) = 0. Then we replace N
by M LN and get the following commutative diagram with exact rows;

0 > A > M > C > 0

bl

0 > B > N > C’ > 0

So 0! is a natural transformation since the following diagram;

T(C) s THA) ———— 0
/ ‘ Af) 0
To(C’) > T'(B) ' 0
0
U°(C) s UYA)
/ Af)
U’ > UY(B)

is commutative.
Finally, we show that 6114 is commutative with the connecting morphisms. Let

0 s Ay s A, s As 5 0

be a short exact sequence in </, we use the same method as above for the injection u: A} — M with
T!(u) = 0 so that each row of the following commutative diagram is exact.

0 > A > A > Az > 0
0 y A y M s C 5 0
We consider the following diagram.
5
T(As3) > TH(A)

1

T9(C) —2 > TH(A))

~
c
—
—
B
—_
~

U°(A3)
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The desired commutativity of 9}‘], 04, and o follows from commutativity of other squares, which

follow from the construction of 6}11 and facts that T® and U*® are d-functors and that 0 is a natural
transformation.

This shows that 0! is a natural transformation commutative with connecting morphisms, and its
uniqueness can be seen from its construction (the universality of cokernel). In this way, 8*! can be
constructed from 6 inductively on i. O]

Corollary 2.6. Let o/, % be Abelian categories, and suppose </ has enough injectives. Let T*: </ — 9 be
an universal 6-functor, then T is left-exact and for each i > 0 there is a natural isomorphism T' = R'T?,

Proof. TV is left exact by the definition of a o-functor, so there are right derived functors R'TO. For
each i > 0, R'T? is effaceable by 4 of Proposition then R*T is an universal é-functor. Now
ROT? = TY, 5o there is an unique isomorphism R*T? = T* by universality. O

3 Cech cohomology and Koszul complex
In this section, we review the Cech cohomology of rings and modules. Let A be a ring and fix a

sequence ay,..., 4, of elements of A. For each I = {ji,...,j;} C{1,...,r} (j1 <--- <j;), leta; = aj, ...qa;.

e,--.,e, denotes the standard basis of A" and let e; = ¢;, A--- Ace;j,.

Definition 3.1. Let A be a ring, a = a,,...,4, € A. For each 1 <i <r, C'(a) is the module defined by
the following equation
Cl(a) = ZAa,eI.

#I=i
Then we define C*(a) to be the complex defined by the following differentials

n
d': Ci(a) —> C'*(a);e; — ZeI Ae;.
j=1

It is called a Cech complex. H'(a) denotes the cohomology of this complex and it is called a Cech
cohomology.

For an A-module M, we define C*(a, M) := C*(a) ® M. Here H'(a, M) denotes the cohomology of
C*(a, M).

Proposition 3.2. Let A be a ring. For each a=ay,...,a, € A, H*(a,—) = {H'(a,~)}ix¢ is a 6-functor.

Proof. Consider an exact sequence of A-modules

0 > M, > M, s My —— 0.

Since C*(a, M) = C*(a)®M and each component of the Cech complex is a flat A-module, the following
sequence of complexes is exact;

0 — C*(a M) — C*(g, M) — C*(a, M3) —— 0

then there are connecting morphisms. So H*(a,-) is a 6-functor. O
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For the result we want, we need to look at the relationship between Cech complex and Koszul
complex.

Fora=ay,...,a, € A, let {e;} be the standard basis of a free A-module A”. f: A" — A;e; — a; induces
a chain complex K,(a). In other words, K,(a) is the complex defined by following equations;

i
:/\Af,
K . J+1 2 .
d;: Ki(a) - K;_1(a);x1 A -- /\x,|—>Z flxj)xp A AXG A A

Note that K,(a) does not depend on the order of 4; .
We get a co-chain complex K*(a) via the contravariant functor Hom(—, A);

K®*@): 0 —— A —— Hom(K;(a),A) — --- .
K*(a) is called a Koszul complex. For each A-module M, K*(a,M) = K*(a) ® M. Here H'(a, M)

denotes the cohomology of Koszul complex.
Lemma 3.3. Let A be aring and a = al, a4, €A. Foreach1 <i<r;

@' Ki(a) > Cla);(er)" > (1/ay)ey
is a morphism of complexes.
Proof. Let &' be the differential of the Koszul complex. Then;
aj (jel,]J=TU{j})
0 (otherwise)

o' (e7)(ey) ={

So;

(Pi+1 o 5i(e;) = Z%el nej= Zallel Aej

jel jel
is equal to d' o @' (e}). O
For any pair n < m, we set;

Ppn: K*(a") > K*(a"); (er)" = (ar)" " (er)’
then {K*(a"), ¢} nenN i an inductive system.
Proposition 3.4. Let A be a ring, ay,...,a, € A. Then;

limK'(g”) =C*(a).

Proof. We define ¢5: K*(a") — C*(a") = C*(a) in the same way as above lemma. Then ¢}, o ¢}, = @5,

where n < m. So we have ¢: h_)mK'(_”) — C*(a). Each element of C’(a) is represented by a finite

sum of (bl/a?)el, so it can be displayed as }_(1/a})bre; by taking the maximum of n and replacing b;.
Then it is an image of } (bye;) € K'(a") , so @ is surjective.

Secondly, we show ¢ is injective. Assume @/ (x) = 0 for x € K'(a"). If x = Y brej then @’ (x)
Y (br/a})e; =0, so by/a} =0 in Agr. Therefore if we take a sufficiently large [, aébl =0. So @, (x) =
by increasing ! if necessary, then ¢ is injective.

o

Since the functor of taking the inductive limit is exact, the following corollary follows.
Corollary 3.5. Let A be a ring, ay,...,a, € A. For each A-module M;
Hi(a, M) =lim H' (a", M).
a m r1°(a
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4 Weakly proregular sequences

In this section, we summarise the weakly proregular sequence following [6, Sect.2].

Definition 4.1. Let &/ be an Abelian category, (X, ¢,,;,) a projective system in /. (X,,) is said to be
essentially zero or pro-zero if for each n, there is an m > n such that ¢,,,,: X,, = X, is the zero map.

Obviously, if (X,,) is essentially zero then li(_an =0.

Proposition 4.2. Let o/ be an Abelian category. We consider an exact sequence of projective systems in </ ;

0 > (X)) > (Y,) — (Z,) — 0.

Then (Y,,) is essentially zero if and only if the other two are essentially zero.

Proof. If (Y,) is essentially zero, then it is clear that the other two are so. We show the opposite. For
each n, there is an m > n such that X, — X, is the zero map since (X,,) is essentially zero. Similarly
there is an I > m such that Z; — Z,, is the zero map, then we have the following commutative diagram
with the exact rows;

0 > X > Y) > Z) > 0
l/(le io
0 — X, b Yy > Zo > 0
b
0 > X, s Y, > Z, > 0
So we get ¢, = @y © @1, = 0 by an easy diagram chasing. ]

We use same symbols as before for the Koszul and Cech complexes. Note that (K;(a")),cn is a
projective system defined by K;(a™) — K;(a");e; > aj" "e; (m > n).

Definition 4.3. Let A be aring. a =ay,...,a, € A is called a weakly proregular sequence if for each
1 <i <r, the projective system {H;(a")} is essentially zero.

The property of being weakly proregular does not depend on the order by the definition.

Proposition 4.4. Let Abearing, a=ay,...,a, € A. ais a weakly proregular sequence if and only if H*(a,-)
is an effaceable functor for i > 0.

Proof. Assume that a is a weakly proregular sequence. Let I be an injective module. Now there is
an isomorphism H'(a",I) = Hom(H;(a"),I) since K*(a",I) = Hom(K,(a"),I) and Hom(—,I) is an exact
functor. For each n > 0, there is an m > n such that H;(a™) — H;(a") is the zero map since H;(a") is
essentially zero. So H(a,I) = li_n)lHi(g”,I) =0.

Secondly, assume that H*(a,—) is an effaceable functor for i > 0. For each 1 > 0, we have an injective
module I and an injection ¢: H;(a") — I. Then there is an m > n such that;

&

Hj(a") — Hj(a") — I
is the zero map by ¢ € H'(a",I) and li_rr)lHi(g”,I):O. O

Then Cech cohomology is the derived functor of H%(a,—) if a is a weakly proregular sequence.
So the next question of interest is when is a sequence weakly proregular. We introduce proregular
sequences by [2], and review that each sequence a is weakly proregular in the Noetherian case.
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Definition 4.5. Let Abearing,a=ay,...,a, € A. ais called a proregular sequence if foreach1 <i <r
and n > 0, there is an m > n such that ((a{’,...,a" ) : al"A) C ((a},...,a}" ) : a]" " A).

Note that a regular sequence is proregular.
Proposition 4.6. Let A be a Noetherian ring. For each a = ay,...,a, € A, a is a proregular sequence.
Proof. Let J,, := ((aY',...,a" ) : a"A), I, , == ((a},...,a} ) : a;j" " A). For each n, {I,, ,,};>, is an ascend-

ing chain of ideals, then there is an m( > n such that for each m > my,I,, ,,, = I, ,. Let m = my+n,

— m m m
then for each a € J,, ,aa]" " =aa; " € (a;",...,a;, ) C(a},...,a; ;). Soa €L,y = I, 1, - O

Proposition 4.7. Let A be a ring. A proregular sequence is weakly proregular.

Proof. We use an induction on r. When r =1, let a € A be proregular. Then for each n > 0, there is
an m > n such that Anna™ C Anna™"". So (H;(a")) is essentially zero since H;(a") = Anna". Now we
assume that claim up tor—1. Here a = a4,...,4, and 4’ = ay,...,a,_;, the exact sequence of complexes;

0 — K (a") —— K,(a") — K,(a"")(-1) — 0

induces the exact sequence of homology;

Hi_(a") —
Then we have the following exact sequence;
0 —— Ho(ay, Hi(a™)) — H;(@") — Hi(a},H;_1(a™)) — 0

and this induces the exact sequence of projective systems. The first projective system is essentially
zero by the assumption of induction. Also for each i > 1, the third system is essentially zero since
Hy(al,H;_1(a")) ={x e H;_1(a"") | ayx =0}. If i = 1, the system with ;

Hy(a,, Ho(a")) = {x € Hy(a™) | a}x = 0}
is essentially zero since a is proregular. So this completes the proof by the induction. O]

Corollary 4.8. Let A be a Noetherian ring. For each a=ay,...,a, € A, a is weakly proregular.

5 Local cohomology
Let A be aring and I an ideal of A. The functor I} is defined by;
I;(M):={xeM|I"x =0 for some n > 0}

for an A-module M. Note that [;(M) = li_)mHom A(A/I", M) and this isomorphism is functorial in M.
By the definition, I} is a left exact functor.
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Definition 5.1. Let A be a ring and I an ideal of A. H}(—) denote the derived functor of [;(-) and it
is called a local cohomology.

Note that H (M) = h_)mExti(A/I ",M). We summarise the relationship between local cohomology
and Cech cohomology. First, we note that the 0-th part of each cohomologies are naturally isomor-
phic.

Lemma 5.2. Let Abearing, a=ay,...,a, €A, and I =(ay,...,a,). For each A-module M;

I (M) = Ha, M).

Proof. Here H®(a, M) is the kernel of

.
M — @Maiei;x — (x/1)e;.
i=1

Then for each x € H%(gq, M) and 1 <i < r, there is an 7; > 0 such that a?ix = 0. So we have x € [;(M).
Similarly the converse is true, so they are equal as submodules of M. O

With the preparations we have made above, we can prove the results we have been aiming for.

Theorem 5.3 (An elementary proof of 6, Theorem 3.2]). Let A be a ring, a = ay,...,a, € Aand I =
(ay,...,a,). ais a weakly proregular sequence if and only if for any i and A-module M, H;(M) =
H'(a, M) functorially on M.

Proof. Assume that a is weakly proregular. H*®(a,—) is a o-functor b Proposition Moreover
H*(a,-) is universal by Proposition and Definition-Proposition So H;(M) = Hi(a, M) by
above lemma. The converse is true by Proposition [4.4] O
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