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Abstract. Let A and B be two rings, let J be an ideal of B and let f : A −→ B be a ring homomorphism. In this setting, we
can consider the following subring of A×B:

A ./f J = {(a,f (a) + j) | a ∈ A,j ∈ J}

called the amalgamation of A with B along J with respect to f (introduced and studied by D’Anna, Finocchiaro, and
Fontana). This construction is a generalization of the amalgamated duplication of a ring along an ideal (introduced and
studied by D’Anna and Fontana and denoted by A ./ I). In this paper, we survey known results concerning A ./f J .
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1 Introduction

Throughout this survey, all rings are commutative with identity and all modules are unitary. If R is
a ring and E is an R-module, then we use the following notations:

• I (R), the set of ideals of R;

•
√
I , the radical of an ideal I of R, in the sense of [88, page 17];

• Nil(R) :=
√

0, the set (ideal) of all nilpotent elements of R;

• Z(R), the set of all zero-divisors of R;

• Reg(R) = R \Z(R);

• Jac(R), the Jacobson radical of R;

• Spec(R), the set of prime ideals of R;

• Max(R), the set of maximal ideals of R;
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• Min(R), the set of minimal prime ideals of R;

• Tot(R) := RReg(R), the total quotient ring of R;

• R̄, the integral closure of R (in Tot(R));

• (I : I) := {x ∈ Tot(R) | xI ⊆ I} for any ideal I of R;

• AnnR(E) := Ann(E), the annihilator of E.

• Idem(R), the set of all idempotent elements of R.

If R is a (commutative integral) domain, we will usually denote its quotient field by qf(R) (rather
than by Tot(R)).

Let R be a ring and E an R-module. Then R n E, the trivial (ring) extension of R by E, is the ring
whose additive structure is that of the external direct sum R⊕E and whose multiplication is defined
by (a,e)(b,f ) := (ab,af + be) for all a,b ∈ R and all e, f ∈ E. (This construction is also known by other
terminology and other notation, such as the idealization R(+)E.) The basic properties of trivial ring
extensions are summarized in the books [73] and [78]. Trivial ring extensions have been studied or
generalized extensively, often because of their usefulness in constructing new classes of examples of
rings satisfying various properties (cf. [8], [24], [84]).

In [46], M. D’Anna considered a different type of construction, obtained involving a ring R and an
ideal I ⊆ R, which is denoted by R ./ I and defined as the following subring of R×R.

R ./ I := {(r, r + i) | r ∈ R,i ∈ I}.

More generally this construction can be given starting with a ring R and an ideal E of an overring S
of R (that is S ⊆ Tot(R)). This extension has been studied, in the general case and from the different
point of view of pullbacks, by D’Anna and Fontana in [48]. One main difference of this construction
with respect to the idealization is that the ring R ./ I is reduced whenever R is reduced.

Let A and B be rings, let J be an ideal of B and let f : A→ B be a ring homomorphism. In [49],
D’Anna, Finocchiaro and Fontana introduced the following subring of A×B:

A ./f J = {(a,f (a) + j) | a ∈ A,j ∈ J}

called the amalgamation of A with B along J with respect to f . This construction is a generalization
of the amalgamated duplication of a ring along an ideal (introduced and studied in [56] and [57]).
Moreover, other classical constructions (such as the A+XB[X] construction, the D +M construction
and the Nagata’s idealization) can be studied as particular cases of the amalgamation. On the other
hand, the amalgamation A ./f J is related to a construction proposed by D.D. Anderson in [15] and
motivated by a classical construction due to Dorroh [56], concerning the embedding of a ring without
identity in a ring with identity. The level of this generality is due to the fact that the amalgamation
can be studied in the frame of pullback constructions. This point of view allows us to provide easily
an ample description of the properties of A ./f J in connection with the properties of A, J and f . The
present survey is devoted to covering most results about the amalgamation of ring.

2 Definitions and basic results

This section is due to D’Anna, Finocchiaro, and Fontana and covers results from [49, 50, 51].
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Definition 2.1. Let A and B be two rings, let J be an ideal of B and let f : A −→ B be a ring homomor-
phism. In this setting, we can consider the following subring of A×B:

A ./f J := {(a,f (a) + j) | a ∈ A,j ∈ J},

which is called the amalgamation of A with B along J with respect to f .

A particular case of the construction introduced above is the amalgamated duplication of a ring
(introduced and studied by D’Anna and Fontana in [46, 47, 48]).

Example 2.2. [49, Example 2.4] Let A be a commutative ring with identity, and let E be an A-
submodule of Tot(A) of A such that E · E ⊆ E. In this case, E is an ideal in the subring B := (E :
E)(:= {z ∈ Tot(A) | zE ⊆ E}) of Tot(A). If ι : A→ B is the natural embedding, then A ./ι E coincides with
A ./ E, the amalgamated duplication of A along E. A particular and relevant case is when E := I is
an ideal in A. In this case, we can take B := A, we can consider the identity map id : = idA : A→ A
and we have that A ./ I, the amalgamated duplication of A along the ideal I , coincides with A ./idA I ,
that we will call also the simple amalgamation of A along I (instead of the amalgamation of A along
I, with respect to idA).

Example 2.3. [49, Example 2.5] LetA ⊂ B be an extension of commutative rings andX := {X1,X2, . . . ,Xn}
a finite set of indeterminates over B. In the polynomial ring B[X], we can consider the following sub-
ring

A+XB[X] := {h ∈ B[X] | h(0) ∈ A},

where 0 is the n-tuple whose components are 0. This is a particular case of the general construction
introduced above. In fact, if α′ : A ↪→ B[X] is the natural embedding and J1 := XB[X], then it is easy
to check that A ./α

′
J1 is isomorphic to A+XB[X].

Similarly, the subring A + XB[[X]] := {h ∈ B[[X]] | h(0) ∈ A} of the ring of power series B[[X]] is
isomorphic to A ./α

′′
J2, where α′′ : A ↪→ B[[X]] is the natural embedding and J2 := XB[[X]].

Example 2.4. [49, Example 2.6] Let M be a maximal ideal of a ring (usually, an integral domain)
T and let D be a subring of T such that M ∩D = (0). The ring D +M := {x +m | x ∈ D,m ∈ M} is
canonically isomorphic to D ./ιM, where ι :D ↪→ T is the natural embedding.

More generally, let {Mλ | λ ∈Λ} be a subset of the set of the maximal ideals of T such thatMλ∩D =
(0) for all λ ∈Λ and set J :=

⋂
λ∈ΛMλ. The ring D + J := {x + j | x ∈ D,j ∈ J} is canonically isomorphic

to D ./ι J. In particular, if D := K is a field contained in T and J := Jac(T ) is the Jacobson ideal of (the
K-algebra) T , then K + Jac(T ) is canonically isomorphic to K ./ι Jac(T ), where ι : K ↪→ T is the natural
embedding.

Example 2.5. [49, Example 2.7] Let A be a ring and P be a prime ideal of A. Let k(P ) be the residue
field of the localization AP and denote by ψP (or simply by ψ) the canonical surjective ring homomor-
phism AP −→ k(P ). It is well-known that k(P ) is canonically isomorphic to the quotient field of A/P ,
and so we can identify A/P with its canonical image into k(P ). Then the subring C(A,P ) := ψ−1(A/P )
of AP is called the CPI-extension of A with respect to P . It is immediately seen that, if we denote
by λP (or, simply by λ ) the localization homomorphism A −→ AP , then C(A,P ) coincides with the
ring λ(A) + PAP . On the other hand, if J := PAP , we can consider A ./λ J and we have the canonical
projection A ./λ J → λ(A) + PAP , defined by (a,λ(a) + j) 7→ λ(a) + j where a ∈ A and j ∈ PAP . It follows
that C(A,P ) is canonically isomorphic to

(
A ./λ PAP

)
/(P × {0}).

More generally, let I be an ideal of A and let SI be the set of the elements s ∈ A such that s + I is a
regular element ofA/I . Obviously SI is a multiplicative subset ofA and if SI is its canonical projection

onto A/I, then Tot(A/I) =
(
SI

)−1
(A/I). Let ϕI : S−1A −→ Tot(A/I) be the canonical surjective ring

homomorphism defined by ϕI
(
as−1

)
:= (a + I)(s + I)−1, for all a ∈ A and s ∈ S. Then, the subring
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C(A,I) := ϕ−1
I (A/I) of S−1

I A is called the CP I-extension of A with respect to I. If λI : A −→ S−1
I A is the

localization homomorphism, then it is easy to see that C(A,I) coincides with the ring λI (A) +S−1
I I. It

will follow by [49, Proposition 5.1(3)] that, if we consider the ideal J := S−1
I I of S−1

I A, then C(A,I) is
canonically isomorphic to (A ./ J) /

(
λ−1
I (J)× {0}

)
.

Example 2.6. [49, Remark 2.8] The Nagata’s idealization can be interpreted as a particular case of
the general amalgamation construction. Let B := A n E and ι : A −→ B be the canonical embedding.
After identifying E with J := 0 n E, E becomes an ideal of B. It is now straightforward that A n E
coincides with the amalgamation A ./ι J .

We recall that, if α : A→ C,β : B→ C are ring homomorphisms, the subring D := α ×C β := {(a,b) ∈
A×B | α(a) = β(b)} of A×B is called the pullback (or fiber product) of α and β.

The fact that D is a pullback can also be described by saying that the triplet (D,pA,pB) is a solution
of the universal problem of rendering commutative the diagram built on α and β

D

pB
��

pA // A

α
��

B
β // C

where pA (respectively, pB ) is the restriction to α×Cβ of the projection of A×B onto A (respectively,
B).

Proposition 2.7. [49, Proposition 4.2] Let f : A→ B be a ring homomorphism and J be an ideal of B.
If π : B→ B/J is the canonical projection and f̆ := π ◦ f , then A ./f J = f̆ ×B/J π.

Remark 2.8. [49, Remark 4.3] Notice that we have many other ways to describe the ring A ./f J as a
pullback. In fact, if C := A×B/J and u : A→ C,v : A×B→ C are the canonical ring homomorphisms
defined by u(a) := (a,f (a) + J),v((a,b)) := (a,b+ J), for every (a,b) ∈ A×B, it is straightforward to show
that A ./f J is canonically isomorphic to u ×C v. On the other hand, if I := f −1(J), ŭ : A/I → A/I ×B/J
and v̆ : A×B→ A/I ×B/J are the natural ring homomorphisms induced by u and v, respectively, then
A ./f J is also canonically isomorphic to the pullback of ŭ and v̆.

Proposition 2.9. [49, Proposition 5.1] Let f : A→ B be a ring homomorphism, J an ideal of B and let
A ./f J be the amalgamation of A with B along J with respect to f .

(1) Let ι : A→ A ./f J be the natural ring homomorphism defined by ι(a) := (a,f (a)), for all a ∈ A.
Then ι is an embedding, making A ./f J a ring extension of A.

(2) Let I be an ideal of A and set I ./f J := {(i, f (i) + j) | i ∈ I, j ∈ J}. Then I ./f J is an ideal of A ./f J ,
the composition of canonical homomorphisms A → A ./f J → A ./f J/I ./f J is a surjective
ring homomorphism, and its kernel coincides with I . Hence we have the following canonical
isomorphism:

A ./f J

I ./f J
�
A
I
.

(3) Let pA : A ./f J → A and pB : A ./f J → B be the natural projections of A ./f J ⊆ A×B onto A and
B, respectively. Then pA is surjective and Ker(pA) = {0} × J . Moreover, pB(A ./f J) = f (A) + J and
Ker(pB) = f −1(J)× {0}. Hence the following canonical isomorphisms hold:

A ./f J
({0} × J)

� A and
A ./f J

f −1(J)× {0}
� f (A) + J.
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(4) Let γ : A ./f J → (f (A)+J)/J be the natural ring homomorphism defined by (a,f (a)+j) 7→ f (a)+J.
Then γ is surjective and Ker(γ) = f −1(J)× J. Thus there exists a natural isomorphism

A ./f J

f −1(J)× J
�
f (A) + J

J
.

In particular, when f is surjective, we have

A ./f J

f −1(J)× J
�
B
J
.

The next result shows one more aspect of the essential role of the ring f (A)+ J for the construction
A ./f J .

Proposition 2.10. [49, Proposition 5.2] With the notation of Proposition 2.9, assume J is a nonzero
ideal of B. Then the following conditions are equivalent.

(1) A ./f J is an integral domain.

(2) f (A) + J is an integral domain and f −1(J) = 0.

Remark 2.11. [49, Remark 5.3]

(1) Note that, if A ./f J is an integral domain, then A is also an integral domain by Proposition
2.9(1).

(2) Let B := A,f := idA and J := I be an ideal of A. In this situation, the amalgamated duplication
of A along I is never an integral domain, unless I = {0} and A is an integral domain.

Now we characterize when the amalgamated algebra A ./f J is a reduced ring.

Proposition 2.12. [49, Proposition 5.4] With the notation of Proposition 2.9, the following conditions
are equivalent.

(1) A ./f J is a reduced ring.

(2) A is a reduced ring and Nil(B)∩ J = {0}.
In particular, if A and B are reduced, then A ./f J is reduced. Conversely, if J is a radical ideal
of B and A ./f J is reduced, then A and B are reduced.

Recall that for an extension A ⊆ B of rings, the conductor (ideal) of B into A is defined as {a ∈ A |
aB ⊆ A}.

Proposition 2.13. With the notation of Proposition 2.9, K := f −1(J)× J is the conductor of A×B into
A ./f J .

The next result determines the integral closure of the ring A ./f J in its total ring of quotients.

Proposition 2.14. [51, Proposition 3.1] Let f : A −→ B be a ring homomorphism, J an ideal of B, and
letA ./f J be as in Proposition 2.9. Assume that f −1(J) and J are regular ideals ofA and B respectively.
Then Tot

(
A ./f J

)
is canonically isomorphic to Tot(A)×Tot(B).

Proposition 2.15. [51, Lemma 3.3] Let f : A→ B be a ring homomorphism and J an ideal of B. Then
the ring A×(f (A)+J), a subring of A×B,which contains A ./f J is integral over A ./f J . More precisely,
every element of A× (f (A) + J) has degree at most two over A ./f J .
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Proposition 2.16. [51, Proposition 3.4] With the notation of Proposition 2.15, assume that J and
f −1(J) are regular ideals of B and A respectively. Then A ./f J (i.e., the integral closure of A ./f J in its
total ring of quotients) coincides with A× f (A) + J . In particular, if f is an integral homomorphism,
then A ./f J = A×B.

The next proposition gives when the ring A ./f J is integral over Γ (f )(:= {(a,f (a)) | a ∈ A}).

Proposition 2.17. [51, Lemma 3.6] Let f : A→ B be a ring homomorphism and J an ideal of B. Then
the following conditions are equivalent:

(1) f (A) + J is integral over f (A).

(2) A ./f J is integral over Γ (f ).

In particular, if f is an integral homomorphism, then A ./f J is integral over Γ (f )(� A).

The following result is due to Azimi, Sahandi and Shirmohammadi [16].

Proposition 2.18. [16, Lemma 2.1] We always have the inclusion Z(A ./f J) ⊆ {(r, f (r)+j) | r ∈ Z(A), j ∈
J} ∪ {(r, f (r) + j) | r ∈ A,j ∈ J, j ′(f (r) + j) = 0 for some j ′ ∈ J \ {0}}, where equality holds if at least one of
the following conditions hold:

(1) f (Z(A)) ⊆ J and f −1(J) , 0;

(2) f (Z(A))J = 0 and f −1(J) , 0;

(3) J ⊆ f (A);

(4) J is a torsion A-module;

(5) J ⊆Nil(B).

Proposition 2.19. [97, Proposition 2.2] Let R be a commutative ring and let I be an ideal of R. Then

Z(R ./ I) = {(0, i) | i ∈ I} ∪ {(i,−i) | i ∈ I} ∪ {(x, i) | x ∈ Z(R) \ {0}, i ∈ I}
∪ {(x, i) | x ∈ R \Z(R), there exists j ∈ I \ {0}, j(x+ i) = 0}

Proposition 2.20. Let f : A→ B be a ring homomorphism and J an ideal of B. Then

Nil(A ./f J) = {(a,f (a) + j) | a ∈Nil(A), j ∈Nil(B)∩ J}.

Proposition 2.21. [39, Lemma 2.5] Let f : A→ B be a ring homomorphism and let J be an ideal of B
such that J ∩ Idem(B) = 0. Then Idem(A ./f J) = {(e, f (e)) | e ∈ Idem(A)}.

The next part covers some results from [50]. Let A be a ring and S be a subset of A. Then V (S)
denotes the closed subspace of Spec(A), consisting of all prime ideals of A containing S. The next
result describes the structure of the prime spectrum of the ring A ./f J .

Proposition 2.22. [50, Corollary 2.5] With the notation of Proposition 2.9. Set X := Spec(A),Y :=
Spec(B), and W := Spec(A ./f J), J0 := {0} × J, and J1 := f −1(J)× {0}. For all P ∈ X and Q ∈ Y , set

P ′f := P ./f J := {(p,f (p) + j) | p ∈ P , j ∈ J} and
Q̄f := {(a,f (a) + j) | a ∈ A,j ∈ J, f (a) + j ∈Q}.

Then the following statements hold:
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(1) The map P 7→ P ′f establishes a closed embedding ofX intoW , and so its image, which coincides
with V(J0), is homeomorphic to X.

(2) The map Q 7→ Q̄f is a homeomorphism of Y \V(J) onto W \V(J0).

(3) The prime ideals of A ./f J are of the type P ′f or Q̄f for P varying in X and Q in Y \V(J).

(4) W = V(J0)∪V(J1) and the set V(J0)∩V(J1) is homeomorphic to Spec((f (A)+J) /J), via the contin-
uous map associated to the natural ring homomorphism γ : A ./f J → (f (A)+ J)/J, (a,f (a)+ j) 7→
f (a) + J. In particular, we have that the closed subspace V(J0)∩V(J1) of W is homeomorphic to
the closed subspace V(J) of Y when f is surjective.

Proposition 2.23. [50, Corollary 2.8] We preserve the notation of Proposition 2.22. Set

X :=
⋃

Q∈Spec(B)\V(J)

f −1(Q+ J).

The following properties hold:

(1) The map defined by Q 7→ Q̄f establishes a homeomorphism of Min(B) \V(J) with Min(A ./f

J) \V({0} × J).

(2) The map defined by P 7→ P ′f establishes a homeomorphism of Min(A) \ X with Min(A ./f

J)∩V({0} × J).

Therefore we have:

Min(A ./f J) = {P ′f | P ∈Min(A) \X }∪ {Q̄f |Q ∈Min(B) \V(J)}.

Proposition 2.24. [50, Corollary 2.7] We preserve the notation of Proposition 2.22. Then:

(1) Let P ∈ X = Spec(A). Then P ′f is a maximal ideal of A ./f J if and only if P is a maximal ideal of
A.

(2) LetQ be a prime ideal of B not containing J. Then Q̄f is a maximal ideal of A ./f J if and only if
Q is a maximal ideal of B. In particular, Max(A ./f J) =

{
P ′f | P ∈ Max(A)}∪

{
Q̄f |Q ∈Max(B) \V (J)

}
.

(3) A ./f J is a local ring if and only if A is a local ring and J ⊆ Jac(B). In particular, if M is the
unique maximal ideal of A, then M ′f =M ./f J is the unique maximal ideal of A ./f J .

Proposition 2.25. [50, Corollary 2.5] With the notation of Proposition 2.9 and Proposition 2.22, the
following statements hold:

(1) For any prime ideal Q ∈ Y \V (J), the ring
(
A ./f J

)
Q̄f

is canonically isomorphic to BQ.

(2) For any prime ideal P ∈ X \V
(
f −1(J)

)
, the localization

(
A ./f J

)
P ′ f

is canonically isomorphic to
AP .

(3) Let P be a prime ideal of A containing f −1(J). Consider the multiplicative subset S := S(f ,P ,J) :=
f (A \ P ) + J of B, and set BS := S−1B and JS := S−1J. If fP : AP −→ BS is the ring homomorphism
induced by f , then the ring (A ./ J)P ′ f is canonically isomorphic to AP ./fP JS .
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Proposition 2.26. [51, Proposition 2.7] Let α : A→ C,β : B→ C be ring homomorphisms and denote
by pA (resp., pB) the restriction to the pullback α ×C β of the projection of A × B onto A (resp., B).
Assume β is surjective and let H ′ and H ′′ be prime ideals of D such that H ′ (H ′′. Assume that H ′ ∈
Spec(D)\V (Ker(pA)),H ′′ ∈ V (Ker(pA)), and thatH ′ andH ′′ are adjacent prime ideals. Then there exist
two prime ideals Q′ and Q′′ of B, with Q′ (Q′′, and moreover such that Q′ < V (Ker(β)),p−1

B (Q′) =H ′,
and p−1

B (Q′′) =H ′′.

Proposition 2.27. [50, Proposition 3.1] We preserve the notation of Proposition 2.9 and Proposition
2.22. The following properties hold:

(1) If I (respectively, H) is an ideal of A (respectively, f (A) + J) such that f (I)J ⊆ H ⊆ J, then
I ./f H := {(i, f (i) + h) | i ∈ I,h ∈H} is an ideal of A ./f J .

(2) If I is an ideal of A, then the extension I
(
A ./f J

)
of I to A ./f J coincides with I ./f (f (I)B)J :=

{(i, f (i) + β) | i ∈ I,β ∈ (f (I)B)J}.

(3) If I is an ideal of A such that f (I)B = B, then I
(
A ./f J

)
= I

′f = {(i, f (i) + j) | i ∈ I, j ∈ J} = I ./f J .

We say that A ./f J satisfies the property (∗) if every ideal has one of the following three forms:

(a) I × 0, where I ⊆ f −1(J) is an ideal of A;

(b) 0×K , where K ⊆ J is an ideal of f (A) + J ;

(c) I ./f J , where I is an ideal of A.

The following theorem provides necessary and sufficient conditions for the ring A ./f J to satisfy
the property (∗).

Theorem 2.28. [94, Theorem 2.1] Let A and B be two rings, J be a nonzero proper ideal of B and
f : A→ B be a ring homomorphism.

(1) If A ./f J satisfies the property (∗), then the following conditions hold:

(i) f (A) is an integral domain;

(ii) f (A)∩ J = 0;

(iii) 0× J ⊆ ((a,f (a) + j)) for all a ∈ A \ {0} and all j ∈ J such that f (a) + j , 0.

(2) If f is injective and A ./f J satisfies the property (∗), then A is an integral domain;

(3) If f is not injective and A is a ring with zero-divisors with A ./f J satisfying the prop-
erty (∗), then Annf (A)+J (f (a) + j) ⊆ J for all a ∈ A \ {0} and j ∈ J with f (a) , 0. Moreover,
if f −1(J) * Z(A), then f (a) + j ∈ Reg(f (A) + J) for all a ∈ Reg(A) and j ∈ J with f (a) , 0,
and Annf (A)+J (j) ⊆ f (Z(A) \ f −1(J)) + J for all j ∈ J ;

(4) If f is not injective and A is an integral domain such that A ./f J satisfies the property
(∗), then the following conditions hold:

(i) f (A) + J is an integral domain;

(ii) J is idempotent.

(5) If 0× J ⊆ ((a,f (a) + j)) for all a ∈ A \ {0} and all j ∈ J such that f (a) + j , 0, then A ./f J
satisfies the property (∗).
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3 Noetherianity and Krull dimension

This section covers results from [49] and [51, Section 4]. The following proposition provides an
answer to the question of when A ./f J is a Noetherian ring.

Proposition 3.1. [49, Proposition 5.6] With the notation of Proposition 2.9, the following statements
are equivalent:

(1) A ./f J is a Noetherian ring.

(2) A and f (A) + J are Noetherians rings

Proposition 3.2. [49, Proposition 5.7] With the notation of Proposition 2.9, assume that at least one
of the following conditions holds:

(1) J is a finitely generated A-module (with the structure naturally induced by f ).

(2) J is a Noetherian A-module (with the structure naturally induced by f ).

(3) f (A) + J is Noetherian as an A-module (with the structure naturally induced by f ).

(4) f is a finite homomorphism, i.e., B is a finitely generated A-module..

Then A ./f J is Noetherian if and only if A is Noetherian. In particular, if A is a Noetherian ring and
B is a Noetherian A-module (e.g., if f is a finite homomorphism [15, Proposition 6.5]), then A ./f J is
a Noetherian ring for any ideal J of B.

Proposition 3.3. [49, Proposition 5.8] We preserve the notation of Propositions 2.9 and 2.7. If B is a
Noetherian ring and the ring homomorphism f̆ : A→ B/J is finite, then A ./f J is a Noetherian ring
if and only if A is a Noetherian ring.

As a consequence of the previous proposition, we can characterize when rings of the form A +
XB[X] and A+XB[[X]] are Noetherian. Note that S. Hizem and A. Benhissi [77] have already given
a characterization of the Noetherianity of the power series rings of the form A +XB[[X]]. The next
corollary provides a simple proof of Hizem and Benhissi’s Theorem and shows that a similar charac-
terization holds for the polynomial case (in several indeterminates). At the Fez Conference in June
2008, S. Hizem has announced to have proven a similar result in the polynomial ring case with a
totally different approach.

Corollary 3.4. [49, Corollary 5.9] Let A ⊆ B be a ring extension and X := {X1, . . . ,Xn} a finite set of
indeterminates over B. Then the following conditions are equivalent.

(1) A+XB[X] is a Noetherian ring.

(2) A+XB[[X]] is a Noetherian ring.

(3) A is a Noetherian ring and A ⊆ B is a finite ring extension.

The next result studies the Krull dimension of the ring A ./f J.

Proposition 3.5. [51, Proposition 4.1] Let f : A → B,J , and A ./f J be as in Proposition 2.9. Then
dim

(
A ./f J

)
= max{dim(A),dim(f (A) + J)}. In particular, if f is surjective, then

dim
(
A ./f J

)
= max{dim(A),dim(B)} = dim(A).
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We already observed that the kind of results as in the previous proposition has a moderate interest,
because the Krull dimension of A ./f J is compared to the Krull dimension of f (A) + J , which is not
easy to evaluate (moreover, if f −1(J) = {0}, we have A ./f J � f (A) + J (Proposition 2.9(3)). An easy
case for evaluating dim

(
A ./f J

)
is the following:

Proposition 3.6. [51, Proposition 4.2] Let f : A → B,J , and A ./f J be as in Proposition 2.9. Let
f� : A→ B� := f (A) + J be the ring homomorphism induced from f . If we assume that f� is integral
(e.g., f is integral), then dim

(
A ./f J

)
= dim(A).

By Proposition 2.22, we know that Spec
(
A ./f J

)
= X ∪U , where X := Spec(A) and U := Spec(B) \

V (J) (for the sake of simplicity, we identifyX andU with their homeomorphic images in Spec
(
A ./f J

)
). Furthermore, again from Proposition 2.22, we deduce that ideals of the form Q̄f can be contained
in ideals of the form P ′f , but not vice versa. Therefore, chains in Spec

(
A ./f J

)
are obtained by jux-

taposition of two types of chains, one from U “on the bottom" and the other one from X “on the top"
(where either one or the other may be empty or a single element). It follows immediately that both
dim(X) = dim(A) and dim(U ) are lower bounds for dim

(
A ./f J

)
and dim(A) + dim(U ) + 1 is an upper

bound for dim
(
A ./f J

)
(where, conventionally, we set dim(∅) = −1).

Remark 3.7. [51, Remark 4.3] Assume that J ⊆ Jac(B). By Proposition 2.22, we get that U does not
contain maximal elements of Spec

(
A ./f J

)
. Hence, in this case, 1 + dim(U ) ≤ dim

(
A×f J

)
.

Let us define the following subset of U := Spec(B) \V(J) :

y(f ,J) :=
{
Q ∈U | f −1(Q+ J) = {0}

}
.

It is obvious that y(f ,J) is stable under generizations, i.e., Q ∈ y(f ,J),Q
′ ∈ Spec(B) and Q′ ⊆ Q imply

Q′ ∈ y(f ,J). Hence dim
(
y(f ,J)

)
= sup

{
htB(Q) |Q ∈ y(f ,J)

}
and we will denote this integer by δ(f ,J).

Proposition 3.8. [51, Proposition 4.4] Let f : A → B,J , and A ./f J be as in Proposition 2.9; let
U = Spec(B) \V (J) and δ(f ) = dim

(
y(f ,J)

)
.

(1) Let Q ∈ Spec(B). Then f −1(Q + J) = {0} if and only if Q̄f
(
= (A×Q)∩A ./f J

)
is contained in

J0(= {0} × J).

(2) For every Q ∈ y(f ,J), the corresponding prime Q̄f of A ×′ J is contained in every prime of the
form P ′.

(3) max
{
dim(U ),dim(A) + 1 + δ(f ,J)

}
≤ dim

(
A ./f J

)
.

The next goal is to determine upper bounds for dim
(
A ./f J

)
, possibly sharper than dim(A) +

dim(U ) + 1.

Theorem 3.9. [51, Theorem 4.9] Let f : A → B,J , and A ./f J be as in Proposition 2.9. With the
notation of Proposition 3.8, assume that A ./f J has finite Krull dimension. Then :

dim
(
A ./f J

)
≤max

{
dim(A),dim

(
A/f −1(J)

)
+ min{dim(B),1 + dim(U )}

}
≤min

{
dim(A) + dim(U ) + 1,max

{
dim(A),dim

(
A/f −1(J)

)
+ dim(B)

}}
.
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4 φ-prime ideals and φ-Krull dimension

This section is due to El Khalfaoui and Mahdou [59]. Anderson and Smith [10] defined a weakly
prime ideal as a proper ideal P of R with the property that for a,b ∈ R, 0 , ab ∈ P implies a ∈ P
or b ∈ P . Then the authors of [30] defined the notion of almost prime ideals, i.e., a proper ideal P
with the property that if a,b ∈ R, ab ∈ P r P 2, then either a ∈ P or b ∈ P . Thus a weakly prime ideal
is almost prime and any proper idempotent ideal is also almost prime. Moreover, an ideal P of R
is almost prime if and only if P /P 2 is a weakly prime ideal of R/P 2. Anderson and Bataineh in [9]
extended these concepts to φ-prime ideals. Let φ : I (R)→I (R)∪ {∅} be a function. A proper ideal P
of R is called φ-prime if for x,y ∈ R, xy ∈ P rφ(P ) implies x ∈ P or y ∈ P . In fact, P is a φ-prime ideal
of R if and only if P /φ(P ) is a weakly prime ideal of R/φ(P ). In 2017, J. Bagheri Harehdashti and
H. Fazaeli Moghimi [23] defined the φ-radical of an ideal I as the intersection of all φ-prime ideals
of R containing I and investigated when the set of all φ-prime ideals of R has a Zariski topology
analogous to that of the prime spectrum. Since P rφ(P ) = P r (P ∩φ(P )), there is no loss of generality
in assuming that φ(P ) ⊆ P .

Now we study a generalization of prime ideals in the amalgamation of rings.

Proposition 4.1. [59, Proposition 2.7] Let A and B be two rings, f : A→ B be a ring homomorphism
and J an ideal of B. Let φ : I (A)→ I (A)∪ {∅} and ψ : I (A ./f J)→ I (A ./f J)∪ {∅} be two functions
such that

ψ(P ./f J) =
{
φ(P ) ./f K if φ(P ) , ∅
∅ if φ(P ) = ∅

where P is an ideal of A and K is a subideal of J . Then P ./f J is ψ-prime if and only if P is φ-prime
and for all a,b < P such that ab ∈ φ(P ) we have (f (a)j + f (b)i + ij) ∈ K for all i, j ∈ J .

Remark 4.2. [59, Remark 2.8] Let ψ : I (A ./f J)→I (A ./f J)∪ {∅} be a function defined by

ψ(P ./f J) =
{
φ(P ) ./f J if φ(P ) , ∅
∅ if φ(P ) = ∅

(1) Assume that φ({0}) = ∅. Then 0× J is ψ-prime if and only if {0} is φ-prime [50, Corollary 2.5].
(2) Assume that φ({0}) , ∅. Then 0× J is always ψ-prime and {0} is always φ-prime.

In the next proposition we will tackle the cases where ideals of the form H
f

= {(a,f (a) + j) ∈ A ./f
J | (f (a) + j) ∈H}, where H is an ideal of B, are ψ-prime.

Proposition 4.3. [59, Proposition 2.9] Let A and B be two rings, f : A→ B be a ring homomorphism
and J an ideal of B. Let φ : I (A)→ I (A)∪ {∅}, ϕ : I (f (A) + J)→ I (f (A) + J)∪ {∅} and ψ : I (A ./f J)→
I (A ./f J)∪ {∅} be three functions such that

ϕ(H) = ∅⇔ φ(IH ) = ∅

ψ(H
f

) =
{
{(a,f (a) + j) | a ∈ φ(IH ) and f (a) + j ∈ ϕ(H)} if ϕ(H) , ∅

∅ if ϕ(H) = ∅

for every ideal H of f (A) + J , where IH = {a ∈ A | (a,f (a) + j) ∈ H f
for some j ∈ J}. Then H

f
is a

ψ-prime ideal if and only if H is a ϕ-prime ideal of f (A) + J and for all (f (a) + i), (f (b) + j) < H such
that (f (a) + i)(f (b) + j) ∈ ϕ(H) we have ab ∈ φ(IH ).

The next theorem gives a general form of ψ-prime ideals of the amalgamation of rings in some
particular cases. Recall that I is a radical ideal of a ring R if xn ∈ I for any x ∈ R and for any positive
integer n implies that x ∈ I .
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Theorem 4.4. [59, Theorem 2.10] Let A and B be two rings, f : A→ B be a ring homomorphism and
J an ideal of B. Let φ : I (A)→ I (A)∪ {∅} and ψ : I (A ./f J)→ I (A ./f J)∪ {∅} be two functions such
that

ψ(H) =
{

(φ(IH ) ./f K)∩H if φ(IH ) , ∅
∅ if φ(IH ) = ∅

where IH = {a ∈ A | (a,f (a) + i) ∈H for some i ∈ J} and K is a subideal of J . Let P be a ψ-prime ideal of
A ./f J and J ⊆Nil(B).
(I) If φ(IP ) , ∅ is a radical ideal, then

(1) either P ⊆ φ(IP )× J or P = IP ./f J ;

(2) if we suppose furthermore that ψ(P ) is a radical ideal of A ./f J , then either P = φ(IP ) × J
(necessarily in that case f (φ(IP )) ⊆ J) or P = IP ./f J .

(II) Assume that φ(P ) = ∅. Then P =H ./f J , where H is a φ-prime ideal of A.

Corollary 4.5. [59, Corollary 2.12] Let A and B be two rings, f : A→ B be a ring homomorphism and
J an ideal of B. Let P be a weakly prime ideal of A ./f J and IP = {a ∈ A | (a,f (a)+ i) ∈ P for some i ∈ J}.
If {0} is a radical ideal of A and J ⊆Nil(B), then

(1) either P ⊆ 0× J or P = IP ./f J ;

(2) if we suppose furthermore that {(0,0)} is a radical ideal of A ./f J , then either P = 0 × J or
P = IP ./f J .

For homomorphic images, we give the following result.

Proposition 4.6. [59, Proposition 2.13] Let R be a ring, I an ideal of R and φ : I (R) → I (R) ∪ {∅},
ψ : I (R/I)→I (R/I)∪ {∅} two functions such that

ψ(J/I) =


φ(J)/I if I ⊆ φ(J)
{0} if φ(J) , ∅ and I * φ(J)
∅ if φ(J) = ∅

Let P /I be an ideal of R/I .

(1) Assume that I is a weakly prime ideal of R. Then P is a φ-prime ideal of R provided P /I is a
ψ-prime ideal of R/I .

(2) Assume that I ⊆ φ(P ). Then P /I is a ψ-prime ideal of R/I if and only if P is a φ-prime ideal of
R.

Now we will define and study a new notion considered as a generalization of Krull dimension in
commutative rings.

Definition 4.7. [59, Definition 3.1] Let A be a ring and φ : I (A)→I (A)∪{∅} a function. The φ-Krull
dimension of A (denoted by φ-dim(A)) is the supremum of the lengths of all chains of distinct φ-
prime ideals of A.
Clearly we have

φ-dim(A) ≥ dim(A).

We start with the direct product of rings.
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Theorem 4.8. [59, Theorem 3.2] Let R =
∏n
i=1Ri be a direct product of rings and let {φi : I (Ri)→

I (Ri)∪ {∅}}i=1,...,n be a family of functions such that for all ideals Ii of Ri , φi(Ii) , Ii (i = 1, . . . ,n). We
consider φ : I (R)→ I (R)∪ {∅} a function such that φ(

∏n
i=1 Ii) =

∏n
i=1φi(Ii) where Ii is an ideal of Ri

for each i = 1, . . . ,n. Then

φ-dim(R) = sup
i=1,...,n

{φi-dim(Ri)}.

For homomorphic images, we give the following result.

Proposition 4.9. [59, Proposition 3.3] Let R be a ring, I an ideal of R and φ : I (R) → I (R) ∪ {∅},
ψ : I (R/I)→I (R/I)∪ {∅} two functions such that

ψ(J/I) =


φ(J)/I if φ(J) , ∅ and I ⊆ φ(J)
{0} if φ(J) , ∅ and I * φ(J)
∅ if φ(J) = ∅

Assume that one of the two following conditions is satisfied :

(1) I is a weakly prime ideal of R.

(2) for all ψ-prime ideals P /I of R/I we have I ⊆ φ(P ).

Then

ψ-dim(R/I) ≤ φ-dim(R).

For the amalgamation we have the following result.

Theorem 4.10. [59, Theorem 3.7] Let A and B be two rings, f : A→ B be a ring homomorphism and
J an ideal of B. Let φ : I (A)→ I (A)∪ {∅} and ψ : I (A ./f J)→ I (A ./f J)∪ {∅} be two functions such
that

ψ(H) =
{

(φ(IH ) ./f J)∩H if φ(IH ) , ∅
∅ if φ(IH ) = ∅

where IH = {a ∈ A | (a,f (a) + i) ∈H for some i ∈ J}. Then

(1) ψ-dim(A ./f J) ≥ φ-dim(A).

(2) Suppose that for every ψ-prime ideal P of A ./f J , φ(Ip) , ∅ and ψ(P ) , ∅ are radical ideals and
J ⊆Nil(B). Then

ψ-dim(A ./f J) = φ-dim(A).

With the condition that for each ψ-prime ideal P of A ./f J , φ(IP ) = ∅ and J ⊆ Nil(B), we get the
following result.

Corollary 4.11. [59, Corollary 3.8] Let A and B be two rings, f : A→ B be a ring homomorphism and
J an ideal of B such that J ⊆Nil(B). Then,

dim(A ./f J) = dim(A).
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5 Local dimension

This section is due to El Khalfaoui, Mahdou and Yassemi [61]. Local dimension is introduced in [71]
and it is an ordinal valued invariant that is in some sense a measure of how far a ring is from being
local.

The purpose of this section is to study the local dimension of ring extensions. We give a link
between the local dimension of a ring R and its extensions such as homomorphic image and the
amalgamation of rings.

We define, by transfinite induction, classes ζα of rings for all ordinals α. Let ζ1 be the class of
local rings. Consider an ordinal α > 1; if ζβ has been defined for all ordinals β < α, let ζα be the
class of those rings R such that R/I ∈

⋃
β<α ζβ for every nonzero ideal I of R. If a ring R belongs to

some ζα, then the least such α is called the local dimension of R and it is denoted by ldim(R). In
this case we say R has local dimension. If a ring R does not belong to any ζα, then we say that R has
no local dimension. It is known that R has local dimension if and only if R is Noetherian or local,
see [71, Corollary 4.11]. In addition, R has finite local dimension if and only if R is Artinian or local
[71, Theorem 4.12]. Using these two results, it is easy to see that R has local dimension equal to ω,
where ω is the first infinite ordinal number, if and only if it is Noetherian non-local, non-Artinian
and every proper homomorphic image of R is Artinian or local. We start with a result that makes a
link between the local dimension of a ring and its proper homomorphic images.

Proposition 5.1. [61, Proposition 2.1] Let R be a ring. Then :

ldim(R) = sup
I,{0}
{ldim(R/I)}+ 1,

where I is a nonzero ideal of R.

For localization, we have the following result.

Proposition 5.2. [61, Proposition 3.1] Let R be a ring and let S be a multiplicative subset of R.

(1) If ldim(R) exists, then so does ldim(S−1R).

(2) If ldim(R) is finite, then so is ldim(S−1R).

(3) If ldim(S−1R) is infinite, then ldim(R) = ω implies that ldim(S−1R) = ω.

Remark 5.3. [61, Remark 3.2] The converses of statements (1) and (2) of Proposition 5.2 are not true.

(1) Let R be a non-Noetherian non-local ring and let P be a prime ideal of R. Then the localization
RP at P is a local ring. So ldim(RP ) = 1 but R does not have local dimension.

(2) We consider a Noetherian non-Artinian and non-local ring R. Then R has infinite local dimen-
sion. Let P be a prime ideal of R. Then the localization RP at P is a local ring. Therefore
ldim(RP ) = 1.

In the following we study the local dimension of the amalgamation of rings. First we bring a result
which will be used in the main result:

Theorem 5.4. [61, Theorem 3.5] Let A and B be rings, J an ideal of B and let f : A → B be a ring
homomorphism. Then :

(1) A ./f J has local dimension if and only if either A and f (A) + J are Noetherian or A is local and
J ⊆ Jac(B).
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(2) If ldim(A ./f J) exists, then the following statements hold.

(a) ldim(A) and ldim(f (A) + J) exist and we have:
ldim(A ./f J) ≥ ldim(A) and ldim(A ./f J) ≥ ldim(f (A) + J).

(b) If ldim(A ./f J) = ω, then A and f (A) + J have finite local dimension.

(c) Let ldim(A ./f J) = ω. Then f (A) + J is local non-Artinian if A is Artinian. Also, if f (A) + J
is Artinian, then A is local non-Artinian. In addition, if A is local, then J * Jac(B).

In the following proposition, under some conditions, we will see when the amalgamation has local
dimension equal to ω.

Recall that an ideal I of A ./f J is called homogeneous if I = K ./f J for some ideal K of A. If H is
an ideal of A ./f J such that 0× J ⊆H , then H is homogeneous [89].

Proposition 5.5. [61, Proposition 3.6] Suppose that all ideals of A ./f J are homogeneous. Then:

(1) If J ⊆ Jac(B),

ldim(A ./f J) = ω if and only if A is Artinian non-local and f (A) + J is local non-Artinian.

(2) If dim(A) > 0,

ldim(A ./f J) = ω if and only if A is local and J * Jac(B).

As a corollary, we give the result concerning the amalgamated duplication of a ring along an ideal.

Corollary 5.6. [61, Corollary 3.7] Let A be a ring and I an ideal of A. Then

(1) A ./ I has local dimension if and only if A is Noetherian or local.

(2) A ./ I has finite local dimension if and only if A has finite local dimension.

(3) If the local dimension of A ./ I exists, then it is never equal to ω.

6 Valuation-like properties

This section covers results from [62, 87]. In [76], Hedstrom and Houston introduced a class of in-
tegral domains which is closely related to the class of valuation domains. An integral domain A
with quotient field K is called a pseudo-valuation domain (PVD) when each prime ideal P of A is a
strongly prime ideal, in the sense that for every x,y ∈ K , if xy ∈ P , then x ∈ P or y ∈ P . An interesting
survey article on pseudo-valuation domains is [19]. In [22], the study of pseudo-valuation domains
was generalized to arbitrary rings (with zero-divisors). Recall from [22] that a prime ideal P of a
ring A is said to be strongly prime if aP and bA are comparable for all a,b ∈ A. A ring A is called a
pseudo-valuation ring (PV-ring) if each prime ideal of A is strongly prime. A ring A is a PV-ring if
and only if it is local with its maximal ideal strongly prime [22, Lemma 3]. Also, an integral domain
is a PV-ring if and only if it is a PVD by [12, Proposition 3.1], [13, Proposition 4.2] and [17, Propo-
sition 3]. In [11], D. D. Anderson and M. Zafrullah introduced and studied the notion of almost
valuation domains. An integral domain A is called an almost valuation domain (AVD) if for every
nonzero x ∈ K , there exists an integer n ≥ 1 such that either xn ∈ A or x−n ∈ A. In [82] and [93], a
generalization of the almost valuation domains to arbitrary commutative rings (with zero-divisors)
is considered as follows: A is called an almost valuation ring (AV-ring) if for any two elements a and
b in A, there exists a positive integer n ≥ 1 such that an divides bn or bn divides an. An AV-ring is
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necessarily local [82, Proposition 2.2]. In [20], Badawi introduced a new class of integral domains as
follows. A prime ideal P of an integral domain A is called a pseudo-strongly prime ideal if whenever
x,y ∈ K and xyP ⊆ P , there is an integer n ≥ 1 such that either xn ∈ A or ynP ⊆ P . If each prime ideal
of A is a pseudo-strongly prime ideal, then A is called a pseudo-almost valuation domain (PAVD).
Also, an integral domain A is a PAVD if and only if for every nonzero x ∈ K , there is a positive integer
n ≥ 1 such that either xn ∈ A or ax−n ∈ A for every nonunit a ∈ A. In [81], a generalization of the
pseudo-almost valuation domains to arbitrary commutative rings (with zero-divisors) is considered
as follows: A prime ideal P of a ring A is said to be a pseudo-strongly prime ideal if for every a,b ∈ A,
there is an integer n ≥ 1 such that either anA ⊆ bnA or bnP ⊆ anP . A ring A is called a pseudo-almost
valuation ring (PAV-ring) if each maximal ideal of A is pseudo-strongly prime. A PAV-ring is nec-
essarily local. Also, an integral domain A is a PAV-ring if and only if A is a PAVD [81, Proposition
2.7].

The next two theorems study the transfer of the valuation property to amalgamation rings.

Theorem 6.1. [87, Theorem 2.1] Let A and B be a pair of rings, J an ideal of B and let f : A −→ B be a
ring homomorphism. Then:

(1) If f is not injective, then A ./f J is a valuation ring if and only if A is a valuation ring and J = (0).

(2) If f is injective, then A ./f J is a valuation ring if and only if f (A) + J is a valuation ring and
f (A)∩ J = (0).

Remark 6.2. [87, Remark 2.2] Let f : A −→ B be an injective ring homomorphism and let J be an
ideal of B. If A ./f J is a valuation ring and J , (0), then A is a valuation domain. Indeed, suppose that
the statement is false and choose an element (a,b) ∈ A2 such that a , 0,b , 0 and ab = 0. For each x ∈ J
there is (c, f (c) + y) ∈ A ./f J such that (b,f (b))(c, f (c) + y) = (0,x). Then bc = 0 and f (b)y = x, therefore
f (a)x = 0 and f (a) ∈ (0 : J). For each x ∈ J, we can write (a,f (a))(d,f (d) + z) = (0,x), where (d,f (d) + z)
is an element of A ./f J. Hence x = f (a)z = 0, which contradicts J , (0).

Theorem 6.3. [62, Theorem 2.8] Let A and B be a pair of rings, f : A −→ B be a ring homomorphism,
and J be a nonzero proper ideal of B. Then A ./f J is a valuation ring if and only if the following
conditions holds:

(a) f −1(J) = 0 and A is a valuation domain.

(b) J = (f (a) + j)J for all 0 , a ∈ A, j ∈ J .

(c) For each two element i, j ∈ J , j(f (A) + J) and i(f (A) + J) are comparable.

Remark 6.4. [62, Remark 2.9] Suppose that A ./f J is a valuation ring when J is a nonzero finitely
generated A-module (by the modulation a.j := f (a)j for all a ∈ A and j ∈ J). Then A must be a field.
Indeed, since A ./f J is a valuation ring, we get by Theorem 6.3 that A is a valuation domain, say with
maximal ideal M, and for all 0 , a ∈M we have J = f (a)J . If M , 0, then J = MJ . As J is a finitely
generated A-module, by Nakayama lemma, we conclude that J = 0, which is a contradiction.

The following theorem studies the transfer of the PV-property to amalgamation of rings.

Theorem 6.5. [62, Theorem 2.11] Let A and B be a pair of rings, f : A −→ B be a ring homomorphism,
and J be a nonzero ideal of B such that f −1(J) , 0. Then A ./f J is a PV-ring if and only if A is a local
ring with maximal ideal M such that J2 = 0, f (M)J = 0, and M2 = 0.

In light of Theorem 6.5, we have the following corollary.

Corollary 6.6. [62, Corollary 2.12] Let A be a ring and I be a nonzero proper ideal of A. Then A ./ I
is a PV-ring if and only if A is a local ring with maximal ideal M such that M2 = 0.
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If A is an integral domain and J is a nonzero proper ideal of B, then we have the following result:

Proposition 6.7. [62, Proposition 2.13] Let A and B be a pair of rings, f : A −→ B be a ring homomor-
phism, and J be a nonzero proper ideal of B. Assume that A is an integral domain. Then A ./f J is a
PV-ring if and only if the following conditions holds:

(a) f −1(J) = 0, J ⊆ Jac(B) and A is a PVD with maximal ideal M.

(b) J = (f (a) + j)J for all 0 , a ∈ A, j ∈ J .

(c) For each two element i, j ∈ J , j(f (A) + J) and i(f (M) + J) are comparable.

Recall that a commutative ring R is called a total quotient ring if Tot(R) = R, equivalently every
element of R is either a zero-divisor or a unit.

Remark 6.8. [62, Remark 2.14] If J , 0 andA ./f J is a PV-ring, then eitherA is a total quotient ring or
A is an integral domain. Indeed, assume thatA ./f J is a PV-ring. SoA is a PV-ring with maximal ideal
M. If f is not injective, then f −1(J) , 0. Hence Theorem 6.5 implies that M2 = 0, and so A is a total
quotient ring. Now assume that f is injective such that A is not a total quotient ring. Let a,b(, 0) ∈ A
such that ab = 0 and 0 , j ∈ J . Since A ./f J is a PV-ring, we get that A ./f J is a local ring with
maximal ideal M ./f J . Moreover, we have (0, j) ∈ (a,f (a))M ./f J or (a,f (a))M ./f J ⊆ (0, j)A ./f J . If
(a,f (a))M ./f J ⊆ (0, j)A ./f J , then (a,f (a))(d,f (d)) = (0, j)(t, f (t) + k) for some regular element d ∈M
and (t, f (t) + k) ∈ A ./f J . Hence ad = 0 implies that a = 0, which gives a contradiction. Therefore
(0, j) = (a,f (a))(t, f (t) + k) for some (t, f (t) + k) ∈ M ./f J . Hence at = 0 and j = f (a)(f (t) + k). Then
f (b)j = 0 for each j ∈ J . By similar reasoning as above, we have (0, j) ∈ (b,f (b))M ./f J . Hence j = f (b)k
for some k ∈ J , and thus j = 0, which is a contradiction. Therefore A is an integral domain.

Proposition 6.9. [62, Theorem 2.17(1)] Let A and B be a pair of rings and f : A −→ B be a ring
homomorphism. Let J be a nonzero proper ideal of B having no nontrivial nilpotent element. Then
A ./f J is a PV-ring if and only if f is injective, f (A)∩ J = 0, and f (A) + J is a PV-ring.

Now we will study the transfer of the AV-property and the PAV-property to the amalgamation of
rings.

Theorem 6.10. [62, Theorem 2.15] Let A and B be a pair of rings and f : A −→ B be a ring homomor-
phism. Suppose that A is a local ring with maximal ideal M, and J is a proper ideal of B such that
f (M)J = 0 and J ⊆Nil(B). Set R := A ./f J . Then:

(1) R is an AV-ring if and only if A is an AV-ring.

(2) R is a PAV-ring if and only if A is a PAV-ring.

The next corollary is an immediate application of Theorem 6.10.

Corollary 6.11. [62, Corollary 2.16] Let A be a local ring with maximal ideal M and I be a proper
ideal of A such that MI = 0. Then:

(1) A ./ I is an AV-ring if and only if A is an AV-ring.

(2) A ./ I is a PAV-ring if and only if A is a PAV-ring.

Theorem 6.12. ([62, Theorem 2.17(2)] and [87, Theorem 2.4]) Let A and B be a pair of rings and
f : A→ B be a ring homomorphism. Assume that J is a nonzero proper ideal of B having no nontrivial
nilpotent elements and A is reduced. Then A ./f J is an AV-ring (resp., a PAV-ring) if and only if f is
injective, f (A)∩ J = 0 and f (A) + J is an AV-ring (resp., a PAV-ring).
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The next corollary is an immediate application of Theorem 6.12.

Corollary 6.13. [62, Corollary 2.18] Let A be an integral domain and I a proper ideal of A. Then
A ./ I is an AV-ring (resp., a PAV-ring) if and only if A is an AV-ring (resp., a PAV-ring) and I = 0.

The next proposition gives a partial result about when an amalgamation is an AV -ring in case A
is not reduced and J has nontrivial nilpotents. First we recall that a ring A is Gaussian if for every
polynomials f ,g ∈ A[X], one has the content ideal equation c(f g) = c(f )c(g) (see [108]).

Proposition 6.14. [87, Proposition 2.8] Let (A,B) be a pair of rings where A is a local ring with
maximal idealM, f : A→ B be a ring homomorphism and J be a nonzero proper ideal of B contained
in the Jacobson radical Jac(B) of B. If A is Gaussian, J2 = (0) and f (a)J = f (a)2J for all a ∈ M, then
A ./f J is an AV -ring.

The results of the transfer enrich the literature with new examples as shown below.

Example 6.15. [62, Example 2.19] Let A be a valuation domain with quotient field K , and B := AnK
be the trivial ring extension of A by K . Consider:

f : A ↪→ B

a 7→ f (a) = (a,0)

to be a ring homomorphism and J := 0nK a proper ideal of B. Therefore by Theorem 6.3, A ./f J is a
valuation ring.

Example 6.16. [62, Example 2.20] Let (A,M) be a valuation domain which is not a field, B := A
M2 ,

and f : A −→ B be a homomorphism of ring such that f (a) = ā. Set J := M
M2 . Hence f (M)J = 0 and

J ⊆Nil(B). Therefore by Theorem 6.10, A ./f J is an AV-ring (resp. a PAV-ring) which is not a PV-ring
by Theorem 6.5.

Example 6.17. [62, Example 2.21] Let K be a field and E be a K-vector space. Set A := K n E and
I := 0nE. Then:

(1) A ./ I is an AV-ring (resp., a PAV-ring) by Theorem 6.10.

(2) A ./ I is a PV-ring by Theorem 6.5 which is not a valuation ring by [87, Theorem 2.1].

The following is an example of a PAV-ring which is not an AV-ring.

Example 6.18. [62, Example 2.22] Let F be a finite field and X an indeterminate over F. Put H :=
F(X), the quotient field of F[X], and let Y be an analytic indeterminate over H . Set A := F +HY 2 +
Y 4H[[Y ]]. Then A is a local domain with maximal ideal M = HY 2 + Y 4H[[Y ]]. Moreover, by [20,
Example 3.5] A is a PAVD which is not an AVD. Now, set E := A

M , B := AnE and J := 0nE. Consider:

f : A ↪→ B

a 7→ f (a) = (a,0)

to be a ring homomorphism. It is clear that f (M)J = 0 and J ⊆ Nil(B). Finally Theorem 6.10 gives
that A ./f J is a PAV-ring which is not an AV-ring.

The next example illustrates the failure of Theorem 6.12, in general, beyond the context where A
is reduced and J has no nonzero nilpotent elements.
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Example 6.19. [87, Example 2.7] Let (A,M) = (Z/4Z,2Z/4Z). Then A is a local ring and M2 = (0).
Set R := Z/4Z ./f 2Z/4Z where f = id

Z/4Z. Then the following statements hold:

(1) A = Z/4Z is not reduced.

(2) J = 2Z/4Z has nonzero nilpotent elements (Nil(B)∩ J , (0)).

(3) R is an AV -ring.

(4) f (A)∩ J , 0.

In view of Proposition 6.14, the following example shows that the assumptions A is reduced and J
has no nonzero nilpotent element are not necessary conditions in the statement (2) of Theorem 6.12.

Example 6.20. [87, Example 2.9] Let (A,M) be a local Gaussian ring such that M2 , (0) and I a
nonzero ideal of A such that I2 = (0) (for instance, A := Q[[X]] nQ(

√
2). Then A is a local Gaussian

ring with maximal ideal M = XQ[[X]] nQ(
√

2) ([24, Theorem 3.1(2)]), and let I = (0) nQ(
√

2)). Let
E be a nonzero A

M -vector space and B := A n E be the trivial ring extension of A by E. Consider the
injective ring homomorphism f given by:

f : A ↪→ B
a 7→ f (a) = (a,0)

and let J := I nE. Clearly J ⊆ Jac(B), f (a)J = f (a)2J for all a ∈M, and:

(1) A is not reduced.

(2) J2 = (0).

(3) f (A)∩ J = (An (0))∩ (I nE) = I n (0) , (0).

(4) A ./f J is an AV -ring.

Also Theorem 6.12 enriches the literature with new examples of AV -domains which are not Prüfer
domains.

Example 6.21. [87, Example 2.10] Let T be the valuation domain T = K[[X]] = K +M, where K is a
field and M = XK[[X]] is the maximal ideal of T , and D be a proper subring of K which is a non-
Prüfer AV -domain such that qf (D) = K . (For instance, let k ⊂ F be a root extension of fields, i.e., for
every x ∈ F, xn ∈ k for some positive integer n, and let t be an indeterminate over F. Set K = F((t)),
V = F[[t]] = F + tF[[t]] and D = k + tF[[t]]. Then Qf (D) = F((t)) = K , D is an AV -domain ([98, Lemma
2.2] and D is not a Prüfer domain). Set R := D +M and let f : D ↪→ T be the natural embedding and
J :=M. Then :

(1) D ./f J is an AV -domain.

(2) D ./f J is not a Prüfer domain.

7 Coherent-like conditions

7.1 Coherent rings

This subsection is due to Alaoui and Mahdou [1]. It is to characterize the amalgamated algebra along
an idealA ./f J to be a coherent ring. The main result examines the property of the coherence that the
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amalgamation A ./f J might inherit from the ring A for some classes of ideals J and homomorphisms
f , and hence generates new examples of non-Noetherian coherent rings.

Let f : A→ B be a ring homomorphism, J be an ideal of B and let n be a positive integer. Consider
the function f n : An→ Bn defined by f n((αi)

i=n
i=1) = (f (αi))

i=n
i=1. Obviously f n is a ring homomorphism

and Jn is an ideal of Bn. This allows us to define An ./f
n
Jn.

Moreover, let φ : (A ./f J)n→ An ./f
n
Jn defined by φ((ai , f (ai)+ji)

i=n
i=1) = ((ai)

i=n
i=1, f

n((ai)
i=n
i=1)+(ji)

i=n
i=1).

It is easily checked that φ is a ring isomorphism. So (A ./f J)n and An ./f
n
Jn are isomorphic as rings.

Let U be a submodule of An. Then U ./f
n
Jn := {(u,f n(u) + j) ∈ An ./f n Jn | u ∈ U,j ∈ Jn} is a

submodule of An ./f
n
Jn.

Now the main result is the following.

Theorem 7.1. [1, Theorem 2.2] Let f : A→ B be a ring homomorphism and let J be a proper ideal of
B.

(1) If A ./f J is a coherent ring, then so is A.

(2) Assume that J and f −1(J) are finitely generated ideals of f (A) + J and A respectively. Then
A ./f J is a coherent ring if and only if A and f (A) + J are coherent rings.

(3) Assume that J is a regular finitely generated ideal of f (A) + J . Then A ./f J is a coherent ring if
and only if A and f (A) + J are coherent rings and f −1(J) is a finitely generated ideal of A.

Lemma 7.2. [1, Lemma 2.3] Let f : A→ B be a ring homomorphism and let J be a proper ideal of B.
Then:

(1) {0} × J (resp., f −1{J} × {0}) is a finitely generated ideal of A ./f J if and only if J (resp., f −1{J}) is
a finitely generated ideal of f (A) + J (resp., A).

(2) IfA ./f J is a coherent ring and f −1(J) is a finitely generated ideal ofA, then f (A)+J is a coherent
ring.

Lemma 7.3. [1, Lemma 2.5] Let f : A→ B be a ring homomorphism and J be an ideal of B. Assume
that J and f −1(J) are finitely generated ideals of f (A) + J and A respectively. Then f −1{J} × {0} is a
coherent (A ./f J)-module provided A is a coherent ring.

The following corollary is an immediate consequence of Theorem 7.1(3).

Corollary 7.4. [1, Corollary 2.7] Let f : A→ B be a ring homomorphism, B be an integral domain,
and let J be a proper and finitely generated ideal of f (A) + J . Then A ./f J is a coherent ring if and
only if A and f (A) + J are coherent rings and f −1(J) is a finitely generated ideal of A.

The corollary below follows immediately from Theorem 7.1(2) which examines the case of the
amalgamated duplication.

Corollary 7.5. [1, Corollary 2.8] Let A be a ring and I be a proper ideal of A. Then:

(1) If A ./ I is a coherent ring, then so is A.

(2) Assume that I is a finitely generated ideal of A. Then A ./ I is a coherent ring if and only if A is
a coherent ring.

The next corollary is an immediate consequence of Theorem 7.1(2).

Corollary 7.6. [1, Corollary 2.9] Let A be a ring, I be an ideal of A, B := A
I , and let f : A→ B be the

canonical homomorphism (f (x) = x).
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(1) Assume that J and f −1(J) are finitely generated ideals of B and A respectively. Then A ./f J is a
coherent ring if and only if A and B are coherent rings.

(2) Assume that J is a regular finitely generated ideal of B. Then A ./f J is a coherent ring if and
only if A and B are coherent rings and f −1(J) is a finitely generated ideal of A.

The aforementioned result enriches the literature with new examples of coherent rings which are
non-Noetherian rings.

Example 7.7. [1, Example 2.10] Let A be a non-Noetherian coherent ring, I be a finitely generated
ideal of A, f : A→ B(= A

I ) be the canonical homomorphism, and let J be a finitely generated ideal of
A. Then A ./f J is a non-Noetherian coherent ring.

Example 7.8. [1, Example 2.11] Let A := Z+XQ[X], where Z is the ring of integers and Q is the field
of rational numbers. Let I := XQ[X], B := A

I (�Z), f : A→ B be the canonical homomorphism and let
J be a nonzero ideal of B. Then A ./f J is a non-Noetherian coherent ring.

7.2 n-Coherent rings

This subsection is due to Alaoui and Mahdou [4]. Let R be a ring. For a nonnegative integer n, an
R-module E is called n-presented if there is an exact sequence of R-modules:

Fn→ Fn−1→ . . .F1→ F0→ E→ 0,

where each Fi is a finitely generated free R-module. In particular, 0-presented and 1-presented R-
modules are, respectively, finitely generated and finitely presented R-modules.

The ring R is said to be n-coherent if each (n − 1)-presented ideal of R is n-presented, and R is
said to be a strong n-coherent ring if each n-presented R-module is (n + 1)-presented [53, 54] (This
terminology is not the same as that of Costa (1994) [43], more precisely Costa’s n-coherence is our
strong n-coherence). In particular, 1-coherence coincides with coherence, and 0-coherence coincides
with Noetherianity. Any strong n-coherent ring is n-coherent, and the converse holds for n = 1 or
for coherent rings [54, Proposition 3.3]. The main theorem examines the transfer of the properties of
strong n-coherence and n-coherence (n ≥ 2) to the amalgamated algebra along an ideal issued from
local rings.

Before we announce the main result of this subsection (Theorem 7.10), we make the following
useful proposition.

Proposition 7.9. [4, Proposition 2.1] Let (A,M) be a local ring, f : A→ B be a ring homomorphism,
and let J be a proper ideal of B such that J ⊆ Jac(B).

(1) A ./f J is a local ring and M ./f J is its maximal ideal.

(2) f (A) + J is a local ring and f (M) + J is its maximal ideal.

The following is the main result of this subsection.

Theorem 7.10. [4, Theorem 2.2] Let (A,M) be a local ring, f : A→ B be a ring homomorphism, and
let J be a proper ideal of B such that f (M)J = 0.

(1) Assume that J ⊆ Jac(B).

(a) (i) Assume that J is a finitely generated ideal of f (A)+J . If A ./f J is a (strong) 2-coherent
ring, then so is A.
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(ii) Assume that f (M) ⊆ J and M is a finitely generated ideal of A. If A ./f J is a (strong)
2-coherent ring, then so is f (A) + J .

(iii) Assume that either f (M) ⊆ J or f (M)∩ J = {0}, M and J are finitely generated ideals of
A and f (A) + J respectively, and f (A) + J is a coherent ring. Then A ./f J is a (strong)
2-coherent ring if and only if so is A.

(b) Assume that n > 2.

(i) Assume that either f (M) ⊆ J or f (M)∩ J = {0}, M is an (n− 3)-finitely presented ideal
of A, and J is an (n − 2)-finitely presented ideal of f (A) + J . If A ./f J is a (strong)
n-coherent ring, then so is A.

(ii) Assume that f (M) ⊆ J , M is an (n−2)-finitely presented ideal of A, and J is an (n−3)-
finitely presented ideal of f (A) + J . If A ./f J is a (strong) n-coherent ring, then so is
f (A) + J .

(iii) Assume that f (M) ⊆ J , M and J are (n− 2)-finitely presented ideals of A and f (A) + J
respectively, and f (A) + J is a strong (n − 1)-coherent ring. Then A ./f J is a (strong)
n-coherent ring if and only if so is A.

(2) Assume that J2 = 0, n ≥ 2, and J is a finitely generated ideal of (f (A) + J). Then A ./f J is a
(strong) n-coherent ring if and only if so is A.

The following corollaries are immediate consequences of Theorem 7.10.

Corollary 7.11. [4, Corollary 2.5] Let (A,M) be a local ring, f : A→ B be a ring homomorphism, and
let J be a proper ideal of B such that f (M)J = 0.

(1) Assume that J ⊆ Jac(B).

(a) Assume that either f (M) ⊆ J or f (M) ∩ J = {0}, M and J are finitely generated ideals of
A and f (A) + J respectively, and f (A) + J is a coherent ring. Then A ./f J is a (strong)
2-coherent ring which is not a coherent ring provided A is.

(b) Assume that f (M) ⊆ J , n > 2, M and J are (n−2)-finitely presented ideals of A and f (A) + J
respectively, and f (A) + J is a strong (n − 1)-coherent ring. Then A ./f J is a (strong) n-
coherent ring which is not a (strong) (n− 1)-coherent ring provided A is.

(2) Assume that J2 = 0, n ≥ 2, and J is a finitely generated ideal of f (A)+J . Then A ./f J is a (strong)
n-coherent ring which is not a (strong) (n− 1)-coherent ring provided A is.

Corollary 7.12. [4, Corollary 2.6] Let (A,M) be a local ring, I be a finitely generated ideal of A such
thatMI = 0, and n ≥ 2. ThenA ./ I is a (strong) n-coherent ring which is not a (strong) (n−1)-coherent
ring provided A is.

Theorem 7.10 enriches the literature with new examples of n-coherent rings that are not (n − 1)-
coherent rings (n ≥ 2).

Example 7.13. [4, Example 2.7] Let T := K +M be a Bézout domain, where K is a field and M is a
nonzero maximal ideal of T , D is a subring of K , the quotient field of D is k = qf (D) ⊆ K , R =D +M,
and T0 = k +M. Let m(, 0) ∈ M and consider the canonical ring homomorphism f : T0 → T0/M

2

(f (x) = x). Assume that either [K : k] = ∞ or 1 , [K : k] < ∞ and M is not a principal ideal of T .
Then by Corollary 7.11(2), T0 ./

f (m) is a 2-coherent ring which is not a coherent ring since T0 is a
2-coherent ring which is not a coherent ring by [54, Theorem 2.1].
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Example 7.14. [4, Example 2.8] Let R be a local 2-coherent domain which is not a field, K = qf (R),
A := RnK be the trivial ring extension of R by K and M its maximal ideal, and let E be an A

M -vector
space with finite dimension. Set B := AnE, J := 0nE, and consider the ring homomorphism f : A→ B
(f (x) = (x,0)). Then by Corollary 7.11(2), A ./f J is a 2-coherent ring which is not a coherent ring since
A is by [84, Theorem 3.1].

Example 7.15. [4, Example 2.9] Let (V ,m) be a non discrete valuation domain, A := V n
V
m

and

M :=mn
V
m

its maximal ideal, B := A
M2 nE, where E is an

A
M2
M
M2

-vector space with finite dimension. Let

J := (m)nE, where m(, 0) ∈M, and consider the ring homomorphism f : A→ B (f (x) = (x,0)). Then
by Corollary 7.11(2), A ./f J is a 3-coherent ring which is not a 2-coherent ring since A is by [84,
Example 3.8].

Example 7.16. [4, Example 2.10] Let V be a non-Noetherian valuation ring with rank(V ) > 1. Let
A = V [[T ]] be the power series ring in one variable T and M its maximal ideal. Set B := (An

A
M )× A

M2 ,
J := (0n A

M )× M
M2 , and consider the ring homomorphism f : A→ B (f (x) = ((x,0),0)). Then by Corollary

7.11(2), A ./f J is a 2-coherent ring which is not a coherent ring since A is by [43, Example 4.4].

Example 7.17. [4, Example 2.11] Let K be a field, E be a K-vector space of infinite dimension, A :=
K n E be the trivial extension ring of K by E, and I := 0 n E

′
, where E

′
is a finite dimensional K-

subspace of E. Then by Corollary 7.12, A ./ I is a 2-coherent ring wich is not a coherent ring since A
is by [90, Theorem 3.4] and [84, Theorem 2.6].

7.3 On (n,d)-property

This subsection is due to Alaoui and Mahdou [3]. In 1994, Costa [43] introduced a doubly filtered
set of classes of rings in order to categorize the structure of non-Noetherian rings: for nonnegative
integers n and d, we say that a ring R is an (n,d)-ring if pdR(E) ≤ d for each n-presented R-module
E (as usual, pdR(E) denotes the projective dimension of E as an R-module). An integral domain
with this property will be called an (n,d)-domain. For example, the (n,0)-domains are the fields, the
(0,1)-domains are the Dedekind domains, and the (1,1)-domains are the Prüfer domains [43].

For integers n,d ≥ 0, Costa asks in [43] whether there is an (n,d)-ring which is neither an (n,d −1)-
ring nor an (n − 1,d)-ring? The answer is affirmative for (0,d)-rings, (1,d)-rings, (2,d)-rings, and
(3,d)-rings. (See for instance [43, 44, 83, 84, 90, 91, 92, 111]). The goal of this subsection is to give
examples of (2,d)-rings which are neither (1,d)-rings (d = 0,1,2) nor (2,d − 1)-rings (d = 1,2), and
examples of (3,d)-rings which are neither (2,d)-rings (d > 0) nor (3,d − 1)-rings (d > 1).

Now we have the following main result.

Theorem 7.18. [3, Theorem 2.2] Let (A,M) be a local ring, f : A→ B be a ring homomorphism, and
let J be a proper ideal of B such that J ⊆ Jac(B) and f (M)J = 0. Then:

(1) A ./f J is a non-(1,2)-ring. In particular, A ./f J is a non-von Neumann regular ring.

(2) Assume that A is a (2,0)-ring and M is not a finitely generated ideal of A. Then:

(a) A ./f J is a (2,0)-ring.

(b) Let A1 = A ./f J , d ≤ 2 be an integer, A2 be a Noetherian ring of global dimension d, and
let C = A1 ×A2 the direct product of A1 and A2. Then C is a (2,d)-ring which is neither a
(1,d)-ring (d = 0,1,2) nor a (2,d − 1)-ring (d = 1,2).

The following corollary is a consequence of Theorem 7.18.
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Corollary 7.19. [3, Corollary 2.4] Let (A,M) be a local (2,0)-ring such that M is not a finitely gener-
ated ideal of A, I be a proper ideal of A such that IM = 0. Let A1 := A ./ I , d ≤ 2 be an integer, A2
be a Noetherian ring of global dimension d, and let C := A1 ×A2 the direct product of A1 and A2.
Then A ./ I is a (2,0)-ring that is a non-(1,0)-ring, and C is a (2,d)-ring which is neither a (1,d)-ring
(d = 0,1,2) nor a (2,d − 1)-ring (d = 1,2).

Theorem 7.18 enriches the literature with new classes of (2,0), (2,1), and (2,2)-rings.

Example 7.20. [3, Example 2.5] Let (R,m) be a local ring (for example R = K[[X1, . . . ,Xn, . . . ]] where
K is a field), E = ( R

m
)∞ is an infinite-dimensional ( R

m
)-vector space, and let A := R n E be the trivial

extension ring of R by E and M := mn E its maximal ideal. Let B := A
M2 × A

M3 , J := I
M2 × L

M3 , where I
and L are two proper ideals of A, and consider the ring homomorphism f : A→ B (f (a) = (a,0)). Let
K be a field, A1 = A ./f J , and let A2 := K[X1] and A3 := K[X1,X2], where X1,X2 are indeterminate
over K . Then by Theorem 7.18, we have

(1) A1 is a (2,0)-ring that is not a (1,0)-ring since A is a (2,0)-ring by [91, Theorem 2.1].

(2) A1 ×A2 is a (2,1)-ring which is neither a (1,1)-ring nor a (2,0)-ring.

(3) A1 ×A3 is a (2,2)-ring which is neither a (1,2)-ring nor a (2,1)-ring.

Example 7.21. [3, Example 2.6] Let D be a local domain, K := qf (D), and E be a K-vector space
of infinite dimension, and let A := K n E be the trivial extension ring of K by E and M := 0 n E its
maximal ideal. Let E

′
be an A

M -vector space, B := (AnE
′
)× (D nK), J := (M nE

′
)× (I nK), where I is a

proper ideal ofD, and consider the ring homomorphism f : A→ B (f (a) = ((a,0)),0). Let A1 := A ./f J ,
A2 := Z, and A3 := Z[X], where X is an indeterminate over Z. Then by Theorem 7.18:

(1) A1 is a (2,0) ring that is not a (1,0)-ring since A is a (2,0) ring by [91, Corollary 2.3].

(2) A1 ×A2 is a (2,1)-ring which is neither a (1,1)-ring nor a (2,0)-ring.

(3) A1 ×A3 is a (2,2)-ring which is neither a (1,2)-ring nor a (2,1)-ring.

Example 7.22. [3, Example 2.7] Let K be a field and E be a K-vector space of infinite dimension, and
let A := KnE be the trivial extension ring of K by E andM := 0nE its maximal ideal. Let A1 = A ./ M,
and let A2 := K[X1] and A3 := K[X1,X2], where X1,X2 are indeterminate over K . Then by Corollary
7.19:

(1) A1 is a (2,0)-ring that is not a (1,0)-ring since A is a (2,0)-ring by [91, Corollary 2.3].

(2) A1 ×A2 is a (2,1)-ring which is neither a (1,1)-ring nor a (2,0)-ring.

(3) A1 ×A3 is a (2,2)-ring which is neither a (1,2)-ring nor a (2,1)-ring.

The aim of Theorem 7.23 is to construct a class of (3,d)-rings which are neither (2,d)-rings (d > 0)
nor (3,d − 1)-rings (d > 1).

Theorem 7.23. [3, Theorem 2.8] Let (A,M) be a local ring, f : A→ B be a ring homomorphism, and
let J be a proper ideal of B such that J ⊆ Jac(B) and f (M)J = 0. Then:

(1) Assume that M is not a finitely generated ideal of A. Then A ./f J is a (3,0)-ring.

(2) Assume that M contains a regular element and J is a finitely generated ideal of f (A) + J . Then:

(a) A ./f J is a non-(2,2)-ring.
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(b) Assume that M is not a finitely generated ideal of A. Let A1 = A ./f J , A2 be a Noetherian
ring of global dimension d (d ∈N), and let C = A1 ×A2 the direct product of A1 and A2.
Then:
(i) C is a (3,d)-ring which is neither a (2,d)-ring (d = 0,1,2) nor a (3,d −1)-ring (d = 1,2).

(ii) Assume that J2 = 0. Then C is a (3,d)-ring which is neither a (2,d)-ring d > 0 nor a
(3,d − 1)-ring d > 1.

The following corollary follows immediately from Theorem 7.23.

Corollary 7.24. [3, Corollary 2.10] Let (A,M) be a local domain, f : A→ B be a ring homomorphism,
and let J be a proper ideal of B such that f (M)J = 0. Assume that M is not a finitely generated ideal
of A and J is a finitely generated ideal of f (A) + J . Let A1 = A ./f J , A2 be a Noetherian ring of global
dimension d (d ∈N), and let C = A1 ×A2 the direct product of A1 and A2. Then:

(1) Assume that J ⊆ Jac(B). Then A ./f J is a (3,0)-ring which is a non-(2,0)-ring, and C is a (3,d)-
ring which is neither a (2,d)-ring (d = 0,1,2) nor a (3,d − 1)-ring (d = 1,2).

(2) Assume that J2 = 0. Then C is a (3,d)-ring which is neither a (2,d)-ring d > 0 nor a (3,d−1)-ring
d > 1.

Now we are able to give new examples of (3,d)-rings as shown below.

Example 7.25. [3, Example 2.11] Let k ⊆ K be two fields such that [K : k] =∞, T = K[[X]] = K +M,
where X is an indeterminate over K andM = XT be the maximal ideal of T , A = k+M. Set B := AnE,
where E be an A

M -vector space with finite dimension, J := 0 n E, and consider the canonical ring
homomorphism f : A→ B (f (a) = (a,0)). Let C = K[X1,X2, ...,Xd], where d ≥ 1. Then by Corollary
7.24, A ./f J is a (3,0)-ring which is a non-(2,0)-ring and (A ./f J)×C is a (3,d)-ring which is neither
a (2,d)-ring nor a (3,d − 1)-ring.

Example 7.26. [3, Example 2.12] Let K be any field and X1,X2, . . . ,Xn, . . . be indeterminate over K .
Let A = K[[X1,X2, . . . ,Xn, . . . ]] the power series ring in countably infinite variables over K , and let M
be its maximal ideal. Set B := A

M2 , J := I
M2 , where I is a finitely generated proper ideal of A, and

consider the canonical ring homomorphism f : A→ B (f (x) = x̄). Let C = Z[X1,X2, . . . ,Xd−1], where
d ≥ 1. Then by Corollary 7.24, A ./f J is a (3,0)-ring which is a non-(2,0)-ring and (A ./f J) ×C is a
(3,d)-ring which is neither a (2,d)-ring nor a (3,d − 1)-ring.

Example 7.27. [3, Example 2.13] Let K be a field and let A = K[[X]] = K +M, where M = XA. Set
B := A/M2, J := (m) be an ideal of B, where m ∈M such that m , 0, and consider the canonical ring
homomorphism f : A→ B (f (x) = x). Then A ./f J is not an (n,d)-ring for any integers n,d ≥ 0.

7.4 Nil∗-coherence and special Nil∗-coherence

This subsection is due to Alaoui, Dobbs and Mahdou [5]. Let R be a ring and M be an R-module.
Then M is called a Nil∗-coherent R-module if every finitely generated R-submodule of Nil(R)M is a
finitely presented R-module; and that a ring R is said to be a Nil∗-coherent ring if it is Nil∗-coherent
as an R-module, that is, if every finitely generated ideal of R that is contained in Nil(R) is finitely
presented. Also an R-module M is said to be a special Nil∗-coherent R-module if Nil(R)M is a coherent
R-module, equivalently, if Nil(R)M is a finitely generated R-module and every finitely generated R-
submodule of Nil(R)M is a finitely presented R-module. Then R is said to be a special Nil∗-coherent
ring if it is Nil∗-coherent as an R-module; equivalently, if Nil(R) is a coherent R-module; equivalently,
if Nil(R) is a finitely generated ideal of R and each finitely generated ideal of R that is contained in
Nil(R) is finitely presented.

The main result of this subsection (Theorem 7.28) characterizes the Nil∗-coherent and special Nil∗-
coherent properties for certain constructions of an amalgamated algebra along an ideal.
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Theorem 7.28. [5, Theorem 5.3] Let f : R→ S be a ring homomorphism and let J be a proper ideal
of B. Then:

(1) If R ./f J is a Nil∗-coherent ring (resp., a special Nil∗-coherent ring), then so is R.

(2) If f −1(J) is a finitely generated ideal of R, f −1(J) ⊆ Nil(R) and R ./f J is a Nil∗-coherent ring,
then f (R) + J is also a Nil∗-coherent ring.

(3) Assume that f −1(J) and J are finitely generated ideals of R and f (R) + J respectively, and that
f −1(J) ⊆Nil(R). Then R ./f J is a Nil∗-coherent ring if and only if R and f (R)+J are Nil∗-coherent
rings.

(4) Assume that f −1(J) and Nil(R) are finitely generated ideals of R, f −1(J) ⊆Nil(R), and both J and
J ∩Nil(S) are finitely generated ideals of f (R) + J . Then R ./f J is a special Nil∗-coherent ring if
and only if R is a special Nil∗-coherent ring and f (R) + J is a Nil∗-coherent ring.

The following two corollaries are direct consequences of Theorem 7.28.

Corollary 7.29. [5, Corollary 5.4] Let R be a ring and let I be a finitely generated ideal of R such that
I ⊆Nil(R). Then:

(1) R ./ I is a Nil∗-coherent ring if and only if R is a Nil∗-coherent ring.

(2) Assume, in addition, that Nil(R) is a finitely generated ideal of R. Then R ./ I is a special
Nil∗-coherent ring if and only if R is a special Nil∗-coherent ring.

Corollary 7.30. [5, Corollary 5.5] Let f : R→ S be an injective ring homomorphism and let J be a
proper ideal of S. Assume that f −1(J) and Nil(R) are finitely generated ideals of R, J is a finitely
generated ideal of f (R) + J , and J ⊆Nil(S). Then R ./f J is a special Nil∗-coherent ring if and only if R
is a special Nil∗-coherent ring and f (R) + J is a Nil∗-coherent ring.

Recall that it is characterized when certain amalgamated algebras are coherent rings [1, Theorem
2.2 (2)]. By using this result in conjunction with Theorem 7.28, one can prove the next two corollaries.

Corollary 7.31. [5, Corollary 5.6] Let f : R→ S be a ring homomorphism and let J be a proper ideal
of S. Assume that f −1(J) and J are finitely generated ideals of R and f (R) + J respectively, and that
f −1(J) ⊆Nil(R). Then:

(1) Assume, in addition, that R and f (R) + J are Nil∗-coherent rings and that either R or f (R) + J is
not a coherent ring. Then R ./f J is a Nil∗-coherent ring which is not a coherent ring.

(2) Assume, in addition, that Nil(R) is a finitely generated ideal of R, J ⊆Nil(S), R is a special Nil∗-
coherent ring, f (R) + J is a Nil∗-coherent ring, and either R or f (R) + J is not a coherent ring.
Then R ./f J is a special Nil∗-coherent ring which is not a coherent ring.

Corollary 7.32. [5, Corollary 5.7] Let R be a ring and let I be a finitely generated ideal of R such that
I ⊆Nil(R). Then:

(1) If R is a Nil∗-coherent ring that is not a coherent ring, then R ./ I is also a Nil∗-coherent ring
that is not a coherent ring.

(2) Assume, in addition, that Nil(R) is a finitely generated ideal of R. If R is a special Nil∗-coherent
ring that is not a coherent ring, then R ./ I is also a special Nil∗-coherent ring that is not a
coherent ring.
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We close this subsection by using the above results on amalgamated algebras to give four families
of examples of special Nil∗-coherent rings which are not coherent rings.

Example 7.33. [5, Example 5.8] Let (R,M) be a local domain which is not a coherent ring, (for in-
stance R = k+M, where k ⊂ K is an infinite-dimensional field extension andM = XK[[X]], where X is
an analytic indeterminate over K). Then (RnR/M) ./ (0nR/M) is a special Nil∗-coherent ring which
is not a coherent ring.

Example 7.34. [5, Example 5.9] Let (R,m) be a local integral domain which is not a coherent ring and
let E′ be a finite dimensional vector space over R/m. Set A := RnE′ and M :=mnE′. Let E be a finite
dimensional vector space over A/M. Let f : A→ AnE be the usual embedding (given by f (a) := (a,0))
and set J := Nil(A)nE. Then A ./f J is a special Nil∗-coherent ring which is not a coherent ring.

Example 7.35. [5, Example 5.10] Let f : R→ S be a ring homomorphism, where R is not a coherent
ring and S is an integral domain. Let J be a proper ideal of S such that f −1(J) = {0}. Then R ./f J is a
special Nil∗-coherent ring which is not a coherent ring.

Example 7.36. [5, Example 5.11] Let f : R→ S be a ring homomorphism where R and S are integral
domains and R is not a coherent ring. Let J be a proper ideal of S. Then R ./f J is a special Nil∗-
coherent ring which is not a coherent ring.

8 Duplication of module along an ideal

This section is due to Bouba, Mahdou, and Tamekkante [32]. Let R be a ring, I an ideal of R, and M
an R-module, and set ι := idM⊗RR/I . The particular pullback of M and M with respect to ι, denoted
by M ./ I and called the duplication of the R-module M along the ideal I , is

M ./ I := {(m,m′) ∈M ×M |m⊗ 1 =m′ ⊗ 1},

and the R ./ I-module over M ./ I is given by

(r, r + i).(m,m′) = (rm, (r + i)m′), where r ∈ R, i ∈ I, and (m,m′) ∈M ./ I.

This R ./ I-module may be expressed simply as

M ./ I = {(m,m′) ∈M ×M |m−m′ ∈ IM}.

If M = R, then the duplication of the R-module R along the ideal I coincides with the amalgamated
duplication of the ring R along the ideal I , which justified our notation of this kind of modules.

Notice that 0×I is an ideal of R ./ I and that 0×IM = (0×I)M ./ I and IM×IM are R ./ I-submodules
of M ./ I . We begin this section with the following isomorphisms.

Proposition 8.1. [32, Proposition 2.1] We have the following isomorphisms (of R and R ./ I modules):

(1) M./I
0×IM �M.

(2) M./I
IM×IM � M

IM .

Remark 8.2. [32, Remark 2.2] If R-modules are regarding as R ./ I-modules via the second projec-
tion R ./ I → R; (r, r + i) 7→ r + i, then with a similar proof as in the above proposition, M./I

IM×0 � M
(isomorphism of R and R ./ I modules).

Proposition 8.3. [32, Proposition 2.4] The R ./ I-module M ./ I is Noetherian (resp., Artinian) if and
only if the R-module M is Noetherian (resp., Artinian).
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Proposition 8.4. [32, Proposition 2.6] If I is finitely generated, thenM ./ I is a coherent R ./ I-module
if and only if M is a coherent R-module.

The above proposition recovers a known result for amalgamated duplication of a ring along an
ideal.

Corollary 8.5. [1, Corollary 2.8] If I is finitely generated, then R ./ I is a coherent ring if and only if
R is a coherent ring.

Proposition 8.6. [32, Proposition 2.9] Suppose that I is a finitely generated ideal of Rwith I ⊆Nil(R)
and that M is a finitely generated R-module. Then M ./ I is a Nil∗-coherent R ./ I-module if and only
if M is a Nil∗-coherent R-module.

Proposition 8.7. [32, Proposition 2.10] Suppose that I is a finitely generated ideal ofRwith I ⊆Nil(R)
and M is a finitely generated R-module. Then M ./ I is a special Nil∗-coherent R ./ I-module if and
only if M is a special Nil∗-coherent R-module.

Propositions 8.6 and 8.7 recover a recent result for amalgamated duplication of a ring along an
ideal.

Corollary 8.8. [5, Corollary 5.4] Suppose that I is a finitely generated ideal of R with I ⊆ Nil(R).
Then R ./ I is a (resp., special) Nil∗-coherent ring if and only if R is a (resp., special) Nil∗-coherent
ring.

A proper R-submodule N of an R-module M is said to be a prime submodule if for each r ∈ R the
trivial multiplication by r, M/N →M/N is either injective or zero. This implies that AnnR(M/N ) = p
is a prime ideal of R, and N is said to be p-prime submodule. We say M is a prime module if the zero
submodule of M is a prime submodule of M. Clearly this is equivalent to the condition: for all r ∈ R
and m ∈M we have : (

rm = 0
)

=⇒
(
m = 0 or rM = 0

)
.

In particular, the ring R is a prime R-module if and only if R is an integral domain. Moreover, N is a
prime submodule of M if and only if M/N is a prime module (for more details please see [106]).

Proposition 8.9. [32, Proposition 2.12]

(1) M ./ I is a prime R ./ I-module if and only if IM = 0 and M is a prime R-module.

(2) 0× IM is a prime R ./ I-submodule of M ./ I if and only if M is a prime R-module.

Now we give the necessary and sufficient conditions for a duplication of module along an ideal to
be an injective module, a projective module, or a flat module.
Recall first that the annihilator of I in M is defined to be

annM(I) = {m ∈M | im = 0 for all i ∈ I}.

It is clear that annM(I) is an R-submodule of M.

Theorem 8.10. [32, Theorem 3.3]

(1) The R ./ I-module M ./ I is injective if and only if annM(I) and IM are injective R-modules.

(2) The R ./ I-module M ./ I is projective (resp., flat) if and only if M is a projective (resp., flat)
R-module.
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Example 8.11. [32, Example 3.4] For each positive integer k, the Z ./ kZ-module Q ./ kZ = Q×Q is
flat and injective but not projective.

The characterization of R ./ I to be self-injective was done in [38]. However we will recover it again
as a consequence of Theorem 8.10.

Corollary 8.12. [38, Theorem 2.4] The ring R ./ I is self-injective if and only if R is self-injective and
I is generated by an idempotent.

Recall that over an arbitrary ring R the Krull dimension of an R-module M is defined by

dimR(M) := dim
(

R
AnnR(M)

)
.

Note that if N is an R-submodule of M then dimR(N ) ≤ dimR(M).
Let (R,m, k) be a local Noetherian ring and M a nonzero finitely generated R-module. The depth

of M is
depthR(M) := min{i | ExtiR(k,M) , 0}.

Clearly if M and M ′ are finitely generated R-modules, we have

depthR(M ⊕M ′) = min{depthR(M),depthR(M ′)}.

In general, we have depthR(M) ≤ dimR(M). One calls M Cohen-Macaulay (CM) if depthR(M) =
dimR(M). If R itself is a CM R-module, then it is called a Cohen-Macaulay ring (CM-ring). A maximal
Cohen-Macaulay R-module (MCM) is a CM R-module M such that dimR(M) = dim(R) (for more
details please see [34]).

Next we investigate necessary and sufficient conditions for M ./ I to be a CM (resp., an MCM)
R ./ I-module. To do so, we first need to describe the Krull dimension of M ./ I .

Lemma 8.13. [32, Lemma 3.6]

AnnR./I (M ./ I) = {(r, r + i) ∈ R ./ I | r ∈ AnnR(M) and i ∈ AnnR(M)∩ I} .

Recall that a module is said to be faithful if its annihilator is reduced to the zero-ideal. As a
consequence of the preceding lemma, it is easy to check that the duplication M ./ I is a faithful
R ./ I-module if and only if M is a faithful R-module.

Lemma 8.14. [32, Lemma 3.7] dimR./I (M ./ I) = dimR(M).

Theorem 8.15. [32, Theorem 3.8] Suppose that R is local Noetherian and thatM is a nonzero finitely
generated R-module.

(1) If IM = 0, then the R ./ I-module M ./ I is CM if and only if M is a CM R-module.

(2) If IM , 0, then the R ./ I-module M ./ I is CM if and only if M and IM are CM R-modules with
dimR(M) = dimR(IM).

Example 8.16. [32, Example 3.9] Let R be a ring with a CM module M and set I := annR(M). Then
M ./ I = {(m,m) |m ∈M} is a CM R ./ I-module.

Corollary 8.17. [32, Corollary 3.10] Suppose that R is local Noetherian and that M is a nonzero
finitely generated R-module.

(1) If IM = 0, then the R ./ I-module M ./ I is MCM if and only if M is an MCM R-module.



168 Moroccan Journal of Algebra and Geometry with Applications / A. El Khalfi, H. Kim, and N. Mahdou

(2) If IM , 0, then the following are equivalent:

(a) The R ./ I-module M ./ I is MCM.

(b) M is a CM and IM is an MCM R-module.

(c) M and IM are MCM R-modules.

The above corollary recovers the first part of [7, Theorem 1.8].

Corollary 8.18. [32, Corollary 3.11] If I , 0, then the ring R ./ I is a CM ring if and only if R is a
CM-ring and I is an MCM R-module.

9 Amalgamated modules along an ideal

This section is due to El Khalfaoui, Mahdou, Sahandi, and Shirmohammadi [60]. Let f : R→ S be
a ring homomorphism, J be an ideal of S, M be an R-module, N be an S-module (which is an R-
module induced naturally by f ) and ϕ : M → N be an R-module homomorphism. We define the
amalgamation of M and N along J with respect to ϕ by

M ./ϕ JN := {(m,ϕ(m) +n) |m ∈M and n ∈ JN }.

It can be seen that M ./ϕ JN is an R ./f J-module by the following scaler product

(r, f (r) + j)(m,ϕ(m) +n) := (rm,ϕ(rm) + f (r)n+ jϕ(m) + jn).

Note that ϕ(rm) = f (r)ϕ(m) since ϕ is an R-module homomorphism. IfM = R, N = S and ϕ = f , then
the amalgamation of the R-module R and the S-module S along J with respect to ϕ coincides with
the amalgamation of rings R and S along J with respect to f . Also, if S = R, N =M and ϕ = idM , then
the amalgamation of M and N along J with respect to ϕ is exactly the duplication of the R-module
M along the ideal J .

In this section, we present some basic properties of the amalgamation M ./ϕ JN of M and N along
J with respect to ϕ.

One can define M ./ϕ JN by means of pullback of modules. Indeed, let π : N → N/JN be a
natural homomorphism, M ./ϕ JN → N (resp., M ./ϕ JN →M) be the restriction to M ./ϕ JN of the
projection of M ×N onto N (resp., M). It can be seen that the following diagram is a pullback:

M ./ϕ JN //

��

N

π
��

M π◦ϕ
// N/JN.

Remark 9.1. [60, Remark 2.1]

(1) f (R) + J is a subring of S. So N is an f (R) + J-module. It is easy to see that ϕ(M) + JN is an
f (R) + J-submodule of N . Thus ϕ(M) + JN is an R ./f J-module via PS : R ./f J → f (R) + J
defined by PS(r, f (r) + j) = f (r) + j.

(2) πN : M ./ϕ NJ → ϕ(M) + JN given by πN (m,ϕ(m) + n) = ϕ(m) + n is an R ./f J-module homo-
morphism.

(3) M is an R ./f J-module via the surjective homomorphism pR : R ./f J → R. It is easy to see that
πM :M ./ϕ JN →M given by πM(m,ϕ(m) +n) =m is an R ./f J-module homomorphism.
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(4) It can be seen that JN is an f (R)+J-submodule of ϕ(M)+JN . Hence JN is an R ./f J-submodule
of ϕ(M) + JN .

(5) We have the following exact sequence of R ./f J-modules and R ./f J-homomorphisms:

0→ JN
ι→M ./ϕ JN

πM→M→ 0,

where ι : JN →M ./ϕ JN defined by ι(n) = (0,n).

Proposition 9.2. [60, Proposition 2.2] Let f : R → S be a ring homomorphism, J be an ideal of S,
M be an R-module, N be an S-module and ϕ : M → N an R-module homomorphism. Then the
following hold:

(1) M./ϕJN
{0}×JN =M.

(2) M./ϕJN
F./ϕJN = M

F , where F is a submodule of M.

(3) M./ϕJN
ϕ−1(JN )×{0} = ϕ(M) + JN .

Remark 9.3. [60, Remark 2.3] If we consider R-modules in Proposition 9.2 as R ./f J-modules, then
the isomorphisms are also R ./f J-isomorphisms.

We have the following results about localization.

Proposition 9.4. [60, Proposition 2.4] With the notation of Proposition 9.2, the following statements
hold:

(1) For p ∈ Spec(R) and q ∈ Spec(S) \V(J), set

p′f :=p ./f J := {(p,f (p) + j) | p ∈ p, j ∈ J},

qf :={(r, f (r) + j) | r ∈ R,j ∈ J, f (r) + j ∈ q}.

Then one has the following:

(a) The prime ideals of R ./f J are of the type qf or p′f for q varying in Spec(S) \V(J) and p in
Spec(R).

(b) Max(R ./f J) = {p′f | p ∈Max(R)} ∪ {qf | q ∈Max(S) \V(J)}.

(2) The following formulas for localizations hold:

(a) For any q ∈ Spec(S) \V(J), the localization (M ./ϕ JN )
q
f is canonically isomorphic to Nq.

This isomorphism maps the element (x,ϕ(x) + y)/(r, f (r) + j) to (ϕ(x) + y)/(f (r) + j).

(b) For any p ∈ Spec(R) \V(f −1(J)), the localization (M ./ϕ JN )p′f is canonically isomorphic to
Mp. This isomorphism maps the element (x,ϕ(x) + y)/(r, f (r) + j) to x/r.

(c) For any p ∈ Spec(R) containing f −1(J), consider the multiplicative subset Tp := f (R \ p) + J
of S and set NTp := T −1

p N and JTp := T −1
p J . If fp : Rp → STp is the ring homomorphism

induced by f and ϕp : Mp → NTp is the Rp-homomorphism induced by ϕ, then the Rp-
module (M ./ϕ JN )p′f is canonically isomorphic to Mp ./

ϕp JTpNTp . This isomorphism maps
the element (x,f (x) + y)/(r, f (r) + j) to (x/r, (f (x) + y)/(f (r) + j)).

In [49, Propositions 5.6 and 5.7], the authors determined the Noetherian property of the amal-
gamated algebra R ./f J . We will now see when the amalgamation of a module along an ideal is
Noetherian.
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Proposition 9.5. [60, Proposition 3.1] With the notation of Proposition 9.2, the amalgamation M ./ϕ

JN is a Noetherian R ./f J-module if and only if ϕ(M) + JN is a Noetherian f (R) + J-module and M is
a Noetherian R-module.

Proposition 9.6. [60, Proposition 3.2] With above notation, assume that at least one of the following
conditions holds:

(1) JN is a Noetherian R-module (with the structure naturally induced by f ).

(2) ϕ(M) + JN is a Noetherian R-module (with the structure naturally induced by f ).

Then M ./ϕ JN is a Noetherian R ./f J-module if and only if M is a Noetherian R-module. In partic-
ular, if M is a Noetherian R-module and N is a Noetherian R-module (with the structure naturally
induced by f ), then M ./ϕ JN is a Noetherian R ./f J-module for all ideals J of S.

Let f : R→ S be a ring homomorphism, J be an ideal of S, M be an R-module, N be an S-module
andϕ :M→N be an R-module homomorphism and let n be a positive integer. Consider the function
ϕn : Mn → Nn defined by ϕn((mi)

i=n
i=1) = (ϕ(mi))

i=n
i=1. Obviously ϕn is an R-module homomorphism

and JNn = (JN )n is a submodule of Nn. This allows us to define Mn ./ϕ
n

(JN )n.
We recall that the S-module N is an R-module induced by f , and so it is the same for Nn. Hence

rx = f (r)x for all r ∈ R and x ∈Nn, and so

ϕn(rm) = rϕn(m) = f (r)ϕn(m) for all r ∈ R and x ∈Nn.

Proposition 9.7. [60, Proposition 4.1] Let F be a submodule of Mn. Then the following hold:

(1) Assume that F is a finitely generated R-module and JN is a finitely generated f (R) + J-module.
Then F ./ϕ

n
(JN )n is a finitely generated R ./f J-module.

(2) Suppose that ϕn(F) ⊆ (JN )n. Then F ./ϕ
n

(JN )n is a finitely generated R ./f J-module if and only
if F is a finitely generated R-module and JN is a finitely generated f (R) + J-module.

Theorem 9.8. [60, Theorem 4.2]

(1) Assume that J and JN are finitely generated f (R)+ J-modules. IfM ./ϕ JN is a coherent R ./f J-
module, then M is a coherent R-module.

(2) Assume that J is a finitely generated ideal of f (R) + J and ϕ is surjective. If M ./ϕ JN is a
coherent R ./f J-module, then M is a coherent R-module.

(3) Assume that J and JN are finitely generated f (R)+J-modules andϕ−1(JN ) is a finitely generated
R-module. Then M ./ϕ JN is a coherent R ./f J-module if and only if M is a coherent R-module
and ϕ(M) + JN is a coherent f (R) + J-module.

(4) Assume that J is a finitely generated f (R) + J-module, ϕ is surjective and ϕ−1(JN ) is a finitely
generated R-module. Then M ./ϕ JN is a coherent R ./f J-module if and only if M is a coherent
R-module and ϕ(M) + JN is a coherent f (R) + J-module.

Lemma 9.9. [60, Lemma 4.3]

(1) {0} × JN (resp., ϕ−1(JN ) × {0}) is a finitely generated R ./f J-module if and only if JN (resp.,
ϕ−1(JN )) is a finitely generated f (R) + J-module (resp., R-module).

(2) If M ./ϕ JN is a coherent R ./f J-module and ϕ−1(JN ) is a finitely generated R-module, then
ϕ(M) + JN is a coherent f (R) + J-module.

Lemma 9.10. [60, Lemma 4.4] Assume that J and ϕ−1(JN ) are finitely generated f (R)+J-module and
R-module respectively. If M is a coherent R-module, then ϕ−1(JN )×{0} is a coherent R ./f J-module.
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10 Bi-Amalgamated algebras along ideals

This section is due to Kabbaj, Louartiti, and Tamekkante [85]. Let f : A→ B and g : A→ C be two
ring homomorphisms and let J and J ′ be two ideals of B and C respectively such that f −1(J) = g−1(J ′).
The bi-amalgamation of A with (B,C) along (J, J ′) with respect to (f ,g) is the subring of B ×C given
by

A ./f ,g (J, J ′) :=
{
(f (a) + j,g(a) + j ′) | a ∈ A, (j, j ′) ∈ J × J ′

}
.

Notice first that every amalgamated duplication is an amalgamated algebra and every amalga-
mated algebra is a bi-amalgamated algebra as seen below.

Example 10.1. [85, Example 2.1] (The amalgamated algebra) Let f : A→ B be a ring homomorphism
and J an ideal of B. Set I := f −1(J) and ι := idA. Thus

A ./ι,f (I, J) =
{
(a+ i, f (a) + j) | a ∈ A, (i, j) ∈ I × J

}
=

{
(a+ i, f (a+ i) + j − f (i)) | a ∈ A, (i, j) ∈ I × J

}
=

{
(a,f (a) + j) | a ∈ A,j ∈ J

}
= A ./f J.

Further the subring f (A) + J of B can be regarded as a bi-amalgamation, precisely:

Remark 10.2. [85, Remark 2.2] Let f : A → B be a ring homomorphism and J an ideal of B. Set
I := f −1(J) and consider the canonical projection π : A→ A/I . Then one can easily check that

f (A) + J �
{
(ā, f (a) + j) | a ∈ A,j ∈ J

}
= A ./π,f (0, J).

In particular, Boisen-Sheldon’s CPI-extensions [31] can also be viewed as bi-amalgamations.

Example 10.3. [85, Example 2.3] (The CPI-extension) Let A be a ring and let I be an ideal of A. Then
S := (A/I) \ Z(A/I) and S := {s ∈ A | s̄ ∈ S} are multiplicative subsets of A/I and A respectively. Let
ϕ : S−1A→ Q(A/I) = (S)−1(A/I) and f : A→ S−1A be the canonical ring homomorphisms. Then the
subring

C(A,I) := ϕ−1(A/I) = f (A) + S−1I

of S−1A is called the CPI-extension of A with respect to I (in the sense of Boisen-Sheldon). Now, let
π : A→ A/I be the canonical projection. From Remark 10.2, we have

A ./π,f (0,S−1I) � f (A) + S−1I = C(A,I).

Other known families of rings stem from Remark 10.2; namely, those issued from extensions of
rings A ⊂ B (including classical pullbacks).

Example 10.4. [85, Example 2.4] (The ring A+ J) Let i : A ↪→ B be an embedding of rings, J an ideal
of B, I := A∩ J , and π : A→ A/I the canonical projection. From Remark 10.2, the subring A+ J of B
can arise as a bi-amalgamation via

A+ J � A ./π,i (0, J)

and consequently, so do most classical pullback constructions such as A +XB[X] (via A ⊂ B[X] and
XB[X]), A + XB[[X]] (via A ⊂ B[[X]] and XB[[X]]), and D +M (via D ⊂ T and M ideal of T with
D ∩M = 0).
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In the next, as an application of Proposition 10.8, we will see that some glueings of prime ideals
[102, 105, 107, 110] can be viewed as bi-amalgamations. Now we give an explicit (non-classical
pullback) example; namely, the ring R := Z[X] + (X2 + 1)Q[X] which lies between Z[X] and Q[X].

Example 10.5. [85, Example 2.5] Let i : Z[X] ↪→ Q[X] be the natural embedding and consider the
ring homomorphism π : Z[X] → Z[i], p(X) 7→ p(i). Clearly (X2 + 1)Q[X] ∩ Z[X] = (X2 + 1) and
Z[X]

(X2 + 1)
�Z[i] so that

R := Z[X] + (X2 + 1)Q[X] �Z[X] ./π,i
(
0, (X2 + 1)Q[X]

)
.

Throughout, let f : A→ B and g : A→ C be two ring homomorphisms and J, J ′ two ideals of B and
C, respectively, such that I := f −1(J) = g−1(J ′). Let A ./f ,g (J, J ′) denote the bi-amalgamation of A with
(B,C) along (J, J ′) with respect to (f ,g).

Next, we shed light on the correlation between pullback constructions and bi-amalgamations. We
first show how every bi-amalgamation can arise as a natural pullback.

Proposition 10.6. [85, Proposition 3.1] Consider the ring homomorphisms α : f (A) + J → A/I , f (a) +
j 7→ ā and β : g(A)+ J ′→ A/I , g(a)+ j ′ 7→ ā. Then the bi-amalgamation is determined by the following
pullback

A ./f ,g (J, J ′)

����

// // f (A) + J

α
��

g(A) + J ′
β // A/I

that is
A ./f ,g (J, J ′) = α ×A

I
β.

Next we see how bi-amalgamations can be represented as conductor squares.

Proposition 10.7. [85, Proposition 3.2] Consider the following ring homomorphisms

ι1 :
A
I

−→
f (A) + J

J
×
g(A) + J ′

J ′

ā 7−→
(
f (a), g(a)

)
µ2 : A ./f ,g (J, J ′) −→ A

I
(f (a) + j,g(a) + j ′) 7−→ ā

Then the following diagram

A ./f ,g (J, J ′)

µ2

����

ι2 // (f (A) + J)× (g(A) + J ′)

µ1

����
A
I

ι1 // f (A) + J
J

×
g(A) + J ′

J ′

is a conductor square with conductor Ker(µ1) = J ×J ′, where ι2 is the natural embedding and µ1 is the
canonical surjection.
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The next result characterizes pullbacks that can arise as bi-amalgamations.

Proposition 10.8. [85, Proposition 3.3] Consider the following diagram

A

g
��

f // B

α
��

C
β // D

of ring homomorphisms and let π : B × C → B be the canonical projection. Then the following
conditions are equivalent:

(1) α ×D β = A ./f ,g (J, J ′) for some ideals J of B and J ′ of C with f −1(J) = g−1(J ′);

(2) The above diagram is commutative with α ◦π(α ×D β) = α ◦ f (A).

In view of Example 10.1, Proposition 10.8 recovers the special case of amalgamated algebras, as
recorded in the next corollary.

Now we give a brief discussion on Traverso’s glueings of prime ideals [102, 105, 107] which are
special pullbacks [110, Lemma 2]. So they can also be viewed as special bi-amalgamations if they
satisfy condition (2) of Proposition 10.8. Precisely, from [110, Lemma 1], let A be a Noetherian ring
and B an overring of A such that B is a finitely generated A-module. Let p ∈ Spec(A) and let p1, . . . ,pn

be the prime ideals of B lying over p. For each i,
Ap
pAp

is a subfield of
Bpi
piBpi

, and let b
t

i
denote the class

of the element b
t of Bpi modulo piBpi . The ring A′ obtained from B by glueing over p is the subring of

B (containing A) given by

A′ :=

b ∈ B | ∃aoso ∈ Ap with
b
1

i

=
ao
so

i

∀i and, for
a
s
∈ Ap,

b
1

i

=
a
s

i

⇔ b
1

j

=
a
s

j

∀i, j

 .
Now consider the following diagram

A

µ

��

ι // B

Φ

��
Ap
pAp

Ψ // D :=
Bp1
p1Bp1

× · · · × Bpn
pnBpn

where ι is the natural embedding, µ(a) = a
1 ∀a ∈ A,Φ(b) = ( b1

1
, ..., b1

n
) ∀b ∈ B, andΨ (as ) = (as

1
, . . . , as

n
) ∀as ∈

Ap. Set J := Ker(Φ) and J ′ := Ker(Ψ ). Then note that

p = ι−1(J) = µ−1(J ′).

Corollary 10.9. [85, Corollary 3.5] Under the above notation, the following assertions are equivalent:

(1) A′ = A ./ι,µ (J, J ′);

(2) For any (as ,b) ∈ Ap ×B : a− sb ∈
⋂

1≤i≤n pi ⇒ a− sao ∈ p for some ao ∈ A.
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For example, if A := Z and p := 2Z, then for any finitely generated Z-module B (e.g., Z[i]) Condi-
tion (2) of Corollary 10.9 always holds since, for any n ∈Z and s ∈Z \ 2Z, n− sn ∈ 2Z.

Throughout, let f : A→ B and g : A→ C be two ring homomorphisms and J, J ′ two ideals of B and
C respectively such that Io := f −1(J) = g−1(J ′). Let

A ./f ,g (J, J ′) :=
{
(f (a) + j,g(a) + j ′) | a ∈ A, (j, j ′) ∈ J × J ′

}
be the bi-amalgamation of A with (B,C) along (J, J ′) with respect to (f ,g).

Next we study some basic algebraic properties of bi-amalgamations. Precisely we investigate nec-
essary and sufficient conditions for a bi-amalgamation to be a Noetherian ring, a domain, or a re-
duced ring. We will show that the transfer of these notions is made via the special rings f (A) + J and
g(A) + J ′ (which correspond to B and C respectively in the case when f and g are surjective).

We start with some basic ideal-theoretic properties of bi-amalgamations. For this purpose, notice
first that 0× J ′, J × 0, and J × J ′ are particular ideals of A ./f ,g (J, J ′); and if I is an ideal of A, then the
set

I ./f ,g (J, J ′) :=
{
(f (i) + j,g(i) + j ′) | i ∈ I, (j, j ′) ∈ J × J ′

}
is an ideal of A ./f ,g (J, J ′) containing J × J ′.

Proposition 10.10. [85, Proposition 4.1] Let I be an ideal of A. We have the following canonical
isomorphisms:

(1)
A ./f ,g (J, J ′)
I ./f ,g (J, J ′)

�
A

I + Io
.

(2)
A ./f ,g (J, J ′)

0× J ′
� f (A) + J and

A ./f ,g (J, J ′)
J × 0

� g(A) + J ′.

(3)
A
Io
�
A ./f ,g (J, J ′)

J × J ′
�
f (A) + J

J
�
g(A) + J ′

J ′
.

Proposition 10.11. [85, Proposition 4.2] Under the above notation, we have:

A ./f ,g (J, J ′) is Noetherian if and only if f (A) + J and g(A) + J ′ are Noetherian.

As an illustrative example for Proposition 10.11 (of an original Noetherian ring which arises as a
bi-amalgamation) is provided in Example 10.16.

Recall that the prime spectrum of a ring R is said to be Noetherian if R satisfies the ascending
chain condition on radical ideals (or, equivalently, every prime ideal of R is the radical of a finitely
generated ideal) [101].

Proposition 10.12. [85, Proposition 4.4] Under the above notation, we have:

Spec
(
A ./f ,g (J, J ′)

)
is Noetherian if and only if Spec

(
f (A) + J

)
and Spec

(
g(A) + J ′

)
are Noetherian.

The next result characterizes bi-amalgamations without zero divisors.

Proposition 10.13. [85, Proposition 4.5] Under the above notation, the following assertions are
equivalent:

(1) A ./f ,g (J, J ′) is a domain;

(2) either J = 0 and g(A) + J ′ is a domain or J ′ = 0 and f (A) + J is a domain.

The next result characterizes bi-amalgamations without nilpotent elements.
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Proposition 10.14. [85, Proposition 4.7] Under the above notation, consider the following condi-
tions:

(a) f (A) + J is reduced and J ′ ∩Nil(C) = 0,

(b) g(A) + J ′ is reduced and J ∩Nil(B) = 0,

(c) A ./f ,g (J, J ′) is reduced,

(d) J ∩Nil(B) = 0 and J ′ ∩Nil(C) = 0.

Then:

(1) (a)⇒ (c)⇒ (d) and (b)⇒ (c).

(2) If Io is radical, then the above four conditions are equivalent.

(3) Assume that f is surjective and Ker(f ) ⊆ Ker(g). Then:

A ./f ,g (J, J ′) is reduced if and only if B is reduced and J ′ ∩Nil(C) = 0.

Remark 10.15. [85, Remark 4.8] If f (A)+J and g(A)+J ′ are both reduced, thenA ./f ,g (J, J ′) is reduced
by Proposition 10.14. The converse is not true in general. A counter-example (for the special case of
amalgamated algebras) is given in [49, Remark 5.5 (3)].

As an illustrative example for Propositions 10.11, 10.13, and 10.14, we provide an original reduced
Noetherian ring with zero divisors which arises as a bi-amalgamation.

Example 10.16. [85, Example 4.10] Consider the surjective ring homomorphism f : Z[X]� Z[
√

2],
p(X) 7→ p(

√
2) and the principal ideal J := (

√
2) of Z[

√
2]. Let p ∈Z[X] and write it as p = (X2−2)q(X)+

aX + b for some a,b ∈ Z and q ∈ Z[X]. Then one can verify that p(
√

2) ∈ J if and only if b ∈ 2Z. That
is,

Io := f −1(J) =
{
p ∈Z[X] | p(0) ∈ 2Z

}
.

Now consider the ring homomorphism α : Z[
√

2]�
Z[X]
Io

, a+b
√

2 7→ ā. It follows, by Proposition 10.6

and Propositions 10.11 & 10.13 & 10.14, that

Z[X] ./f ,f (J, J) = α ×Z[X]
Io

α =
{
(a+ b

√
2, c+ d

√
2) | a,b,c,d ∈Z, a− c ∈ 2Z

}
is a reduced Noetherian ring that is not a domain (since Z[

√
2] is a Noetherian domain and J , 0).

Throughout, let f : A→ B and g : A→ C be two ring homomorphisms and J, J ′ two ideals of B and
C respectively such that Io := f −1(J) = g−1(J ′). Let

A ./f ,g (J, J ′) :=
{
(f (a) + j,g(a) + j ′) | a ∈ A, (j, j ′) ∈ J × J ′

}
be the bi-amalgamation of A with (B,C) along (J, J ′) with respect to (f ,g).

Now we describe the prime ideal structure of bi-amalgamations and their localizations at prime
ideals. We also establish necessary and sufficient conditions for a bi-amalgamation to be local.

Next we describe the prime (and maximal) ideals of bi-amalgamations. For this purpose, let’s
adopt the following notation:

Y := Spec(f (A) + J)
Y ′ := Spec(g(A) + J ′)
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and, for L ∈ Y and L′ ∈ Y ′, consider the prime ideals of A ./f ,g (J, J ′) given by:

L̄ :=
(
L× (g(A) + J ′)

)
∩

(
A ./f ,g (J, J ′)

)
=

{
(f (a) + j,g(a) + j ′) | a ∈ A, (j, j ′) ∈ J × J ′ , f (a) + j ∈ L

}
,

L̄′ :=
(
(f (A) + J)×L′

)
∩

(
A ./f ,g (J, J ′)

)
=

{
(f (a) + j,g(a) + j ′) | a ∈ A, (j, j ′) ∈ J × J ′ , g(a) + j ′ ∈ L′

}
.

Proposition 10.17. [85, Proposition 5.3] Under the above notation, let P be a prime ideal of A ./f ,g

(J, J ′). Then

(1) J × J ′ ⊆ P if and only if there exists a unique p ⊇ Io in Spec(A) such that P = p ./f ,g (J, J ′). In this
case, there exist L ⊇ J in Y and L′ ⊇ J ′ in Y ′ such that P = L̄ = L̄′ .

(2) J × J ′ * P if and only if there exists a unique L ∈ Y (or Y ′) such that J * L (or J ′ * L) and P = L̄.
In this case, (A ./f ,g (J, J ′))P � (f (A) + J)L

(
or (A ./f ,g (J, J ′))P � (g(A) + J ′)L

)
.

Consequently, we have

Spec
(
A ./f ,g (J, J ′)

)
=

{
L̄ | L ∈ Spec

(
f (A) + J

)
∪ Spec

(
g(A) + J ′

)}
.

Next, as an application of Proposition 10.17, we establish necessary and sufficient conditions for a
bi-amalgamation to be local. Notice at this point that, in the presence of the equality f −1(J) = g−1(J ′),
J , B if and only if J ′ , C.

Proposition 10.18. [85, Proposition 5.4] Under the above notation, we have

(1) A ./f ,g (J, J ′) is local if and only if J , B and f (A) + J and g(A) + J ′ are local. Moreover, the
maximal ideal of A ./f ,g (J, J ′) has the form m ./f ,g (J, J ′), where m is the unique maximal ideal
of A containing Io.

(2) Suppose that A is local. Then A ./f ,g (J, J ′) is local if and only if J × J ′ ⊆ Jac(B×C).

In view of Example 10.1, Proposition 10.18 recovers the special case of amalgamated algebras and
amalgamated duplications, as recorded in the next corollaries.

Corollary 10.19. [85, Corollary 5.5] Under the above notation, the following assertions are equiva-
lent:

(1) A ./f J is local;

(2) J , B, and A and f (A) + J are local;

(3) A is local and J ⊆ Jac(B).

Next we describe the localizations of A ./f ,g (J, J ′) at its prime ideals which contain J × J ′. Recall
that, given a ring R, an ideal I of R, and S a multiplicative subset of R with S ∩ I = ∅, it follows that
S + I is a multiplicative subset of R.

Proposition 10.20. [85, Proposition 5.7] Let p be a prime ideal of A containing Io and set P := p ./f ,g

(J, J ′). Consider the multiplicative subsets S := f (A \ p) + J of B and S ′ := g(A \ p) + J ′ of C. Let
fp : Ap→ BS and gp : Ap→ CS ′ be the ring homomorphisms induced by f and g respectively. Then

f −1
p (JS ) = g−1

p (J ′S ′ ) = (Io)p

and (
A ./f ,g (J, J ′)

)
P
� Ap ./

fp,gp (JS , J
′
S ′ ).
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Remark 10.21. [85, Remark 5.8] If P is a prime ideal of A ./f ,g (J, J ′) which contains J × J ′, then by
Proposition 10.17, there exists a (unique) prime ideal p (which contains Io) such that P = p ./f ,g (J, J ′).
Thus by Proposition 10.7 and Proposition 10.20, one can obtain a conductor square of the form:

(A ./f ,g (J, J ′))P

µ2

����

ι2 // (fp(Ap) + JS )× (gp(Ap) + J ′S ′ )

µ1

����
Ap
IoAp

ι1 //
Ap
IoAp

×
Ap
IoAp
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