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Abstract. An integral domain R is a TP domain (or satisfies the trace property) if the trace of each R-module is equal to

either R or a prime ideal of R. Equivalently, every trace ideal is a prime ideal of R, that is, for every non-zero non-invertible

(fractional) ideal I of R, I(R : I) is a prime ideal of R. The notion of radical trace property relaxed the requirement that

each trace ideal be a prime ideal to require only that each trace ideal is a radical ideal. Equivalently, a domain R is an

RTP domain (or has the radical trace property) if I(R : I) is a radical ideal for each nonzero non-invertible ideal I . Two

other notions related to trace property are the notion of trace property for primary ideals and L-trace property. A domain

is a TPP (resp. LTP) domain if Q(R : Q) = R or Q(R : Q) is a prime ideal of R for every primary ideal Q of R (resp.

I(R : I)RP = P RP for each minimal prime P of I(R : I)). Clearly each TP domain is an RTP domain, but not conversely. Also

each RTP domain is a TPP domain and each TPP domain is an LTP domain, but whether the three notions RTP, TPP and

LTP are equivalent is open except in certain special cases. This survey paper tracks some old/recent works investigating

these notions in different contexts of integral domains such as integrally closed domains (namely valuation and Prüfer

domains), Noetherian and Mori domains, pseudo-valuation domains and pullbacks, and Nagata and Serre’s conjecture

rings.
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1 Introduction

Throughout this paper, R denotes an integral domain with quotient field K , integral closure R′

and complete integral closure R. The trace of an R-module M is the ideal of R generated by the
set γ(M) = {ϕ(m) | m ∈ M,ϕ ∈ HomR(M,R)} (see, [14]). For a nonzero fractional ideal I of R,
I−1 = (R : I) = {x ∈ K |xI ⊆ R} is the inverse (or the dual) of I and Iv = (R : (R : I)) is the v-closure
of I . An ideal I of R is a said to be a trace ideal if it is the trace of some R-module. In such a case, I
will in fact be its own trace [7, Proposition 7.2], equivalently (R : I) = (I : I) and γ(I) = II−1 = I .

In 1987, Anderson, Huckaba and Papick proved that the trace of each non-invertible ideal of a
valuation domain is prime [1, Theorem 2.8]. Soon after, Fontana, Huckaba and Papick generalized
this result to any module over a valuation domain [14, Proposition 2.1]. This led them to introduce
the trace property and TP domains [14]. A domain R is said to satisfy the trace property (R satisfies
TP or a T P -domain for short) provided that γ(M) either equals R or a prime ideal of R for each R-
module M. They proved that the definition of the trace property can be restricted to integral ideals,
that is, a domain R has the trace property if the trace of each non-invertible ideal is prime. Two main
classes of integral domains with trace property were characterized. Namely, Noetherian and Prüfer
domains. A complete characterization of Noetherian domains with the trace property stated that a
Noetherian domain R is a TP domain if and only if either (a)R is a Dedekind domain, or (b)dim(R) = 1
and R has a unique non-invertible maximal ideal M with M−1 = R (i.e., all the other maximal ideals
are invertible), [14, Theorem 3.5]. They also proved that a Prüfer domain R has the trace property if
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and only if R satisfies (##) and the non-invertible prime ideals are linearly ordered [14, Theorem 4.6].

In 1988, Heinzer and Papick introduced the notion of radical trace property by relaxing the re-
quirement that each trace ideal be a prime ideal to require only that each trace ideal is a radical
ideal.That is, a domain R has the radical trace property (or R is an RTP domain) if the trace of each
non-invertible ideal is a radical ideal [21]. For Noetherian domains, they proved that a Noetherian
domain R is an RTP domain if and only if RP is a TP domain for each prime ideal P of R, [21, Propo-
sition 2.1]. They also proved that a Prüfer domain Rwith the acc on prime ideals has the radical trace
property if and only if R has a Noetherian prime spectrum if and only if R satisfies (##), [21, Theo-
rem 2.7]. Later, in 1992, Gabelli extended to Mori domains the characterization of RTP Noetherian
domains given in [21]. She proved that a Mori domain R satisfies the radical trace property if and
only if RP is an RTP domain for each non-zero prime ideal P of R if and only if RP is a TP domain
for each non-zero prime ideal P of R if and only if R has dimension one and either P RP is principal
or RP = (RP : P RP ) for ecah non-zero prime ideal P of R, [15, Theorem 2.14].

Two types of domains that are related to RTP domains are TPP domains and LTP domains, intro-
duced in [27] and [24], respectively. A TPP domain is one for which the trace of each non-invertible
primary ideal is prime (in fact is its radical [27, Corollary 8]) and an LTP domain is a domain R for
which IRP = P RP for each minimal prime P of a trace ideal I . Evidence suggests that the three no-
tions may be equivalent. It is known that RTP implies TPP [27, Theorem 4], and TPP implies LTP
[24, Corollary 3]. Also the three are equivalent for Prüfer domains ([27, Theorem 23] and [24, The-
orem 10]), one-dimensional domains ([27, Corollary 6] and [24, page 422]), and Mori domains ([27,
Theorem 12] and [24, Theorem 18]); and domain with Prüfer integral closure ([31, Theorem 2.8 ]).

The purpose of this paper is to review the notions of TP, RTP and LTP properties in different con-
texts of integral domains such us integrally closed domains, Noetherian and Mori domains, pseudo-
valuation domains, pullbacks, Nagata ring R(X), the ring of Serre’s conjecture R〈X〉 and more. Section
2 deals with valuation and Prüfer domains; and section 3 deals with Noetherian and Mori domains.
Section 4 investigates the above properties in different types of pullback constructions and Section
5 investigates their transfer to Nagata rings and Serre’s conjecture rings. It is worth mentioning that
these notions (TP, RTP, TPP and LTP) were extended to rings with zero-divisors and several charac-
terizations in Noetherian, Mori and Prüfer rings with zero-divisors were given, see [29]. However,
our review concentrates only on trace properties on integral domains.

2 Valuation and Prüfer domains

We start this section by the classical result on valuation domains.

Proposition 2.1. ([14, Proposition 2.1]) Any valuation domain is a T P -domain.

The next Theorem charcaterizes Prüfer domains with the trace property. A crucial component of
this characterization is the notion of (##) property. Recall that a domain R is said to be a (#)-domain
if whenever ∆1 and ∆2 are distinct subsets ofMax(R), then

⋂
M∈∆1

RM ,
⋂
M∈∆2

RM , and R is called a (##)-

domain (or has the (##) property) in case each overring of R is a (#)-domain, [17].

Theorem 2.2. ([14, Theorem 4.6]) Let R he a finite dimensional Prüfer domain. Then, R satisfies TP
if and only if R is a (##)-domain and the non-invertible prime ideals of R are linearly ordered.
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The next theorem characterizes the class of Prüfer domains with the “radical trace property”.
Recall that a prime P is branched if proper P -primary ideals exist [11]. For a prime P of a Prüfer
domain, P is branched if and only if it is minimal over a finitely generated ideal [11, Theorem 23.3].

Theorem 2.3. ([27, Theorem 23]) Let R be a Prüfer domain. Then the following are equvalent.
(1) R is an RTP domain.
(2) R is a TPP domain.
(3) Each branched prime is the radical of a finitely generated ideal.

In [17], Gilmer and Heinzer proved two important theorems on Prüfer domains satisfying (#) and
(##) properties respectively. The first one stated that a Prüfer domain R is a (#)-domain if and only if
for each maximal ideal M there is a finitely generated ideal I such that M is the only maximal ideal
containing I , [17, Theorem 1]. The second stated that a Prüfer domain R is a (##)-domain if and only
if for each prime ideal P there exists a finitely generated ideal I ⊆ P such that each maximal ideal
containing I contains P , [17, Theorem 3]. Combining these two results with Theorem 2.3, we obtain
the following corrolary.

Corollary 2.4. Let R be a Prüfer domain. Then:
(1) If R is an RTP domain, then every overring of R is an RTP domain ([27, Corollary 24]).
(2) If R has (##), then it is an RTP domain ([27, Corollary 25]).
(3) Assume that R is an RTP domain. If every maximal ideal of R is branched, then R has (#), and if every
prime ideal of R is branched, then R has (##) ([27, Corollary 26]).

Combining Theorem 2.2 and Corollary 2.4, we obtain the following Theorem.

Theorem 2.5. (([27, Theorem 28]) Let R be a Prüfer domain. Then the following are equivalent.
(1) R is a TP domain.
(2) R is an RTP domain and the non-invertible prime ideals are linearly ordered.
(3) R is a TPP domain and the non-invertible prime ideals are linearly ordered. (4) Each branched
prime is the radical of a finitely generated ideal and the non-invertible prime ideals are linearly
ordered.

In [30] it is shown that if I is a trace ideal of an RT P domain R, then IJ(R : IJ) = I for each trace
ideal J of R containing I and IB(R : IB) = I for each trace ideal B of (R : I) containing I . In some
cases, the converse holds. In particular, if R is restricted to being a Prüfer domain, then each of these
conditions is equivalent to R being an RTP domain.

Theorem 2.6. ([30, Theorem 2.10]) Let R be a Prüfer domain. Then the following are equivalent.
(1) R is an RTP domain.
(2) IB(R : IB) = I for each trace ideal I of R and each ideal B of (R : I) that contains I .
(3) IJ(R : IJ) = I for each trace ideal I of R and each ideal J of R that contains I .

The next theorem establishes a characterization of LTP domains in terms of primary ideals.

Theorem 2.7. ([24, Theorem 2]) Let R be an integral domain. The following are equivalent.
(1) R is an LTP domain.
(2) For each non-invertible primary ideal Q, Q(R :Q)RP = P RP where P =

√
Q.

(3) If a primary ideal is a trace ideal, then it is prime.
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The next theorem collects information concerning prime ideals of an LTP domain. Recall that for
a nonzero (fractional) ideal I of R, the t-closure of I is the ideal It = ∪{Jv |J is a finitely generated
sub-ideal of I}; and I is said to be a t-ideal if I = It.

Theorem 2.8. ([24, Theorem 5]) Let R be an LTP domain. Then:
(1) Each maximal ideal is a t-ideal.
(2) Each non-maximal prime ideal is a divisorial trace ideal.
(3) Each maximal ideal is either idempotent or divisorial.

Recall that a domain is a Prüfer v-Multiplication domain (P vMD for short) if RP is a valuation
domain for every t-prime ideal P of R. Thus an integral domain R is a Prüfer domain if and only if R
is a P vMD and each maximal ideal is a t-ideal.

Corollary 2.9. ([24, Corollary 12]) Let R be a P vMD. If R is an LTP doamin, then it is a Prüfer domain.

The next theorem shows that the notions RTP, TPP and LTP are equivalent over a Prüfer domain.

Theorem 2.10. ([24, Theorem 10]) Let R be a Prüfer domain. Then the following are equivalent.
(1) R is an RTP domain.
(2) R is a T P P domain.
(3) R is an LTP domain.

In [14, Proposition 2.9], Fontana, Huckaba and Papick proved that Krull domains with the TP
property are Dedekind domains; and in [21], Heinzer and Papick extended this result to Krull do-
mains with the radical trace property. Recall that a domain R is an almost Krull domain if RM is a
Krull domain for each maximal ideal M of R. The next corollary extends Heinzer-Papick’s result to
almot Krull domains.

Corollary 2.11. ([24, Corollary 13]) Let R be an almost Krull domain. The following are equivalent.
(1) R is a TP domain.
(2) R is an RTP domain.
(3) R is a TPP domain.
(4) R is an LTP domain.
(5) R is a Dedekind domain.

It is well-known that an integral domain R has Prüfer integral closure if and only if for each
overring S of R, the extension R ⊆ S satisfies INC (that is, whenever Q $ Q′ are prime ideals in S,
then Q ∩ R $ Q′ ∩ R, [34, Proposition 2. 26]). Also if R is an LTP domain such that R and (R : I)
satisfy INC for each trace ideal I , then R is an RTP domain ([24, Corollary 9]). Thus LTP and RTP
are equivalent for domains with Prüfer integral closure.

Theorem 2.12. ([31, Theorem 2.8]) If the integral closure of R is a Prüfer domain, then R is an LTP
domain if and only if it is an RTP domain.

3 Noetherian-like seting

The first proposition in this section is an important component in the characterizations of Noetherian
(and Prüfer) domains with the trace property.

Proposition 3.1. ([14, Proposition 2.9]) If R is a TP domain and M a non-invertible maximal ideal of R,
then each non-invertible ideal of R is contained in M. In particular, if R is a domain satisfying TP and R
has a non-invertible maximal ideal, then all other maximal ideals of R are invertible.



Trace properties in integral domains, a survey 53

Next, we give a complete characterization for Noetherian domains satisfying TP.

Theorem 3.2. ([14, Theorem 3.5]) Let R be a Noetherian domain. Then R satisfies TP if and only if
either (a) R is a Dedekind domain, or
(b) dim(R) = 1 and R has a unique non-invertible maximal ideal M with M−1 = R (i.e., all other
maximal ideals of R are invertible.)

Example 3.3. Let k be a field, X an indeterminate over k and R = k[[X2,X3]]. Clearly R is a one-
dimensional Noetherian local domain with maximal ideal M = (X2,X3) and M−1 = k[[X]] = R. By Theo-
rem 3.2, R is a TP domain which is not integrally closed.

The next theorem shows how arbitrary Noetherian TP domains are constructed.

Theorem 3.4. ([14, Theorem 3.6]) A domain R is a Noetherian TP domain if and only if there exists
a Dedekind domain T containing R and an ideal I of T such that:
(a) T /I is a finitely generated k-module, where k is a subfield of the ring T /I :
(b)

R := −→ k
↓ ↓
T

v−→ T /I.

is a pullback diagram, where the down arrow map u is the inclusion map and v is the canonical
surjection.

The first example shows how to construct Noetherian TP domains that are not Gorenstein do-
mains and the second example shows how to construct Noetherian TP domains with infinitely many
maximal ideals.

Example 3.5. ([14, Example 3.7]) (1) Let k ⊆ K be an algebraic extension of fields such that [K : k] = n ≥ 3,
X an indeterminate over k andR = k+XK[[X]]. ThenR is a Noetherian TP domain which is not Gorenstein.

(2) Let K be an algebraically closed field, X an indeterminate over K , T = K[X] and I =
i=n⋂
i=1

(X −ai), ai ∈ K .

Let u : K −→ T /I =
i=n∏
i=1

K and R be the pullback in the diagram of Theorem 3.4.

In [14, Lemma 3.3], it was proved that for a Noetherian TP domain R, the localization RP at any
prime ideal P of R is a TP domain. The next proposition shows that in fact this is a characterization
of Noetherian RTP domains.

Proposition 3.6. ([21, Proposition 2.1]) Let R be a Noetherian domain. Then R is an RTP domain if and
only if RP is a TP domain for each prime ideal P of R.

Combining results from [14] and [21], we have the following characterization of Noetherian do-
mains with the radical trace property.

Theorem 3.7. ([31, Theorem 2.14]) The following are equivalent for a Noetherian domain R that is
not a field.

1. R is an RTP domain.

2. RM is a TP domain for each maximal ideal M.
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3. R is one-dimensional and for each maximal ideal M, either RM is a discrete rank one valuation
domain or MRM = (RM : R′M ).

4. R is one-dimensional and for each maximal ideal M, MRM is an ideal of R′M .

Recall that a Mori domain is a domain satisfying the ascending chain conditions on divisorial ide-
als. Noetherian and Krull domains are Mori domains. The next theorem, due to Gabelli, extends to
Mori domains the characterization of RTP Noetherian domains.

Theorem 3.8. ([15, Theorem 2.14]) Let R be a Mori domain. The following are equivalent:
(1) R is an RTP domain.
(2) RP is an RTP domain for each non-zero prime ideal P of R.
(3) RP is a TP domain for each non-zero prime ideal P of R.
(4) R has dimension one and either P RP is principal or RP = (RP : P RP ) for each non-zero prime ideal
P of R.

The complete statement in Theorem 2.6 does not extend to all domains, not even those with Prüfer
integral closure, including one-dimensional Noetherian domains. On the other hand, if R is either a
Noetherian domain or a Mori domain, then condition (2) in Theorem 2.6 is enough to get the radical
trace property.

Example 3.9. Let R = k[[X2,X5]] where k is a field. Then R is a one-dimensional local Noetherian domain
with maximal ideal M = (X2,X5) with M−1 = k[[X2,X3]]. So R is not an RTP domain (in fact R is not a
TP domain). However, R has the property that for each trace ideal I of R, IJ(R : IJ) = I for each ideal J of R
that contains I .

Theorem 3.10. ([30, Theorem 3.4]) Let R be a Mori domain. Then R is an RTP domain if and only if
IB(R : IB) = I for each trace ideal I of R and each ideal B of (R : I) that contains I .

Recall that an ideal I of an integral domain R is said to be SV-stable (short for ”Sally-Vasconcelos
stable”) if I is invertible as an ideal of (I : I) ([1]). The next theorem establishes a link between Mori
domains being RTP domains and SV-stability of maximal ideals.

Theorem 3.11. ([24, Theorem 18]) Let R be a Mori domain, which is not a field.Then the following
are equivalent.
(1) R is an RTP domain.
(2) R is a TTP domain.
(3) R is an LTP domain.
(4) For each maximal ideal M and each M-primary ideal Q, M is SV-stable and QQ−1 contains M.
(5) For each maximal ideal M, M is SV-stable and each maximal ideal of (M : M) that contains M is
invertible as an ideal of (M :M).
(6) For each non-zero radical ideal I of R, I is SV-stable and each maximal ideal of (I : I) that contains
I is invertible as an ideal of (I : I)

Next, we focus on what occurs when the dual of a trace ideal of an RTP domain or LTP domain is
either an RTP domain or an LTP domain.

Theorem 3.12. ([30, Theorem 5.1]) Let R be an RTP domain and let I be a trace ideal of R. If (R : I) is
either an LTP domain or an RTP domain, then each maximal ideal of (R : I) that contains I is either
idempotent (with trivial dual) or invertible, and each of these ideals is minimal over I .
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The next theorem establishes the converse for Theorem 3.12 under the additional assumption that
I is also a radical ideal of (R : I).

Theorem 3.13. ([30, Theorem 5.3]) Let R be an LTP (resp. an RTP) domain and let I be a trace ideal
of R. If I is a radical ideal of (R : I), then the following are equivalent.
(i) (R : I) is an LTP (resp. RTP) domain.
(ii) R ⊆ (R : I) satisfies INC.
(iii) Each minimal prime of I in (R : I) is a maximal ideal of (R : I).

4 Pullbacks

Let T be an integral domain, M a maximal ideal of T , K its residue field, φ : T −→ K the canonical
surjection, D a proper subring of K , and k := qf(D). Let R := φ−1(D) be the pullback issued from the
following diagram of canonical homomorphisms:

R −→ D
↓ ↓

T
φ
−→ K = T /M

We assume that R $ T and we refer to this diagram as a diagram of type (�).

Theorem 4.1. ([25, Theorems 11, 12, 13 and 15]) For the diagram of type (�), R is an LTP (resp. TPP,
resp. RTP) domain if and only if both T and D are LTP (resp. TPP, resp. RTP) domains. Further
assume that T is quasilocal. Then R is a TP domain if and only if both T and D are TP domains.

Recall from Hedstrom and Houston (1978) that a domain R is pseudo-valuation domain if it is
quasilocal and shares its maximal ideal with a valuation domain which necessarily must contain R
and be unique. In terms of pullbacks, according to [2, Proposition 2.6], R is a pseudo-valuation
domain if and only if there is a valuation domain V with maximal ideal M and a subfield k of
V /M = K such that R is the pullback in the following diagram

R −→ k
↓ ↓

V
φ
−→ K = V /M

Corollary 4.2. Every pseudo-valuation domain is a TP domain.

The next example shows that R may be not a TP domain when T is not local.

Example 4.3. ([25, Example 33]) Let k be a field and let X and Y be indeterminates over k. Set T =
k[Y ] + Xk(Y )[X], M = (X + 1)k(Y )[X] ∩ T and Q = Xk(Y )[X]. Let R be the pullback in the following
diagram:

R −→ D = k[Y ]
↓ ↓
V −→ K = V /M

Then: (a) Both T and D are TP domains.
(b) J =M ∩Q is a trace ideal of R that is not a prime ideal.
(c) R is not a TP domain.
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The next theorem characterizes different types of pullbacks where the ideal M is not necessarily a
maximal ideal of T . We shall consider the following cases:
Case 1. “Radical ideal”: M is a radical ideal of T and T /M contains a field F, D a subdomain of F
with qf(D) = F and each minimal prime of M is a maximal ideal of T . We refer to this diagram as a
diagram of type (�1).
Case 2. “An irredundant intersection” M is an irredundant intersection of its minimal primes and
for which each such minimal prime is a maximal ideal of T . T /M contains a field F, D a subdomain
of F with qf(D) = F. We refer to this diagram as a diagram of type (�2).
Case 3. “

√
M is invertible”: M is an ideal of T such that

√
M is invertible, each minimal prime of M

in T is a maximal ideal of T and that T /M contains a field F, D a subdomain of F with qf (D) = F. We
refer to this diagram as a diagram of type (�3).

Theorem 4.4. (1) For the diagram (�1), R is an LTP domain if and only if both T and D are LTP
domains, ([25, Corollary 18]).
(2) For the diagram (�2), R is an RTP (resp. a TPP) domain if and only if both T and D are RTP (resp.
TPP) domains, ([25, Corollary 22]).
(3) For the diagram (�3) R is an LTP (resp. RTP, resp. TPP) domain if and only if T and D are LTP
(resp. RTP, resp. TPP) domains, ([25, Corollary 29]).
(4) For the diagram (�3) assume further that T is a Dedekind domain. Then R is a TP domain if and
only if D is a TP domain, ([25, Theorem 30]).

Example 4.5. ([25, Example 31]) Let T = k[X2,X3] and R = k[X2,X5] with M = (X2,X5)R. Then:
(i) T is an RTP domain and M = X2T is an invertible ideal of T , but the radical of M in T is the maximal
ideal N = (X2,X3)T which is not invertible (as an ideal of T , but is invertible in k[x] = (T :N )).
(ii) The ring R is not even an LTP domain. The ideal I = (X4,X5)R is a proper M-primary trace ideal of R.

The next example shows that T can have a trace property while R does not when we only have
that M, and not the radical of M in T , is invertible as an ideal of T even if the radical of M in T is a
maximal ideal.

Example 4.6. ([25, example 32]) Let T be a one-dimensional valuation ring of the form F+N which is not
discrete and let x be a nonzero nonunit of T . Let M = xT and R = F +M. Since T is a valuation domain, it
has the trace property. Obviously, M is an invertible ideal of T , but its radical is not. The ideal I = xN is a
proper M-primary trace ideal of R. Thus R is not even an LTP domain.

5 The rings R(X) and R〈X〉

Recall that the content of a polynomial f (X) ∈ K[X] with respect to the domain R is the fractional
ideal of R generated by the coefficients of f (X). If the coefficients generate R as an ideal, then f (X) is
said to have unit content. We let U (R) denote the polynomials in R[X] with unit content and letM(R)
denote the set of monic polynomials of R[X]. The Nagata ring is the ring R(X) = R[X]U (R), and the ring
R〈X〉 (also called the ring of Serre’s conjecture) is the ring defined by R〈X〉 = R[X]M(R).

The first main theorem characterizes when the rings R(X) and R〈X〉 are LTP (resp. RTP) domains
over an integrally closed domain R.

Theorem 5.1. ([31, Theorem 3.6]) The following are equivalent for an integrally closed domain R
that is not a field.

1. R〈X〉 is an LTP domain.

2. R〈X〉 is an RTP domain.
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3. R(X) is an LTP domain and R is one-dimensional.

4. R(X) is an RTP domain and R is one-dimensional.

5. R(X) is an LTP domain and R is a one-dimensional Prüfer domain.

6. R(X) is an RTP domain and R is a one-dimensional Prüfer domain.

7. R is both a one-dimensional Prüfer domain and an LTP domain.

8. R is both a one-dimensional Prüfer domain and an RTP domain.

Recall that a domain R (with quotient field K) is seminormal if for every x ∈ K , such that x2,x3 ∈ R
we must have that x ∈ R. In [31, Theorem 2.12], it was proved that if R is seminormal and R(X) is
an LTP domain, then the integral closure R′ of R is a Prüfer domain and both R and R(X) are RTP
domains. As a pseudo-valuation domain is seminormal, this yields that if R is a pseudo-valuation
domain such that R(X) is an LTP domain, then R(X) is a pseudo-valuation domain and both R′ and
R′(X) are valuation domains (corresponding to R and R(X), respectively). The next theorem deals with
a pseudo-valuation domain R such that R(X) satisfies one of the trace properties.

Theorem 5.2. ([31, Theorem 2.15]) Let R be a pseudo-valuation domain with maximal ideal M and
corresponding valuation domain V . Then the following are equivalent.

1. R(X) is a TP domain.

2. R(X) is an RTP (LTP) domain.

3. R(X) is a pseudo-valuation domain.

4. V is the integral closure of R.

5. R′(X) is a TP domain.

6. R′(X) is an RTP (LTP) domain.

The next two theorems examine trace properties of R(X) over Neotherian and Mori domains.

Theorem 5.3. ([31, Theorem 2.17]) The following are equivalent for a Noetherian domain R.

1. R is an LTP domain.

2. R is an RTP domain.

3. R(X) is an LTP domain.

4. R(X) is an RTP domain.

Notice that the analogous result does not hold for Mori domains as is shown by the following
example. In fact, what allows the equivalence to hold for Noetherian domains is that the integral
closure of a one-dimensional Noetherian domain is a Dedekind domain.

Example 5.4. Let k be a field, Y and Z indeterminates over k and consider the domain R = k+Yk(Y)[[Z]]. The
complete integral closure of R is the valuation domain V = k(Y)[[Z]] and M = Yk(Y)[[Z]] is the conductor of
V into R. As R is the pullback of a field over the maximal ideal of a discrete rank one valuation, it is both a
PVD and a Mori domain (see, for example, [20] and [6], respectively). Since R is a PVD, it has the trace
property [25, Page 1098]. But R is integrally closed (since k is algebraically closed in k(Y)) and not a Prüfer
domain. Thus R(X) does not have the radical trace property.
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Theorem 5.5. ([31, Theorem 2.18]) The following are equivalent for a Mori domain R.

1. R is an LTP domain and R′ is a Prüfer domain.

2. R is an RTP domain and R′ is Prüfer domain.

3. R is an RTP domain and R′ is a Dedekind domain.

4. R(X) is an RTP domain.

5. R(X) is an LTP domain.

Example 5.6. Let Q be the field of rational numbers and consider the ring R = Q+ YL[[Y]] where L is an
infinite algebraic extension of the rational numbers. Then R is both a Mori domain and a PVD but not
Noetherian. On the other hand, the integral closure of R is the valuation domain V = L[[Y]] with which R
shares its maximal idealM = YL[[Y]]. Moreover,MV (X) is the maximal ideal of both R(X) and the valuation
domain V (X). Hence R(X) is a PVD and therefore R(X) is a TP domain.

The next three theorems establish characterizations forR〈X〉 being an RTP/LTP domain for Noethe-
rian domains, Mori domains and PVDs.

Theorem 5.7. ([31, Theorem 3.7]) If R is a Noetherian domain that is not a field, then the following
are equivalent.

1. R is an RTP domain.

2. R(X) is an RTP domain.

3. R〈X〉 is an RTP domain.

4. R〈X〉 is an LTP domain.

Theorem 5.8. ([31, Theorem 3.11]) If R is a Mori domain that is not a field, then the following are
equivalent.

1. R is an RTP domain and R′ is a Prüfer domain.

2. R(X) is an RTP domain.

3. R〈X〉 is an RTP domain.

4. R〈X〉 is an LTP domain.

Theorem 5.9. ([31, Theorem 3.12]) The following are equivalent for a pseudo-valuation domain R
with nonzero maximal ideal M and corresponding valuation domain V .

1. R〈X〉 is an LTP domain.

2. R〈X〉 is an RTP domain.

3. R〈X〉 is a TP domain.

4. R is one-dimensional and V is the integral closure of R.

Recall that a domain R is said to be h-local if each nonzero nonunit is contained in only finitely
many maximal ideals and each nonzero prime ideal is contained in a unique maximal ideal. A
domain for which each nonzero nonunit is contained in only finitely many maximal ideals is said to
have finite character. Thus a one-dimensional domain is h-local if and only if it has finite character.
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Theorem 5.10. ([31, Theorem 3.9]) Let R be an h-local domain. Then R is an RTP domain if and only
if RM is an RTP domain for each maximal ideal M.

Let R be a one-dimensional domain. Then the maximal ideals of R〈X〉 are of two types, MR〈X〉 for
some maximal ideal M of R and P R〈X〉 for some upper to zero P (i.e., P ∩R = 0) of R[X] that does not
contain a monic polynomial, but does contain one with unit content in R. If, in addition, the integral
closure of R is a Prüfer domain, then R〈X〉 is one-dimensional. We conclude with the following result
on one-dimensional domains.

Theorem 5.11. ([31, Theorem 3.16]) The following are equivalent for a one-dimensional domain R.

1. R〈X〉 is an RTP domain.

2. R〈X〉 is an LTP domain.

3. R(X) is an LTP domain.

4. R(X) is an RTP domain.

We close this survey with some open questions.

6 A few open questions

Open questions/problems with regard to RTP/TPP/LTP domains include the following.
Q1: If R(X) is an LTP domain, is it an RTP domain? The answer is “Yes" if and only if R(X) LTP
implies R[X] is an almost principal ideal domain. Recall that a nonzero ideal J of R[X] is said to be
almost principal if there is a nonzero element r ∈ R and a polynomial g(X) ∈ J of positive degree such
that rJ ⊆ g(X)R[X]. The polynomial ring R[X] is said to be an almost principal ideal domain if each
nonzero ideal of R[X] with proper extension to K[X] is almost principal [19, Page 65].

Q2: If R′ is a Prüfer domain and R is an RTP domain, is R(X) an RTP domain?

Q3: If R has finite character, is R an RTP domain if and only if RM is an RTP domain for each maximal
ideal M?
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